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The gen eral meth od ol ogy be hind 2D arbitrary geometry neutron trans port  –
AGENT code is the the ory of R-func tions, which al lows for sim ple mod el ing
of com plex ge om e tries, and the method of char ac ter is tics, which solves the in -
te gral trans port equa tion along char ac ter is tic neu tron tra jec to ries. This pa per 
fo cuses on the ex ten sion of the meth od ol ogy to ac count for 3D lat tice ge om e -
tries. Since the di rect ap pli ca tion of method of characteristics to 3D non-ho mog -
e nized core con fig u ra tion may re quire a tre men dous amount of mem ory and
com put ing time, an al ter na tive ap prox i mate so lu tion based on cou pling 2D
method of characteristics and 1D dif fu sion so lu tion is de vel oped. The pla nar 2D 
method of char ac ter is tics and ax ial 1D dif fu sion so lu tions are cou pled
through the trans verse leak age. The use of a lower or der 1D so lu tion in the
ax ial di rec tion is jus ti fied by the fact that more het er o ge ne ity in cur rent PWR
and BWR re ac tor cores oc curs in the ra dial di rec tion than in the ax ial one.
In or der to dem on strate the ver sa til ity and ac cu racy of the AGENT code, a
2D het er o ge neous lat tice prob lem, C5G7 is de scribed in de tails. A the o ret i cal
de scrip tion of the cou pling meth od ol ogy for 3D method of characteristics so -
lu tion is fol lowed by pre lim i nary val i da tion in comparison to the DeCART
code.

Key words: method of  char ac ter is tics, het er o ge neous re ac tors, re ac tor lat tice, bench mark
prob lems

IN TRO DUC TION

This pa per fo cuses on the re cent de vel op ment
of an ad vanced com pu ta tional en vi ron ment in tend -
ing to pro vide re search ers and ed u ca tors with tools
for an open-ar chi tec ture neutronic anal y sis and con -
fig u ra tion of Uni ver sity Re search and Train ing Re -
ac tors (URTRs). This en vi ron ment is to al low us ers 
to op ti mize the ex per i ments, test fuel con fig u ra -
tions and pro vide “vir tual” dem on stra tions. The
cen ter piece of the en vi ron ment is the method of
char ac ter is tics based com puter code, Ar bi trary Ge -
om e try Neu tron Trans port (AGENT).

There are a few dif fer ent meth ods avail able to
solve the trans port equa tion in 2D and 3D: Col li -
sion Prob a bil ity Method (CPM), Sn Method or
Spher i cal Har mon ics be ing some of them. The
Method of Char ac ter is tics (MOC) has been cho sen
to solve the trans port equa tion to ad dress the prob -
lems re lated to the treat ment of multi-scale cal cu la -
tions in ex act ge om e try. MOC and CPM al low the
rep re sen ta tion of lo cal heterogeneities, but the
CPMs yield full col li sion ma tri ces that set a prac ti cal 
limit to the size of the prob lems that can be treated
within rea son able com puter re sources.

MAIN AS PECTS OF THE AGENT
METH OD OL OGY

AGENT solves the in te gral trans port equa -
tion us ing the MOC [1] in a user-de fined num ber of
en ergy groups in a ge om e try rep re sented via the
the ory of R-func tions [2].The com bi na tion of the
R-func tion based solid mod eler and MOC per mits
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ac cu rate, ef fi cient and fast par ti cle trans port anal y sis 
in com plex and het er o ge neous geo met ri cal do -
mains. The MOC al lows a full treat ment of highly
het er o ge neous sys tems with a large num ber of en -
ergy groups and de tailed neu tron traks map (sat is -
fac tory num ber of di rec tions and fine spa tial res o lu -
tion). 

