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The sim u la tion of sin gu lar non lin ear trans port equa tion is ob tained via cor re spond ing 
neu tron or pho ton ki netic equa tion. The con di tions for con ver gence of the
nonstationary trans port pro cess to ward the pure dif fu sion across the equi lib ri ums are
pre sented. For such pur pose the method of trans port scat ter ing is ex ploited. The goal
of these re sults is op ti mi za tion of fu sion fu els via neu tron di ag nos tics.
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INTRODUCTION

This pa per is fo cused on the prob lems re lated to
neu tron di ag nos tic de vel op ments for the spe cific con -
di tions of the plasma fo cus de vice op er a tion. We shall
see that we can ob tain more gen eral re sults for the
neu tron scat ter ing than it is given by Lax-Phillips the -
ory for acous tic waves. The var i ous neu tron di ag nos -
tic tech niques used to de ter mine the char ac ter is tics of
the neu tron fields of the plasma fo cus de vice have been 
de vel oped with the fol low ing aims: iden ti fi ca tion of
the re la tion ship be tween neu tron emis sion and
plasma fo cus de vice op er a tional pa ram e ters (e. g. elec -
tro mag netic quan ti ties), and de vel op ment of the
plasma fo cus de vice as a fast neu tron gen er a tor. We
shall in ves ti gate the be hav iour of neu tron trans port in
dif fer ent de vices. Be cause nu clear power plants (NPP) 
are mon i tored by hu mans, their safe op er a tion must
be en sured by many op er at ing pro ce dures and safety
mar gins. Var i ous com puter codes for di ag nos ing NPP 
ab nor mal op er a tions have been de vel oped. Our al go -
rithm rec og nizes the pre pared sce nar ios and it clas si -
fies them into groups. Global bi fur ca tion prob lems
mean that ev ery so lu tion is con ver gent to the set of
equi lib ria if t = 0. As an ex am ple we can con sider the
fol low ing. The new feed back con trol of the neu tron

emis sion rate and the ra di a tive power in the divertor
has been per formed [1]. The feed back con trol of neu -
tron emis sion rate was dem on strated with con trol ling
the heat ing power. Dis charge op er a tion will fol low a
se quence of the sce nario phases. The model pre dicts
the cri te rion for the loss of sta bil ity of the H-mode in
fu sion de vices, and the ob served Hopf bi fur ca tion
from the sta ble to the un sta ble H-mode gives the at -
tract ing limit cy cle which be haves like the edge lo cal -
ized modes (ELM) plasma state [2]. The im ple men ta -
tion of the feed back con trol con cepts makes
at tain ment of sta tion ary plas mas pos si ble. The fu ture
re search will be con cen trated on ex per i men tal ver i fi ca -
tion of char ac ter is tics of tomographic mea sure ments
us ing a lab o ra tory model of nu clear fu els.

Since the dis cov ery of the H-mode, prog ress in
the ex per i men tal and the o ret i cal un der stand ing of this 
im proved con fine ment re gime has been made. One
as pect of the phe nom e non is its bi fur ca tion char ac ter.
The plasma is mon i tored through the trans verse light
emis sion. Sta bil ity and reproducibility of the plasma
have been de rived out of cor re spond ing mea sure -
ments. Upon sta bi li za tion, the in sta bil ity am pli tude is
re duced by fac tor 100, and the im proved plasma con -
fine ment is ob served (see [3]).

MATHEMATICAL INVESTIGATIONS OF
BIFURCATIONS

The Cauchy prob lem for the non lin ear
Boltzmann equa tion in the ki netic the ory of neu -
tron or pho ton has a unique clas si cal so lu tion f e,
lo cally in time t at the in ter val [0,t] in de pend ent of
the mean free path e > 0, if the ini tial dis tri bu tion f 0
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is suf fi ciently close to an ab so lute Maxwellian and is
an a lytic in the space vari able x. When e e® 0, f
con verges on [0,t] to some f 0. For t Î [0,t] the limit
f 0 is a lo cal Maxwellian.

The o ret i cal work has in cluded the de vel op -
ment of a va ri ety of tech niques for de ter min ing the
sta bil ity of lo cal equi lib ria and bi fur ca tions of lo cal
equi lib ria in gen eral dy nam i cal sys tems. Rel a tive
equi lib ria of equivariant dy nam i cal sys tems are
group or bits which are in vari ant un der the flow of
the dy nam i cal sys tem. In phys i cal ap pli ca tions they
typ i cally cor re spond to the con stant shape so lu tions 
which evolve by ro tat ing or trans lat ing in space.
The main goal is to ex plain the rel e vance of the spec -
tral flow to the bi fur ca tion the ory. Let  
F: ¢ ´ ®U I X be a con tin u ously dif fer en tia ble map -
ping de fined on the prod uct of a real in ter val I with a 
neigh bor hood ¢U  of the or i gin in a real Banach
space X. We con sider the bi fur ca tions of zero equi -
lib rium. Sup pose that F ( , )0 l  = 0 for all l in I. So lu -
tions of the equa tion F ( , )f l = 0 of the form (0, l)
are called triv ial. A bi fur ca tion point for so lu tions of 
the equa tion F ( , )f l = 0  is a point   l* in I, such that
ev ery neigh bor hood of (0, l*) con tains nontrivial
so lu tions of this equa tion. Let L Dl lº fF ( , )0  be
the linearization of the map ping F Fl l= ( , )0  at the
triv ial so lu tion. By the im plicit func tion the o rem,
bi fur ca tion can oc cur only at the points where the
op er a tor Ll is sin gu lar. The set of bi fur ca tion points
the map ping F  is a closed sub set of the set of sin gu -
lar points { }S( ) /L Lº l l , Ll is noninvertible of
fam ily L. How ever, in gen eral, the set of bi fur ca tion
points of F may be empty even though the sin gu lar
set S(L) is very large.

