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The aim of this work is to an a lyze the dif fu sion and the slow ing down of high en ergy
pro ton shots through a tar get. An a lyz ing the phe nom e non rig or ously, with the full
trans port equa tions, means tack ling many dif fi cul ties, most of which arise from the
long range na ture of the Cou lomb in ter ac tions, in volv ing more than one par ti cle si -
mul ta neously. The com monly used ap proach of ne glect ing the multi-body col li sions,
though cor rect for rar efied neu tral gases, of ten leads to very poor ap prox i ma tions
when charged par ti cles mov ing through dense mat ter are con sid ered. Here we pres ent
a Monte Carlo sim u la tion of the Fokker-Planck equa tion where the multi-body col li -
sions are taken into ac count. The model al lows the cal cu la tion of a point-wise dis tri bu -
tion of en ergy and mo men tum trans ferred to the tar get.
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IN TRO DUC TION

When charged par ti cles move through solid
mat ter, en ergy and mo men tum ex changes oc cur
through a large va ri ety of pro cesses in which the
elec tro mag netic in ter ac tions pre dom i nate. An a lyz -
ing the sys tem by the trans port equa tion means to
tackle many dif fi cul ties, most of which arise from
the long range na ture of the Cou lomb in ter ac tions.
The com monly used ap prox i ma tion of ne glect ing
the multi-body col li sions of ten leads to very poor
ap prox i ma tion when solid mat ter is con sid ered.

In this pa per, a nu mer i cal sim u la tion of the
Fokker-Planck equa tion is pre sented, where the
multi-body col li sions are taken into ac count.

THE FOKKER-PLANCK EQUA TION

Let’s fo cus our at ten tion on a pro ton which
moves through a tar get. The tra jec tory of the test
par ti cle in the phase space can be stud ied as the
Brownian mo tion of a heavy par ti cle within a me -
dium com posed of a large num ber of light par ti cles:
the heavy par ti cle un der goes many col li sions with
lit tle en ergy and mo men tum ex change. In the long
run, these in ter ac tions lead the sys tem to ward the
equi lib rium. In this pa per, pro tons im ping ing on a
solid tar get are con sid ered, which is the rea son why
the test par ti cle mass is smaller than the field par ti cle 
masses; how ever, most in ter ac tions are ”large” im -
pact pa ram e ter shielded col li sions and the de flec -
tions are ac cord ingly small.

It is known that the Brownian mo tion can be
stud ied as a sto chas tic pro cess whose math e mat i cal
for mu la tion is the Fokker-Planck equa tion [1, 2, 3].
Af ter in tro duc ing a func tion j n n( , )

r r
D , which rep re -

sents the prob a bil ity that a par ti cle with speed 
r
n un -

der goes a ve loc ity vari a tion D
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n within the time Dt,

the dis tri bu tion func tion f can be de ter mined by
solv ing the equa tion:
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where the co ef fi cients an are ob tained av er ag ing the 
pow ers of D
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The first two terms of the above se ries are re -
ferred to as the dy nam i cal fric tion fac tor, D

r
v , and

the dif fu sion ve loc ity ten sor, D D
r r
v v  .

To de ter mine these co ef fi cients, knowl edge of
in ter ac tion pro cesses that al lows cal cu lat ing ex plic -
itly the tran si tion prob a bil ity func tion j( , )

r r
v vD  is

needed. Usu ally, a Boltzmann type as sump tion is
made and only bi nary col li sions are con sid ered.

Pre sented here is a nu mer i cal sim u la tion
where the ef fects of large im pact pa ram e ter
multi-body col li sions are con sid ered.

NU MER I CAL SIM U LA TION

One of the main dif fi cul ties in sim u lat ing
the tra jec tory of a charged par ti cle through solid
mat ter con sists in the fact that one can not speak of 
a mean free path. Due to the long range na ture of
the Cou lomb force, the par ti cles in ter act con tin u -
ously.