Neu tron track ing

A gen eral and ef fi cient way of rep re sent ing
com plex 3D ge om e tries is a prob lem that spans
many dis ci plines, from CAD and com puter
graphics to pat tern rec og ni tion and par ti cle trans -
port.  The R-func tion mod eler is used to rep re sent
com plex do mains through the com bi na tion of sim -
ple prim i tives into a sin gle an a lyt i cal equa tion (see
fig. 1). This equa tion de fines the do main func tion
rep re sent ing a given ge om e try. It eval u ates pos i tive
as a point within the do main, neg a tive as a point
out side the do main and zero as a point on the do -
main bound ary. There fore, to test if a point is within 
a cer tain ob ject, the code merely has to eval u ate the
func tion at that point. This method is as gen eral as
the typ i cal Monte Carlo ap proach, but much sim -
pler and sig nif i cantly faster.

MOC, Monte Carlo, and CPMs, all use the
neu tron track ing through so called ray trac ing.
Thus, it is nec es sary to find an ef fec tive yet ac cu rate
method to sim u late neu tron tra jec to ries through
com plex and het er o ge neous do mains. The R-func -

tion method pro vides an el e gant so lu tion to the ray
trac ing prob lem in AGENT. The method in volves
tak ing dis crete steps along the ray, test ing the do -
main func tions of the ob jects of in ter est at each
point. As men tioned above, if the point is out side
the ob ject, the func tion will eval u ate neg a tive; if the
point is within the ob ject, the func tion will eval u ate
pos i tive. There fore, if the signs of the func tion at
two con sec u tive points are op po site, a bound ary has 
been crossed. Then it is sim ply a mat ter of “hom ing
in” on the bound ary, i. e., the point along the ray
where the func tion eval u ates within a cer tain tol er -
ance of zero. 

Com pu ta tional MOC

The AGENT code solves the neu tron trans -
port equa tion pro vid ing eigenvalue, vol u met ric sca -
lar flux and re ac tion rates. The multigroup en ergy
cross sec tions are ob tained from the front-end code.
Cur rently, the cross sec tions are gen er ated by the
lat tice code HELIOS v-1.8 [3]. The spa tial
discretization al lows for a flex i ble se lec tion of neu -
tron tra jec to ries by spec i fy ing the num ber of az i -
muthal an gles, num ber of po lar an gles and the dis -
tance be tween neu tron tracks. Iso tro pic neu tron
prop a ga tion along neu tron tra jec to ries for each set
of dis crete an gles starts at the most outer bound ary
and re flects back into the sys tem fol low ing the user-
se lected bound ary con di tions (re flec tive, white or
vac uum). The flux so lu tion in cor po rates a power it -
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Fig ure 1. AGENT solid mod eler based on R-func tion ge om e try



er a tion with two dif fer ent ac cel er a tion tech niques:
Coarse Mesh Rebalancing (CMR) and Coarse
Mesh Fi nite Dif fer ence (CMFD) [4-6].

2D NU MER I CAL EX AM PLE

The C5G7 UO2 bench mark lat tice [7], as
shown in fig. 2, is se lected to dem on strate the ac cu -
racy and ef fi ciency of the code. The re sults are com -
pared to the DeCART code [8]. DeCART 3D meth -
od ol ogy is used as a base to ex tend the cur rent 2D
AGENT to 3D ca pa bil ity. There fore, since the
DeCART code is used to val i date the 3D meth od ol -
ogy of the AGENT code, the agree ment be tween
the AGENT and DeCART codes in 2D is of cru cial
im por tance.

The AGENT eigenvalue shown in tab. 1, ob -
tained in less than two min utes com pu ta tion time,
is in  good agree ment with DeCART. This is to be
ex pected, since both codes are based on the MOC
and both codes use the same set of mac ro scopic
cross sec tions and the same spa tial discretization.
The slight dif fer ences are caused by dif fer ent ray
trac ing meth ods. DeCART uses a mod u lar ray trac -
ing tech nique, where the neu tron track ing is the
same for each pin cell and is re peated through out
the whole ge om e try, while in the AGENT code neu -

tron track ing is car ried out for the whole ge om e try,
thus al low ing ar bi trary ge om e try to be eas ily mod -
eled. The AGENT fine mesh spa tial dis tri bu tion of
ther mal neu tron flux across the as sem bly is de picted 
in fig. 3.