As sume that the be hav ior of a de vice can be de -
scribed by an dif fer en tial equa tion ¢ =f fF ( , )e t . The
sys tem is de signed in such a way that f* is an as ymp tot -
i cally sta ble equi lib rium point, which cor re sponds to
the de sired be hav ior. Slow changes of the sys tem’s
char ac ter is tics due to the age ing pro cess can be mod -
eled by a slowly time-de pend ent equa tion

d

d

f

t
f t= F ( , ),e e0 1< n (1)

where F(f, 0) de scribes the dy nam ics of the branch
new de vice. As the eq. (1) is a non-autonomous dif -
fer en tial equa tion which is dif fi cult to solve, one is
tempted to con sider the one-pa ram e ter fam ily of
au ton o mous sys tems in stead

d

d

f

t
=F ( , )f l ,    jl= const (2)

One hopes that if the ”quasi stat ic ap prox i ma -
tion” eq. (2) has a fam ily of at trac tors de pend ing
smoothly on   l, then so lu tions of eq. (1) should be
close at any given time t to the at trac tor of eq. (2)
with l e= t  [4]. If f*(l) is a fam ily of as ymp tot i cally
sta ble equi lib ria of eq. (2), then the so lu tion of eq.

(1) start ing in a suf fi ciently small neigh bour hood of 
f*(0) will, af ter a short tran sient, track the curve 
f t*( )e  at a dis tance of or der e. For the age ing de vice, 
this im plies that we need not worry as long as the
nom i nal equi lib rium f*(l) re mains as ymp tot i cally
sta ble. This nat u rally raises the ques tion of what
hap pens if the equi lib rium f*(l) un der goes a bi fur -
ca tion at  l = l0, which may have a cat a strophic
con se quence for the de vice. To avoid such a prob -
lem, one may try to con trol the sys tem

¢ = +f F ( , ) ( , )f B  u fl l (3)

sta ble when l = l0. We have

¢ = +f f t B u f tF ( , ) ( , )e ee (4)

Since we wish to ana lyse eq. (4) on the time scale 
e-1, we in tro duce the slow time t e= t sin gu lar per tur -
ba tion prob lem e t

e
d df f Bu= +F ( , ) ( , )t tf . We

have to mod ify the linearization A, A = ¶ ¶F f  of F at 
the bi fur ca tion point.

IRREDUCIBLE TRANSPORT
SEMIGROUPS

Let T(t), t ³ 0 be an ir re duc ible C0 –
semigroup of pos i tive op er a tors on the or dered
Banach lat tice X, and let  A be its in fin i tes i mal gen -
er a tor. Let X and U be or dered by a nor mal pos i tive
cones X+ and U+ re spec tively (see [5]). We de fine a
pos i tive C0 semigroup T(t) on (X, X+) to be ir re -
duc ible if the only closed he red i tary T-in vari ant
subcones of  X+ are {0} and X+. The set of reach able 
states from the or i gin in ar bi trary time t  by means of 
nonnegative con trols u is de fined as

R T t s s s u L t

u s U s t t

t

t
+

¢

+

= ¢ - Î ¢ò

Î £ £ ¢ £

( ) ( ) , [ , ],

( ) ,

bu d 1

0

0

0 (5)

and the set of reach able states from the or i gin in ar -
bi trary time by means of nonnegative con trols u as

R U Rt
t

t=
>

+

0
(6)

The sys tem is ap prox i mately pos i tive con trol -
la ble if and only if X+ =VRt (i. e. ap prox i mately con -
trol la ble) where V de notes the clo sure. Since from
X+ is a nor mal pos i tive cone fol lows the con di tion X
= V(X+- X+), ev ery ap prox i mately pos i tive con -
trol la ble sys tem is ap prox i mately con trol la ble. Ac -
cord ing to the re sult of [5] the fol low ing is equiv a -
lent for Banach lat tice X: (1) T(t) is ir re duc ible, and
(2) T(t) is ergodic.
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We have the fol low ing re sults. Let T (t) =
=jexp (t A) be a pos i tive C0 – semigroup on an or -
dered Banach space (X, X+): as sume that (X, X+)
is a Banach lat tice or dered by a nor mal pos i tive
cone X+, then equiv a lent is:

(1) e t e× = +d d Af f b u  is ap prox i mately pos i -
tive con trol la ble for all { }bÎ +X 0 , and

(2) T(t) is ergodic.
Lemma 1. The fol low ing as ser tions are equiv -

a lent [6]:
(1) T(t) is ir re duc ible and ergodic,
(2) There ex ist r such that (rI - A)-1 is ir re -

duc ible and ergodic,
(3) e e¢ = +f f b uA  is ap prox i mately pos i tive

con trol la ble for all b Î X+ \{0},
(4) e r e¢ = +f R b u( , )A f  ap prox i mately is

pos i tive con trol la ble for all b Î X+ \{0},
and some r, where X+ is a closed con vex cone in X,
e > 0.

The time de pend ent trans port equa tion can be 
writ ten as

e
t

¶

¶

f
f= A (7)

where f rep re sents the par ti cle den sity per unit ve -
loc ity space, and A is the Boltzmann op er a tor. It is
de fined by the integrodifferential ex pres sion

A df f x f x f x= - - + ¢ ¢ ¢òn d n c n n n ngrad ( , ) ( , , ) ( , ) (8)

The time-de pend ent trans port equa tion has a
unique so lu tion f (x, v, t), pro vided the ini tial dis tri -
bu tion be longs to D (A). The semigroup ap proach to 
the re ac tor prob lem leads to an ab stract Cauchy
prob lem in the or dered Banach space X = L1 (D ́  V)
where the con fig u ra tion space D, int D ¹  f  is a sub set
of R3. The ve loc ity space V is a closed ball in R3. The
time de pend ent trans port equa tion is given by

e d c¢ = - +f f f fA M K0 (9)

where A0 de notes the dif fer en tial op er a tor

-
=
åni
i ix

¶

¶1

3

(10)

Md  is the op er a tor of mul ti pli ca tion by a pos i -
tive mea sur able func tion d : D ́  V ® R and K is the
in te gral op er a tor given by

K dc c n n nf f )= ò ¢ ¢ ¢(. , . , ) (. , (11)

where c : D ́  V ́   V ® R is pos i tive and mea sur able.
d and   c are called ab sorp tion co ef fi cient and scat ter -
ing ker nel re spec tively.