By us ing the mo lec u lar dy nam ics tech nique,
the tra jec tory of each par ti cle is built cal cu lat ing the
po si tions, 

r
r1, 

r
r2,j..., 

r
rN , and the ve loc i ties, 

r r r
v , v , . . . , vN1 2 at the end of the time in ter vals Dt1,
Dt2, ..., DtN  into which the story is di vided. Af ter
choos ing the num ber and the length of the in ter vals
op por tunely, the elec tric field act ing on the test par -
ti cle is as sumed con stant within each in ter val and
cal cu lated start ing from a given prob a bil ity dis tri -
bu tion which de pends on tar get com po si tion and
den sity. In this way, the tran si tion prob a bil ity from
point ( )

r r
r ,vk k   to point ( , )

r r
r vk k+ +1 1  is gov erned by the 
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gen er ated by the multi-body po ten tial
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here ex pressed as sum of pair po ten tials which are
sim pler to im ple ment into a pro gram. In equa tion
[4], e is the elec tron charge, qi is the i-th field par ti cle
charge, and e0 is the vac uum di elec tric con stant. The 
com pu ta tion of U r( )

r
, which de mands the knowl -

edge of the tar get par ti cle dis tri bu tion func tion, is
the cen tral prob lem. If treated with out any ap prox i -
ma tion, the ef fect of all the par ti cles in the sys tem
must be taken into ac count and the equa tion of mo -
tion must be solved for each par ti cle. This in creases
dra mat i cally the run time of the code.

The equa tion of mo tion is solved only for the
test par ti cle. The dis tri bu tion of field par ti cles, both
in phys i cal and mo men tum space, is de ter mined
from the knowl edge of their dis tri bu tion func tion.
A test par ti cle is as sumed to in ter act only with the
field par ti cles con tained in a spher i cal vol ume SF

whose ra dius is of the or der of the Fermi length
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where Ef is the Fermi en ergy and n is the elec tron gas 
mean den sity. A fur ther hy poth e sis is that the prob a -
bil ity of find ing N par ti cles within the Fermi sphere
fol lows Pois son dis tri bu tion
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where nF is the mean num ber of par ti cles containe 
in SF, which de pends on the tar get den sity. In this
way, the po ten tial is given by the sum of the terms
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where U2(r)  is the po ten tial due to the par ti cles out -
side of the Fermi sphere. At each step, af ter de ter -
min ing the num ber and po si tion of the tar get par ti -
cles in SF, it is pos si ble to eval u ate the force
ac cel er at ing the test par ti cle:
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where the sub script s re fers to the s-th field par ti cle
spe cies. When a pro ton in ter acts with an atom at
very short dis tance, i. e., when the im pact pa ram e ter 
is shorter than the atomic ra dius, in stead of  eq. 8
the fol low ing equa tion is used
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be ing 
r
r0  the po si tion of the atom. In this case the

pro ton in ter acts with the screened field of the nu -
cleus. Ap ply ing the model to a metal tar get, in or der 
to eval u ate U r2( )

r
, the nearly free elec tron gas ap -

prox i ma tion was used, con sid er ing the metal (alu -
mi num) as a dense plasma com posed by free elec -
trons and once-ion ized at oms. The pro ton is viewed 
as a trav el ling charge that in duces a dis place ment
field in the elec tron gas of the tar get. Hence, 

r
ÑU2 is

a fric tional term which dis si pates the en ergy of the
pro ton. Pois son’s equa tion was used to de ter mine
the elec tro static po ten tial whose gra di ent in the di -
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rec tion of mo tion is the stop ping power. By us ing
the Fou rier trans form, one finds [4]
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where a0 is the Bohr ra dius, w = E h,  p^  is the 
r
p

com po nent per pen dic u lar to the di rec tion of the
mo tion and Á  de notes the imag i nary part of the ar -
gu ment. The fol low ing hy poth e sis is made
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In de ter min ing the di elec tric func tion e w( , )p ,
one can use the re la tion ship [5]
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is the plasmon en ergy, de scrib ing the col lec tive os -
cil la tion of the elec tron gas, with one elec tron from
each atom.  The func tion  f  is the gen er al ized os cil la -
tor strength (GOS) given by [6]:
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where  Mif is the ma trix el e ment for op ti cal di pole
tran si tion. Un der the ac tion of the force 

r
F the pro -

ton ac quires the ac cel er a tion 
r
ak  and un der goes the

tran si tions:
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AP PLI CA TION OF THE MODEL

The model has been used to study the slow ing
down of 1.5 MeV pro tons through an alu mi num
tar get.