2D-1D COU PLING THE ORY OF AGENT

The AGENT code sys tem will be used for re -
search and ed u ca tional pur poses with the ca pa bil ity
of per form ing “vir tual” ex per i ments and dem on -
stra tions. There fore, there is an ob vi ous need for a
3D whole re ac tor core model.

Since the di rect ap pli ca tion of MOC to 3D
non-ho mog e nized core con fig u ra tions may re -
quire, at pres ent, a tre men dous amount of mem ory
and com put ing time, an al ter na tive ap prox i mate
3D so lu tion was de vel oped based on the DeCART
code. The 2D pla nar and 1D ax ial so lu tions are cou -
pled through the trans verse leak age. The use of a
lower or der 1D so lu tion in the ax ial di rec tion is jus -
ti fied by the fact that more het er o ge ne ity in cur rent
LWR re ac tor cores oc curs in the ra dial di rec tion
than in the ax ial one.

The 2D-1D cou pling strat egy starts by slic -
ing the re ac tor core into a user-de fined num ber of
ax ial planes, as shown in fig. 4. A 2D pla nar so lu -
tion based on the MOC is ob tained for each plane. 
The 1D ax ial so lu tion is based on the fi nite dif fer -
ence method (FDM) and is ob tained for each pin
re gion. 

The der i va tion of the cou pled 2D-1D equa -
tions is shown as fol lows. In 3D, the Boltzmann
trans port equa tion in steady state can be writ ten
as:

W Y W Y W×Ñ + =( , , ) ( , ) ( , , ) ( , )
r r r r
r E r E r E Q r EtS (1)
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Fig ure 3. AGENT ther mal sca lar flux dis tri bu tion
across C5G7 UO2  as sem bly

Ta ble 1. C5G7 UO2 as sem bly: eigenvalue AGENT
and DeCART comparison

C5G7 UO2

assembly AGENT DeCART
Difference

[10-5]

K-effective 1.33336 1.33321 11.3

Fig ure 2. C5G7 UO2 as sem bly ge om e try
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The fis sion source, as well as the scat ter ing

term, are as sumed to be iso tro pic (with plans to ex -

pand the scat ter ing mode us ing the P1 ap prox i ma -

tion). By in te grat ing the above equa tion over the

ax ial di rec tion on a com pu ta tional plane whose

thick ness is hz, the ax i ally in te grated equa tion is ob -

tained as fol lows:
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which can be also ex pressed as:
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Here, Y( , , )r Er W  is the in te grated an gu lar flux 

over the ax ial di rec tion, rr is the po si tion vec tor in

2D space and a and q are the az i muthal and po lar

an gles of W. The cross sec tions are as sumed to be

con stant over the node.
The term TLax ial rep re sents the leak age of neu -

trons from one plane to an other. The an gu lar dis tri -

bu tion of the ax ial leak age must be pro vided from

the ax ial solver. How ever, as the dif fu sion equa tion

is solved, ac cess to the an gu lar flux dis tri bu tion be -

comes im pos si ble. The DP0 ap prox i ma tion, i. e. an

iso tro pic an gu lar flux, is thus used to de scribe the

an gu lar flux. The ax ial leak age then only in volves

the in com ing and out go ing par tial cur rents ob -
tained by solv ing the ax ial dif fu sion equa tion:
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Con cern ing the ax ial dif fu sion solver, the 3D
dif fu sion equa tion can be ex pressed as:

Ñ + =J r E r E r E Q r Et( , ) ( , ) ( , ) ( , )
r r r r

S F (6)

The multi-group con stants are as sumed to be
avail able from the pre vi ous ra dial MOC so lu tion
and the con ven tional ho mog e ni za tion scheme. In -
te grated over the ra dial di rec tions, the 3D dif fu sion
equa tion leads to:
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where the term TLra dial is decribed by
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The term TLra dial rep re sents the leak age of
neu trons from one pin to an other. The net cur rent at 
the bound ary of the pins has to be pro vided. It is
com puted us ing the re sults of the ra dial MOC
solver

J z r E dx g r, ( ) ( , , )right = ò W W W
W

y (9)

where Y( , , )r Er W   is the an gu lar flux at the bound ary 
of the pin.