There are dif fer ent cri te ria when the
semigroup exp (tA) is a pos i tive ir re duc ible
semigroup [7, 8].

The pair (c,    d) of the scat ter ing ker nel and the
col li sion fre quency is de fined to be ad mis si ble if the
fol low ing con di tions hold:

(1) c (x, v, v’) is a nonnegative mea sur able func -
tion and  d(x, v) is a nonnegative mea sur able func tion
in L1 (D ´ V),

(2) d (x, v), and
ss(x, v)= c n n nò ¢ ¢( , , )x d are bounded func tions.

We con sider also the con di tions:

(A) F ( ) , sup ( , )d c n d c tn n dt= - < +òess
4

4

4
(B) F ( )s s < +4                                      (12)

We now state the next lemma which es tab -
lishes the sim i lar ity for the trans port op er a tor A to
the collisionless trans port op er a tor A0 (see [9]).

Lemma 2. Let (X, d) be ad mis si ble. Sup pose
(A) and (B) hold.

Sup pose also F (s s) exp F (d) < 1. Then the
wave op er a tors ex ist, and pos sess the fol low ing
prop er ties:

(1) W+ (A, A0) W+ (A0, A) =
      = W+ (A0, A) W+ (A, A0) = I

(2) A = W+ (A, A0) A0 W+ (A, A0)
-1

We con sider the two con trol sys tems S and S¢

e l m

e

d c e

e

¢ = - + +

¢ = ¢ + ¢

f f f f bu

f f b u

A

A

0 M K

(13)

for l and m  are real pos i tive pa ram e ters. For ir re duc ible 
and ergodic pos i tive semigroups we ob tain the fol -
low ing re sult about reachability of the collisionless
trans port sys tems, ac tu ally dif fu sion sys tems, from the 
initial trans port sys tem.

The o rem 1. Let S and S¢ be two sys tems which
are de scribed by as sump tions in lemma 2, and
more over let S be the ir re duc ible and ergodic pos i -
tive sys tem. Then some ap prox i mately con trol la ble
collisionless trans port sys tem is reach able from the
ini tial gen eral trans port sys tem.

Proof. We con struct aux il iary bounded sys tems S1

and ¢S1as so ci ated via re sol vents. Since the sys tems S and
S¢ are sim i lar by lemma 2, it fol lows that the bounded
sys tems S1 and ¢S1  are also sim i lar. Ac tu ally, from S A¢ S-1

= A we have S A¢ = A S, S A¢ - r S = A S – rS,  (rI – A)S
=  S (rI – A¢ ),  S  (rI – A¢ )-1  =  (rI – A)-1 S, and fi nally
S (rI – A¢ )-1 S-1 = (rI –  A)-1, and con versely. These sys -
tems are pos i tive con trol la ble by lemma 1. Tak ing  A¢ =
= A0 and putt ing l, m tend to zero, from for mula (13)
we ob tain de sired con tin u ous path of ap prox i mately
con trol la ble sys tems be cause the op er a tor S = W+ (A,
A0) tends to iden tity op er a tor. It is also true for

l md cM K- ® 0 (14)

The con trol la bil ity of the sys tems will give the
pos si bil ity of sta bi li za tion of such sys tems for ir re duc -
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ible quasicompact semigroups since such semigroups
are ergodic and strongly stabilizable. Af ter sta bi li za -
tion we have sta tion ary re gime and we can con clude as 
fol lows. Con sider a sys tem of lin ear equa tions

A A2 2( ) ( ) ( ) ( )g g l g gcf f f S= - + ¢ ¢ +K (15)

where the op er a tor A2(g) de scribes the dif fu sion and
ab sorp tion, Kc g( ) is the scat ter ing op er a tor, ¢A2 the
fis sion, S(g) the ex ter nal sources of neu trons, and f
the neu tron den sity in a given me dium. The fun da -
men tal prob lem of re ac tor phys ics is to de ter mine g0

so that eq. (15) with S º 0 and ¢ = ¢ =l l g( )0   1 has a
nontrivial  nonnegative so lu tion f0 . This  prob lem is
a typ i cal ex am ple for the ap pli ca bil ity of the
Frobenious comparasion the ory. It can be shown that 
un der cer tain as sump tions the op er a tor func tion
T(g), where T(g) = [ ]¢ - -l g gcI A K2

1( ) ( ) is pos i tive
and has the prop erty that for ev ery g ³ 0 and is
monotonic in the sense that T T( ) ( )g g£ ¢  when ever 
g g³ ¢. It fol lows from Marek’s com par i son the ory
that the cor re spond ing spec tral ra dii r[ ]T( )g  and
r T[ ]( )¢g   are sim i larly re lated r T r T[ ] [ ]( ) ( )g g£ ¢ . If,
more over, T(g) is ir re duc ible, then r T r T[ ] [ ]( ) ( )g g< ¢

when ever g g> ¢ ³ 0, as sum ing T( ) ( )¢ ¹g gT  for
g g¹ ¢. Be cause of con ti nu ity of  T(g) with re spect to g
we con clude the fol low ing nec es sary and suf fi cient
con di tion for the ex is tence and unique ness of the
crit i cal pa ram e ter g 0, i. e. a value of pa ram e ter g 0 for
which r T r[ ] [ ]( ) ; ( )g 0 = ³1 0 1T .