The space dis tri bu tion of free elec trons and
once-ion ized at oms within the tar get has been con -
sid ered uni form. The prob a bil ity of find ing one of
these par ti cles in a shell of thick ness dr, at a dis tance r
from the test par ti cle, is given by
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and the cu mu la tive prob a bil ity of find ing a par ti cle
at a shorter dis tance than r will be

p t t
r

F

r

( )d =ò
3

3
0 l

(18)

Con cern ing the mo men tum space, a Fermi
dis tri bu tion was as sumed for free elec trons and a
Maxwellian dis tri bu tion for the at oms. Fig ure 1
shows the pro ton range ob tained for dif fer ent pro -
ton ini tial en er gies. In fig. 2, one can see the pro ton
dis tri bu tion as a func tion of depth, at time 10-9 s.

Fig ure 3  shows the pro ton en ergy dis tri bu -
tion for a pro ton shot of 1.5 MeV, at depth 10-7 m. 
One can see that the spec trum is al most mono -
chro matic. Fig ure 4 de picts the pro ton spec trum
at depth 10-6 m, where the mo men tum strag gling 
of the pro ton beam is sen si bly in creased.

These sim u la tions show that within a thick -
ness of 10-5 m the pro tons are com pletely
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Fig ure 1. Pro ton range

Fig ure 2. Pro ton space dis tri bu tion at time 10-9 s



thermalized. The time of the pro cess is smaller than
10-7 s. 

CON CLU SIONS

A nu mer i cal code that de scribes the dif fu sion
of heavy ions through me tal lic tar gets has been pre -
sented. The com monly used ap prox i ma tion of ne -
glect ing multi-body col li sions has been re moved.
The code was orig i nally de vel oped for plas mas [7]
and then mod i fied to de scribe heavy charged par ti -
cle dif fu sion through solid mat ter [8].

The aim of this work is to ob tain a Monte Carlo 
code that gives an ex haus tive de scrip tion of the slow -
ing down pro cess. At pres ent, the code is still in its
de vel op men tal stage. How ever, it has been pos si ble
to test it in or der to de scribe the high en ergy pro ton
dif fu sion through an alu mi num sam ple, es ti mat ing
the pro ton range and the pro ton spread ing, both in
the phys i cal and the mo men tum space.

The knowl edge of en ergy spec trum is im por -
tant in fields such as mi cro-beam anal y sis [9] and ra -
di a tion pro tec tion [10], where quan ti fy ing and
iden ti fy ing the re ac tions pro duced in the me dium is
of fun da men tal in ter est, as the phe nom ena in duced
de pend on the en ergy of the in ter act ing par ti cles.
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Fig ure 4. Pro ton spec trum at 10-6 m

Fig ure 3. Pro ton spec trum at 10-7 m
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Fran~esko TEODORI, Vin}enco MOLINARI

ISTRA@IVAWE USPORAVAWA VISOKOENERGETSKOG PROTONA
KOJI PRODIRE KROZ METALE POSREDSTVOM MONTE KARLO SIMULACIJE

FOKER-PLANKOVE JEDNA^INE

Svrha ovog rada je prou~avawe difuzije i usporavawa visokoenergetskog protona
ispaqenog u metu. Stroga analiza ove pojave, pomo}u potpunih transportnih jedna~ina, predstavqa 
poduhvat pun te{ko}a od kojih mnoge poti~u od prirode Kulonovih interakcija dugog dometa koje
ukqu~uju vi{e od jedne ~estice istovremeno. Uobi~ajeno zanemarivawa vi{e~esti~nih sudara,
mada ispravan pristup za razre|ene neutralne gasove, ~esto vodi vrlo slabim aproksimacijama
kada se razmatra kretawe naelektrisanih ~estica kroz guste materijale. Ovde je prikazana Monte
Karlo simulacija Foker-Plankove jedna~ine sa ura~unatim vi{e~esti~nim sudarima. Model
dopu{ta izra~unavawe ta~kaste raspodele energije i momenta prenetih na metu.

Kqu~ne re~i: Foker-Plankova jedna~ina, Monte Karlo simulacija, naelektrisane ~estice,
jjjjjjjjjjj jjjjjjjjjjjjjjvi{estruke interakcije