The der i va tion of the 3D Boltzmann trans port 
equa tion and the 3D dif fu sion equa tion, us ing the
above ap prox i ma tions, leads to the fol low ing two
cou pled equa tions:
– a 2D MOC equa tion cou pled with ax ial leak age:
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– a 1D dif fu sion equa tion cou pled with ra dial leak -
age:
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Fig ure 4. 2D-1D cou pling meth od ol ogy of AGENT
code



The flow chart of a 2D-1D solver is de scribed
in more de tail in fig. 5.

Both MOC and FD equa tions are solved as a
fixed source prob lem with only the trans verse leak -
age vary ing from one it er a tion to the other. A con -
verged so lu tion, in terms of an gu lar flux and leak -
ages, leads to the com pu ta tion of a new eigenvalue.
The fis sion source for both equa tion is then up -
dated.

PRE LIM I NARY 3D METH OD OL OGY
VAL I DA TION

In or der to test the 2D-1D solver im ple -
mented in AGENT, two sim ple test cases have been
de vel oped from the L336 bench mark prob lem [9].
Both test cases are 3 ́  3 as sem blies with the z-di rec -
tion split into three planes:

· Test 1: MOX pin sur rounded by eight UO2 pins, 
and
· Test 2: plane of MOX fuel sur rounded by two
planes of UO2.

The re sults of these two tests, graph i cally shown
in fig. 6, are sum ma rized in tab. 2. DeCART and
AGENT are giv ing close re sults in terms of eigenvalue 
for both test cases. How ever, the re sults for DeCART

and AGENT in test 1 are much closer than those ob -
tained in test 2. This is due to the fact that in test 1 the
ge om e try in the z-di rec tion is ho mog e nous, whereas
in test 2, there is a large het er o ge ne ity in the ax ial di -
rec tion in tro duced by the plane of MOX.

In test 1 the ax ial leak age is neg li gi ble, since the
three plans are iden ti cal. Con se quently, the dif fer ence
be tween AGENT and DeCART co mes from the dif -
fer ence in tro duced by the MOC solver. The dif fer ence
in terms of eigenvalue is equal to only 7×10-5. How -
ever, in test 2, the ra dial leak age is neg li gi ble: all fuel
pins are iden ti cal. The dif fer ence be tween AGENT
and DeCART is then in flu enced by the 1D ax ial
solver. DeCART uses a high or der Nodal Ex pan sion
Method to treat the 1D prob lem, while AGENT uses
a sim ple first or der FDM. The dif fer ence in the 1D
solver ex plains the 190.×10-5 dif fer ence be tween
AGENT and DeCART.

The sec ond pa ram e ter which has to be com -
pared in or der to un der stand the ac cu racy of the
model is the agree ment in sca lar fluxes. The en ergy
in te grated sca lar flux for each re gion has been com -
pared for both test cases. For test 1, as ev ery plan is
iden ti cal, the flux map is pre sented only for the first
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Fig ure 5. Flow chart for the AGENT 2D–1D flux
solver

Ta ble 2. 3D re sults: k-in fin ity AGENT and DeCART
com par i son

Test DeCART AGENT Difference
[10-5]

1 1.01654 1.01661 -7

2 1.03261 1.03064 190

Fig ure 6. 3D test cases

Ta ble 3. Test 1: 3D flux map comparison

0.4763
0.4774
-0.11

0.4718
0.4728
-0.10

0.4763
0.4774
-0.11

0.4718
0.4728
-0.10

1.0000
1.0000
0.00

0.4718
0.4728
-0.10

0.4763
0.4774
-0.11

0.4718
0.4728
-0.10

0.4763
0.4774
-0.11

Ta ble 4. Test 2: 3D flux map comparison

0.4435
0.4744
-3.08

1.0000
1.0000

0.0

0.4435
0.4744
-3.08

       DeCART flux

       AGENT flux

       Dif fer ence in %

   