SCATTERING THEORY
OF THE LINEAR BOLTZMANN
OPERATOR

The ex is tence of the Moeller op er a tors is usu -
ally proved by use of the Cook the o rem that is gen -
er al ised to the case of a Banach space. In sta tis ti cal
me chan ics trans port phe nom ena of neu trons and
pho tons are de scribed by the lin ear Boltzmann
equa tion. All re sults con cern ing the ex is tence of the
wave op er a tors lead us nat u rally to the no tion of A2

– smooth ness for A2 = A0 – Md.
Def i ni tion 1. Let A2 be the gen er a tor of a C0

group  e At 2  on a Banach space X. A lin ear op er a tor Kc

is called A2 – smooth with the con stant a > 0, if   
| | | | | | | |K dc

t
c ct ae A 2 f f£ò-4

4 holds for a dense set of
vec tors f in X (and hence for all f in X). If K c  is A2 –
smooth with the con stant a < 1, then the wave op er a -
tors W W± ±( , ), ( , )A A A A2 2  ex ist. In [11] Voigt in tro -
duced the con cept of a lo cally de cay ing sys tem in the
con text of the trans port the ory to study the ex is tence
of wave op er a tors. This con cept means that for 

V( ) , lim ( ) ( )t tt
t= =® ´

eA
4 | | | |V f L1 0

K V
for bounded 

K Ì RM. One can check that if K c ( )0 2
1

+
--A  ex -

ists and if rs c[ ]K ( )0 12
1

+
-- <A  then V( )t   is lo cally

de cay ing, as t ® +4. One can also prove that V( )t  is

lo cally de cay ing as t ® +4  if K c ( )0 2
1

-
--A  ex ists

and r As c[ ]K ( )0 12
1

-
-- < . Un der these con di -

tions, the ap pro pri ate trans port semigroup is ir re duc -
ible. As we shall see later, this re sult holds un der some
con di tions on ab sorber and the trans port sys tem will
be stabilizable.

If both  K c ( )0 2
1

±
--A  ex ist and if 

rs c[ ]K ( )0 12
1

±
-- <A , then s-lim +t® 4  V S( ) ( )t t-

ex ists, s-lim +t® 4S V( ) ( )-t t  ex ists (for V( ) ,t t= eA

S( )t t= eA 2 ), and con versely. Then W+ +( ,A A2 2  
+ = -®K c t t t) ( ) ( )s-lim +4S V and W+ +( , )A K A2 2c

= -®s-lim +t t t4V S( ) ( ) ex ist. More over, A2 + Kc = 
=   W W+ +

-+ +( , ) ( , )A K A A A K A22 2 2 2
1

c c and 
W W+ + ++ + = +( , ) ( , ) ( ,A K A A A K A A2 2 2 2 2 2c cW
+K A K Ac c) ( , )W I+ + =2 2 . We can also con clude
that W , W ,++

- =( ) ( )A A A A A A0 0 0
1  [12]. As we 

have pointed out, the power com pact ness of  
K Ac ( )0 2

1
+

-- may be re placed by rs c[K (0+ -        
- -A2

1) ] is an eigenvalue of  K Ac( )0 2
1

+
-- . A

sim i lar re mark holds for - --
-K Ac ( )0 2

1 .
In 1964 Adamjan and Arov showed the

Lax-Phillips the ory of acous tic scat ter ing and
Nagy-Foias the ory about uni tary di la ta tions to be
equiv a lent  [13]. The model of acous tic wave scat -
ter ing is uni tary equiv a lent to shift trans la tion re al -
iza tion, but for the trans port the ory the ap pro pri ate
mod els are mostly sim i lar to trans la tions, be cause
we work in the Banach space.

Semigroups of trans la tions on weighted func -
tion spaces on the real line or pos i tive half-line are
par tic u larly well suited to serve as ex am ples for un -
der stand ing hypercyclicity since it is easy to de ter -
mine the cases when these are hypercyclic [14]. A C0

– semigroup of bounded lin ear op er a tors T( )t  is
called hypercyclic pro vided that there ex ists f XÎ
such that {T f( )t t| ³ 0} is dense in X.

One of the most im por tant fea tures of the sta bil -
ity the ory for lin ear sys tems is that it can be car ried
over to yield lo cal re sults for non lin ear sys tems by
linearization. It is known that a non lin ear semigroup
whose Frechet de riv a tive is an ex po nen tially sta ble lin -
ear semigroup is lo cally as ymp tot i cally sta ble. Al -
though hypercyclicity seems to be a prop erty of an un -
sta ble semigroup, it can also oc cur in the crit i cally
un sta ble case, when tra jec tory grows slower than ex -
po nen tially. From this point of view, it is not sur pris -
ing that there are glob ally sta ble non lin ear sys tems,
with hypercyclic (i. e. ir re duc ible) linearizations.

GENERAL MODEL FOR
TRANSPORT SCATTERING

Let us con sider the non lin ear trans port equa -
tion ef f p=F ( , ) where F de notes a non lin ear op er -
a tor that is dif fer en tia ble on a dense do main of a
sep a ra ble Banach space X ´ U, where p is a con trol
vec tor of pa ram e ters.
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Af ter linearization in some equi lib rium neigh -
bour hood the fol low ing equa tion holds true

ed d d¢ = ¢ + ¢

¢ =

¢ =

f f B p

A f

B p

A 1 1

1

1

,

/ ,

/

¶ ¶

¶ ¶

F

F

(I)

An equi lib rium state of an ap pro pri ate
semigroup evo lu tion ¢T1( )t  with the in fin i tes i mal gen -
er a tor ¢A1, is a state g such that ¢ =T g g1( )t  for all t ³ 0.
In the case of lin ear trans port phe nom ena the equi lib -
rium dis tri bu tion will be a Maxwell-Boltzmann dis tri -
bu tion. Af ter lin ear trans for ma tion of co or di nates in a
zero equi lib rium neigh bour hood, we can write

e ¢ = +f f B uA 1 1 (II)

We shall de rive the con di tions un der which
the non lin ear trans port equa tion will be ex po nen -
tially stabilizable.

The lin ear dis trib uted sys tem of in ter est will
be mod eled by the fol low ing state-space form

e
t

t te

¶

¶

f
f Bu

f f f D X

= +

= Î Ì

A

A

( ) ( ),

( ) , ( )0 0 0 (16)

where A de notes the in fin i tes i mal gen er a tor of a C0

semigroup on the sep a ra ble Banach state space X.
Let U be the sep a ra ble Banach space of con trol. We
as sume that the in put op er a tor B, B:U ® X is
bounded and has a fi nite rank M, and u(t) rep re sent
the in puts for M lin ear ac tu a tors. Thus

Bu t b ui i
i

M

e e t( ) ( )=
=
å

1

(17)

where uie t( ) are lo cally integrable con trol func tions.
Let T(t) be a strongly con tin u ous semigroup of
bounded lin ear op er a tors in the Banach space X
with in fin i tes i mal gen er a tor A. The fol low ing hold:
there ex ists w0( )A   such that

w
t

t
t

0
1

( ) lim log|| ( )||A =
®4

T (18)

If w w> 0( )A then there ex ist Mw ³ 1 such that 
| |T M( ) ,t tw

wt£ ³e 0. If w0 0( )A <  then eq. (18)
yields the ex po nen tial as ymp totic sta bil ity of the
zero equi lib rium of  T( ),t t ³ 0.

The prob lem with an in fi nite di men sional sys -
tem is that the spec trum of A does not al ways de ter -
mine the ex po nen tial sta bil ity of T(t), that is, equal -
ity does not al ways holds in s( ) ( )A A£ w0 , where
s(A) is the spec tral bound and w0( )A  is the spec tral
type

s A

T t M

( ) sup Re | ( )

( ) inf{ ||| ( )|| ,

A

A e

= Î

= £ " ³

[ ]l l s

w w tw
wt

0 0} (19)

The equal ity is so called a spec trum de ter -
mined growth as sump tion. A con se quence of the
spec trum de ter mined growth as sump tion is that if
sup [ ]Re ( )s aA < - then | | | |Tt £ -Me at for some 
M > >0 0, a   and we say that T(t) = Tt (or A) is ex -
po nen tially sta ble.

Let F be a feed back op er a tor F : X®U and let
SG(t) be the C0 semigroup gen er ated by G=A+B F.

Def i ni tion 2. The au ton o mous lin ear sys tem is
ex po nen tially stabilizable in case there is an op er a tor 
F in B(X, U) such that | | | |S fG ( ) ,t at

0 £ -M e0f   a > 0, 
t > 0 for all f X0 Î . (M 0f  is con stant de pend ing on
the ini tial data f0.)

The semigroup ap proach to the re ac tor prob -
lem leads to an ab stract Cauchy prob lem in the
Banach lat tice X = L1(D ´ V) where the con fig u ra -
tion space D, int D ¹ f, is a com pact con vex sub set of 
R3. The ve loc ity space V is a closed ball in R3.

In this case we have e d( / )¶ ¶F f = - +A M0  
+ K con a suit able dense subspace D(A) of L1(D ́  V)
of the trans port op er a tor A A M Kf = - +0 f f fd c .

We use the fol low ing re sult [15].
The collisionless trans port op er a tor A0 = 

= - å =i i iv x1
3 ¶ ¶ ,  the  stream ing  op er a tor A2 = A0 -

–jjMd and the trans port or Boltzmann op er a tor
A A M K= - +0 d c  each gen er ates a strongly con tin -
u ous semigroup T0(t), S(t), T(t) re spec tively. All
semigroups con sist of pos i tive lin ear op er a tors on
L1(D  ́  V); hence spec tral bound and spec tral type co -
in cide.

The fol low ing holds:

s

s

s s

( ) ( )

( ) ( )

( ) ( ) ( )

A A

A A

A A A

0 0 0

2 0 2

0 2

0

0

= =

= £

= ³

w

w

w

(20)

The spec tral bound s(A2) of A2 de pends on
the size of d near v = 0; e. g. if d is con tin u ous at ev -
ery point (x, 0) Î D ´ V then

s x x D( ) inf{ ( , ): }A 2 0= - Îd (21)
   

For every A the set A e¢ > Î ³l l l s ls R( ) ( ),2 { |
³ ¢l }con tains only fi nitely many el e ments each of
which is a pole of the resolvent R(·, A) with fi nite
rank res i due.

We have the fol low ing:
The o rem 2. Let A be a Boltzmann op er a tor in

X = L1(D ´ V). Let e t e(¶ ¶f f Bu) = +A  be a lin -
ear dis trib uted con trol sys tem with an ap prox i -
mately con trol la ble un sta ble part. If ab sorp tion
rate d     is con tin u ous  at  ev ery   point  ( , )x D V0 Î ´
and inf { }d( , ):x 0 0x DÎ > , then the con trol sys tem
is ex po nen tially stabilizable [16].

Def i ni tion 3. The sys tem (A1, B1) is said to be
sim i lar to (A¢, B¢) on J = [t0, t] if and only if there ex -
ists an in vert ible op er a tor SÎL (X1, X) such that A¢f
= S A1S-1f, B¢=S B1 where:
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V[(D(SA1S
-1)Ç D(A¢)] = X is valid.

We have the fol low ing re sults:
Lemma 3. If (A1, B1) and (A¢, B¢) are sim i lar

sys tems on J then (A1, B1) is con trol la ble on J if and
only if (A¢, B¢) is con trol la ble on J.