   MOX
   Node



plan. The re sults are shown in tab. 3. For test 2, as
ev ery fuel pin is the same, only the flux in the cen tral
fuel pin is pre sented. The re sults are sum ma rized in
tab. 4. Each box con tains the AGENT sca lar flux
first, fol lowed by the DeCART value and, fi nally,
the dif fer ence in per cent ages be tween them. The
sca lar flux is nor mal ized to 1.0 for both DeCART
and AGENT in the MOX nodes of the ge om e try:
cen tral pin cell for test 1 and mid dle plan for test 2.

The com par i son of the flux maps leads to the
fol low ing con clu sion: for test 1, the dif fer ence is less 
than 0.2% which rep re sents a good agree ment be -
tween AGENT and DeCART. For test 2, how ever,
as the ax ial solver is in volved, the max i mum dif fer -
ence is in creased to around 3%. This, again, is ex -
plained by the dif fer ent meth ods used to solve the
1D prob lem in AGENT and DeCART.

CON CLU SION

The cur rent state of com puter codes that ad -
dress the flex i ble neu tron trans port mod el ing in re -
search re ac tor ge om e tries is lim ited. The com mon
method for ac cu rate pre dic tion of neu tron be hav ior
is the Monte Carlo method. It pro vides great 3D
geo met ri cal flex i bil ity and high cal cu la tion ac cu -
racy, but long com pu ta tion times. Highly ac cu rate
2D mod el ing of neu tron his to ries within het er o ge -
neous do mains in short com pu ta tion runtimes has
been doc u mented us ing AGENT.

The AGENT code sys tem will be used for re -
search and ed u ca tional pur poses with the ca pa bil ity
of per form ing “vir tual” ex per i ments. There is,
there fore, an ob vi ous need for a 3D whole re ac tor
core model. The de vel op ment of the 3D ca pa bil ity
us ing a 2D-1D cou pling strat egy has been im ple -
mented into the AGENT show ing good agree ment
with the DeCART meth od ol ogy. Fur ther im prove -
ment and the de vel op ment of a  more ac cu rate 1D
model are cur rently in prog ress.

ACKNOWLEDGEMENTS

Re search sup ported through Grant Num ber
2402-PU-DOE-4423 un der the In no va tions in Nu -
clear In fra struc ture and Ed u ca tion (INIE) Pro gram
of the US De part ment of En ergy.

Au thors wish to thank Prof. Thomas Downar
and Dr. Deokjung Lee for their help in de vel op ing
the 2D/1D cou pling meth od ol ogy for the AGENT
code sys tem.

REF ER ENCES

[1] Jevremovic, T., Lee, H. C., Andritsos, D., Peng, Y.,
Retzke, K., Method of Char ac ter is tics ver sus

Monte Carlo Tech niques in Re search Re ac tors
Mod el ing, Pro ceed ings, 14 Pa cific Ba sin Nu clear
Con fer ence, Ho no lulu, HI, USA, March, 2004,
pp. 82-83

[2] Rvachev, V., The ory of R-Func tions and Some Ap -
pli ca tions (in Rus sian), Naukova Dumka, Kiev,
1982

[3] Stammler, R. J., HELIOS v1.8 Man ual, Studsvik
Scandpower, No vem ber 22, 2003

[4] Lee, G. S., Cho, N. J., Hong, S. G., Ac cel er a tion
and Parallelization of the Method of Char ac ter is tics 
for Lat tice and Whole Core Het er o ge neous Cal cu -
la tion, Pro ceed ings, In ter na tional Meet ing Ad -
vances in Re ac tor Phys ics and Math e mat ics and
Com pu ta tions into the new Mil len nium, Pitts -
burgh, PA, USA, May 7-12, 2000, paper 13A-02
CDROM PHYSOR, 2002

[5] Cho, J. Y., Joo, H. G., Kim, K. S., Zee, S. Q., Cell
Based CMFD For mu la tion for Ac cel er a tion of
Whole-Core Method of Char ac ter is tics Cal cu la -
tions, J. Kor. Nucl. Soc., 35 (2002), pp. 250-258

[6] Joo, H. G., Cho, J. Y., Kim, H. Y., Zee, S. Q.,
Chang, M. H., Dy namic Im ple men ta tion of the
Equiv a lence The ory in the Het er o ge neous Whole
Code Trans port Cal cu la tion, PHYSOR 2002, Se -
oul Ko rea, Oc to ber 7-10, 2002, CD-ROM, Amer i -
can Nucl. Soc., 2002

[7] Cho, N. Z., Lee, G. S., Park, C. J., Fu sion of
Method of Char ac ter is tics and Nodal Method for
3-D Whole-Core Trans port Cal cu la tion, Trans.
Am. Nucl. Soc., 86 (2002), pp. 322-324

[8] Smith, M. A., Palmiotti, G., Taiwo, T. A., Lewis, E.
E., Tsoulfanidis, N., Bench mark Spec i fi ca tion for De -
ter min is tic MOX Fuel As sem bly Trans port Cal cu la -
tions with out Spa tial Ho mogeni sa tion (3-D ex ten -
sion C5G7 MOX), NEA/NSC/DOC(2001)4,
March 28, 2001

[9] Lefebvre, J. C., West, J. P., Mondot, J., Bench mark
on Power Dis tri bu tions within As sem blies,
OECD/NEA Bench mark, Oc to ber, 1991

M. Hursin, T. Jevremovic: AGENT  Code – Neu tron Trans port Bench mark Ex am ple ... 15



 16 Nu clear Tech nol ogy & Ra di a tion Pro tec tion – 2/2005

Metju HURSIN, Tatjana JEVREMOVI]

NUMERI^KI PROGRAM AGENT ZA SIMULACIJU TRANSPORTA
NEUTRONA – BEN^MARK PROBLEM I OPIS ALGORITMA ZA

TRODIMENZIONALNO MODELOVAWE GORIVIH SKLOPOVA REAKTORA

Numeri~ki pro gram AGENT razvijen je za modelovawe transporta neutrona u
generalnim geometrijama. Dvodimenzionalna neutronska transportna jedna~ina re{ena je
metodom karakteristika, a generalna geometrija se opisuje pomo}u teorije R–funkcija. U ovom
radu prikazan je algoritam koji su autori razvili za trodimenzionalno re{ewe transportne
jedna~ine u kompleksnim geometrijama nuklearnih reaktora. S obzirom da direktno pro{irewe
dvodimenzionalnog u trodimenzionalno re{ewe pomo}u metode karakteristika zahteva ogromno
ra~unarsko vreme kao i veliko zauze}e memorijskog prostora, razvijena je alternativna metoda.
Metoda se bazira na kombinaciji dvodimenzionalnog re{ewa metodom karakteristika i
jednodimenzionalnog re{ewa pomo}u difuzione metode. Planarno re{ewe metodom
karakteristika i aksijalno re{ewe difuzionom metodom je povezano kroz transverzalno oticawe
neutrona. Ova alternativna metoda je validna kod prora~una PWR i BWR s obzirom da je
heterogenost u pogledu geometrijske strukture i tipa goriva daleko mawa u aksijalnom pravcu nego 
{to je to u planarnim ravnima reaktorskog jezgra.

Karakteristike i ta~nost numeri~kog programa AGENT prikazani su za slu~aj poznatog
ben~mark problema, C5G7. Dvodimenzionalno re{ewe je analizirano u pore|ewu sa poznatim
numeri~kim programom DeCART. Algoritam koji je razvijen za ura~unavawe i tre}e dimenzije
detaqno je opisan. Preliminarni rezultati su pokazani na primeru heterogene kombinacije
razli~itih gorivih }elija.

Kqu~ne re~i: metoda karakteristika, heterogeni reaktori, reaktorski gorivi sklop,
jjjjjjjjjjjjjjjjjjjjjjjj ben~mark problemi