Def i ni tion 4. The sys tem S1 is said to be
quasi-sim i lar to S¢ if there are two op er a tors S and S¢
such that:

(1) S-1, S¢-1 with dense do main,
(2) A1S f = S A¢f and A¢S¢f = S¢A1f with dense

do main, and
(3)B1 = S B¢ and B¢ = S¢B1 where: 

            
V[ ]

[ ] = X

D S D S X

V D S D S

( ) ( ) ,

( ) ( )

¢ Ç =

¢ Ç ¢ ¢

- -

- -

A A and

A A

1 1
1

1
1 1 is valid.

Sup pose we are free to mod ify eq. (II) by set -
ting u = F1f + v where v is a new ex ter nal in put.
Thus for eq. (II) choos ing a state feed back means
choos ing an op er a tor F1 and eq. (II) re plac ing it by

e ¢ = + +f B f B v( )A F1 1 1 1 (22)

Sup pose there is a pair [F1, S] such that the sys -
tem f¢=(A1+B1F1)f + B1v,  y = G1x has ex actly the
same in put-out put be hav iour as the sys tem S¢, ef¢ =
= A¢f + B¢v,  y = G¢x. Then it is said that S¢ can be
(feed back) sim u lated by S1.

The class of all ap prox i mately con trol la ble sys -
tems which can be sim u lated by a given ap prox i -
mately con trol la ble sys tem S1 is called the sim u la -
tion or bit of S1 and is de noted by O{S1}.

In view of the con trol la bil ity con di tion im -
posed on el e ments in O{S1}, it is readily ver i fied
that S¢Î O{S1} if and only if there is a pair {F1, S}
such that S(A1+B1F1) = A¢S, SB1 = B¢. It means
that the sys tems S¢ and ef¢ = (A1+ B1F1)f + B1v are
sim i lar.

The o rem 3. Let us as sume that we can choose
the con trol pa ram e ters p in ef¢ = F(f, p) in such a
way that the sys tem S1 is ap prox i mately con trol la ble 
and u = F1f + v is such that the trans port sys tem ef¢
=(A1+ B1F1)f + B1v is quasi-sim i lar to the trans -
port sys tem S¢, so that A¢ sat is fies the hy poth e ses of
the o rem 2. Then the sys tem S¢ is in the sim u la tion
or bit of  S1. Also, the sys tem S1 is ex po nen tially
stabilizable [16]. The as sump tions of the o rem 3.
hold for ir re duc ible, quasicompact semigroups. We
shall in ves ti gate the be hav iour of sta tion ary so lu -
tions of a branch of ap pro pri ate trans port sys tems
via strong sta bi li za tion and with the con ver gence
to ward dif fu sion.

The study of the scat ter ing the ory for trans -
port phe nom ena was ini ti ated by Lax and Phillips
for the stream ing group U0(t) f (x, v) = f (x – tv, v) in 
the con text of the Hilbert space X = L2 (R3 ´ S2)
[17]. As con crete ex am ples of sim u la tion or bit, we
con sider the ab sorb ing trans port equa tions. In [18]
and [19] the rep re sen ta tion the o rem in the Banach

space X = L1 (Rn ´ V) for the trans port semigroup
U(t) is gen er al ized, which is gov erned by the trans -
port equa tion

¶

¶

f
v f f fx

t d c= - Ñ - +M K (23)

In some new func tional space we have 
V v R vn= Î < £ £{ | | | }0 1min v  is the ve loc ity space;
the ab sorb ing cross sec tion d and pro duc ing source
func tion c (x, v, v') are the pos i tive func tions in 
L R Vn4 ( )´  and L R V Vn4 ( )´ ´  hav ing their sup -
ports as func tions of x in a com pact con vex sub set W
of Rn. We can ob tain the re sult for sim i lar ity of
trans port op er a tors.

The clas si cal scat ter ing op er a tor is W W+ -
*   [20].

By an ad mis si ble weight func tion on E we mean a mea -
sur able pos i tive  func tion w sat is fy ing w t( , )x v v- £ 
£ r x v( ) ( , )t w  for all (x, v), where r is a pos i tive func tion
such  that  lim inf ( )t t® =4 r 0. L fw

1 = ={f E| | | | |  
= <ò | |f x v x v x v( , ) ( , )w d d 4}.  The Lax and Phillips
rep re sen ta tion the o rem holds for the trans port group
U(t) is L R Vn

w
1 ( )´ .

Let S(t) and Tj(t) be two sim i lar C0  semigroups.

If one of them is hypercyclic, then the other one is also

hypercyclic. We con sider the wave op er a tors 

W± ®
-=( , )A A e e0

A As-limt
t t

4
0 , W± (A0, A)=

s-lim e eA A0
t

t t
®

-
I4 .Then W W f± ±( , ) ( , )A A A A =0 0  

= A A A A for  all0 0W W f f X± ± Î( , ) ( , ) . It fol lows

that the C0 groups etA and e A 0t  are mu tu ally sim i lar un -

der some as sump tions on ad mis si ble pairs (d, g). For ab -

sorb ing trans port equa tion we ob tain a con crete model

of the sim u la tion or bit for sta ble sys tems. Con trol

prob lem in fu sion de vices has ini ti ated the search on

adap tive con trol lers that adapt their pa ram e ters to

chang ing con di tions. There fore, the to pol ogy of the so -

lu tion set may change dur ing the com pu ta tion. The

wave op er a tors ex ist and have the ex plicit forms. Let

inf ( , )
( , ) ,x v R Vn x v

Î ´
= >d d 0 (24)

holds. The fol low ing the o rem is valid (see [20]).
The o rem 4. As sum ing eq. (24), then there ex -

ists a weight  func tion w such that in  L R Vn
w
1 ( )´

the C0 group S(t) is hypercyclic and sat is fies 
| | | |S( )t w £ 1, t t w

a d t
w w³ £ £-0, ( ) ( )| | | | | | | | | | | |S f e f f . 

This group is not uni formly bounded, for t £ 0;
hence we can not use the Cook’s Lemma for the ex -
is tence of W± (A, A2) and W± (A2, A) [11].

SIMULATIONS OF BIFURCATIONS OF
TRANSPORT PHENOMENA

Sin gu larly per turbed sys tems of an ab stract or -
di nary dif fer en tial equa tion can of ten be writ ten in
the form

e t e¢ =f F ( , , , )x v (25)
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where x and v are vec tors x (0) and v (0) are pre -

scribed, 0 1< £e  and usu ally ranges over some fi -

nite subinterval of t ³ 0. The nu mer i cal in te gra tion

of eq. (25) in volves dif fi cul ties be cause the so lu tion

of ten fea tures a nar row ini tial bound ary layer re gion 

of rapid change. By us ing a com bi na tion of nu mer i -

cal and as ymp totic tech niques, we can ob tain an ef -

fec tive so lu tion method. Treat ments may, of course,

break down when ever eq. (25) be comes sin gu lar

and F(x, v, t, 0) fails to have a unique so lu tion. In

the clas si cal the ory, it is sup posed that the Jacobian

of F(x, v, t, 0) has sta ble (i. e. neg a tive real part)

eigenvalues and a re duced prob lem has a unique so -

lu tion of the in ter val of in ter est.
Sin gu lar be hav iour at  e  = t = 0 de scribes the

ini tial layer of the so lu tion of the Boltzmann equa -
tion, and the limit f plays the role of the other so lu -
tion in the the ory of sin gu lar per tur ba tions. The
Cauchy prob lem for the Boltzmann equa tion is
writ ten as

¶

¶

f v
f

t e e
d c t= - Ñ + - + ==f f , f

1
0 0[ ]M K / (26)

When e ® 0 eq. (26) raises a sin gu lar per tur ba -
tion prob lem. To find the cor re spond ing re duced
prob lem, sup pose f e have a limit f 0  and e et

e( f v+ × 
×Ñ ®x f e) 0 as e ® 0.  Then let ting e tend to 0 in eq.
(26), we find

( )- + =M Kd c f 0 (27)

Unique so lu tions to eq. (27) are Maxwellians.
As e ® 0,  f0  should  be  cho sen  in def i nitely close to
the Maxwellians.  Lo cal  so lu tions ex ist on the  in ter val  
[0, te], te > 0, de pends on e as well as f0 may tend to 0
with e. We shall de rive con ver gence to ward dif fu sion
case for the ap pro pri ate trans port con trol sys tems
with feed back.

We have a no tion of sin gu lar hy per bolic set if at
ev ery point x there ex ists de com po si tion Tx M = Ex Å
Fx of the tan gent space into two subspaces Ex and Fx

such that the lin ear flow con tracts ex po nen tially, and
is ex po nen tially vol ume ex pand ing re stricted to Fx:
:det ( ( ) )D F Cxj

t lt- -£x | e  for all t > 0, for the 3-di -
men sional flow. It should be dom i nated by the one in 
the Ex di rec tion: | | | | | | | |D x D x f Cj jt t lt( ) ( )e e£ -

[21].
If there are equi lib rium points in  L, they

should all be hy per bolic (no eigenvalue with zero
real part). If U' is open in X and T(t) U' is con tained
in U' and rel a tively com pact for all suf fi ciently large
t, then L = Ç ¢

³t
t

0
T U( )  is a com pact at tract ing set,

with fun da men tal neigh bor hood U'. Let T(t) be a
dy nam i cal sys tem, i. e. a group or semigroup of
maps X ® X parametrized by a dis crete or con tin u -
ous time t. There of ten ex ist sub sets L of X which
at tract neigh bor ing points f, mean ing that T(t)f
tends to L when t ® 4. Such sub sets L are called at -

tract ing sets or at trac tors. In the sim plest case L is
an at tract ing fixed point or pe ri odic or bit. In the
case of trans port equa tion the fixed points will be
Maxwellians. If an at tract ing set con sists of a num -
ber of dis joint in vari ant pieces, one would like to
con sider each piece as an at trac tor, re mov ing ir rel e -
vant points like (per haps) wan der ing points. Ex am -
ples of irreducibility con di tions are: pos i tive tran si -
tiv ity (there is x Î L such that the set of limit points
of T(t)f is L) or ex is tence of an ergodic mea sure
with sup port L.

One of the most fun da men tal con cepts in the
study of dy nam i cal sys tems is that of the rate of
growth of a quan tity with time. Per haps the most fa -
mil iar ex am ple of this is the rate of ex pan sion or con -
trac tion of in fin i tes i mal per tur ba tions (i. e. of tan -
gent vec tors). Re call that if T : X ® X is a
diffeomorphism of a com pact man i fold X,  x Î M and 
fÎTxM, then this is given by l( , ) lim ( / )x f n= ×®n 4 1
× log| | | |D T fx

n  when ever the limit ex ists. If m in vari -
ant mea sure is ergodic, then l takes on only a fi nite
num ber of pos si ble val ues, called Liapunov ex po -
nents. In many prob lems it is im por tant to dist-
inguish be tween uni form and non-uni form con ver -
gence of growth rates. An in vari ant set is hy per bolic
if the tan gent  space  ad mits  a  con tin u ous  de com po -
si tion into ex pand ing and con tract ing subspaces 
| | | | | | | |D T f c fx

n ³ e ln ;jjj| | | | | | | | .D T f cx
n n£ -(1 ) fe l j

For gen er ally uni formly hy per bolic diffeo-
morphisms (Si nai, Ruelle, Bowen) have shown that
there are fi nitely many prob a bil ity mea sures m1, mN

such that lim ( / ) ( )1 0n iå =ò=i
i f4 j j m[ ]T d for all

con tin u ous j:M R®  and for points f in a pos i tive
Lebesque mea sure sub set B( )mi  of M, i = 1, … l.
These mea sures are called SRB mea sures and the sets 
B( )mi  are the bas ins of these mea sures [22].

We con sider some kind of evo lu tion of in fi nite 
di men sional non lin ear sys tems near equi lib ri ums.
As a model, we take quasicompact, ir re duc ible and
ab sorb ing trans port semigroups.

In acous tic and elec tro mag netic prob lems, the 
method of ap prox i mat ing the field scat tered by a
mov ing body is to cal cu late the sta tion ary field scat -
tered by the body at each time t. This yields a
time-de pend ent se quence of sta tion ary fields re -
ferred to as the quasi-sta tion ary fields [23]. In the
prob lem of con trolled fu sion we have the sit u a tion
of the con trolled path of stabilizable trans port sys -
tems. We con sider trans port equa tion

¢ = - + +f f f B u tA M K0 f d c ( ). We shall as sume
that f1 is the so lu tion of the sta tion ary trans port
equa tion A M K0 f f f B u t1 1 1 0- + + =d c ( ) . The er -
ror is E t f t f t( ) ( ) ( )= - 1 .

We shall ob tain the pos si bil ity of sta tion ary
so lu tions if we also take con trol mech a nism in the
bi fur ca tion phe nom ena. Let us con sider a sin gu -
larly per turbed prob lem of pho ton or neu tron
trans port in a time-de pend ent re gion [24]
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Since e is a very small pa ram e ter, it is rea son -
able that the time de riv a tive in eq. (28) is small
com pared with other terms. The goal is there fore to
com pare the so lu tion of such an equa tion with the
so lu tion f1(t) of a sim pler one, called the
quasi-static ap prox i ma tion, which sat is fies the fol -
low ing equa tion

     
A

M K0
1

1 1
0

e e e
t td c e- +

æ

è
ç

ö

ø
÷ + =f B u( ) ( ) (29)

ob tained by de let ing the time de riv a tive term in
the orig i nal prob lem (1 e td c) ( )( )A M K0 - + +f
+ =B ue t( ) 0 [24].

It could be done in a better way by in clud ing
con trol and sta bi li za tion when it is pos si ble. If the
trans port semigroup is quasicompact, ir re duc ible
(hypercyclic), then the ap pro pri ate sys tem is stab-
ilizable. It means that with the ap pro pri ate con trol in
each ergodic sub class we can reach sta ble sta tion ary re -
gime.We have d d A M (K0f t e e ed c= - + ×[ ]( ) ( ) )
× f B u( ) ( )t te+ . For u fe et( ) = F  it fol lows 

¢ = - + +f f B( )( )1 e d c eA M K F0 f  where f tends to 
some equi lib rium. The ab so lute er ror E be tween the
ex act con trol sys tem and sta tion ary ap prox i ma tion
tends to zero af ter tak ing the sta bi li za tion. From this it
fol lows pos si ble de scrip tion of op ti mal work of trans -
port de vices. The er rors will tend to zero for the sys -
tems stabilizable in a fi nite time in ter vals [t0, t1], [t1,
t2], ...[tN-1, tN].

We use the method of quasi stat ic ap prox i ma -
tions in com bi na tion with sta bi li za tion.

As a con se quence we have the next the o rem.
The o rem 5. Let e ¢ =f fF ( , )p  be a non lin ear

trans port sys tem that is in the sim u la tion or bit of ir -
re duc ible, ab sorb ing quasicompact neu tron ki netic
equa tion. Then there ex ists a se quence of times t1,
t2, ...tn with con ver gence to dif fu sion, of so lu tions
of sta tion ary trans port prob lem.

When evo lu tion of trans port sys tem changes
slowly in re la tions with pho ton or neu tron trans -
port, the to mog ra phy, based on scat ter ing op er a -
tors, is pos si ble.

As a con clu sion, we have that here ob tained
model could be use ful for nu mer i cal sim u la tions of
the non lin ear phe nom ena with the better de gree of
ac cu racy then one which can be achieved by ex per i -
ments. The same re sult holds if trans port phe nom -
ena can be found as sim u la tion or bit of trans port
equa tion of the type (7) un der con di tion a d- < 0.

CONCLUSION

In the aim to ob tain the pos si bil ity of uni form
sta bi li za tion of a con trol sys tem we used the
method of adap tive con trol lers for non lin ear trans -

port sys tems. In stead of the o ret i cal re sults of the
type of Trot ter-Kato the o rem for lin ear semigroups
we used the method of neu tron to mog ra phy for ob -
tain ing the de sired sta bi li za tion with con sid er ing
the wave op er a tors in ver ti cal and hor i zon tal di rec -
tion on lo cally linearizable pieces. This method can
be ex tended on pe ri od i cal cases (or, more gen er ally
adap tively re cur rent with avoid ing the method of
Cook). On this way, it opens the pos si bil i ties for ex -
per i men ta tion with the in flu ence of real ac tu a tors
on dif fer ent de vices in nu clear tech nol ogy and ra di -
a tion sci ence.

For more pre cise math e mat i cal treat ment of
some as pects of ions trans port be hav iour see the
refs. [25, 26].
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TRANSPORTNA  TEORIJA  I  TEORIJA  SISTEMA

Kori{}ewem odgovaraju}e kineti~ke jedna~ine neutrona, ili fotona, simulirana je
singularna nelinearna transportna jedna~ina. Posredstvom ravnote`nih stawa prikazan je uslov
konvergencije nestacionarnog transportnog procesa prema ~istoj difuziji. U tu svrhu kori{}ena
je metoda transportnog rasejawa. Ciq ovog istra`ivawa je optimizacija fuzionog  goriva pomo}u
neutronske dijagnostike.

Kqu~ne re~i:  transportna jedna~ina, bifurkacija, stabilizacija, neutronska dijagnostika,
jjjjjjjjjjjjjjjjjjjjjjjjkontrolisana fuzija, tomografija


