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The pur pose of this pa per is to dem on strate the use of the in vari ant em bed ding
method in a few model trans port prob lems for which it is also pos si ble to ob tain an an -
a lyt i cal so lu tion. The use of the method is dem on strated in three dif fer ent ar eas. The
first is the cal cu la tion of the en ergy spec trum of sput tered par ti cles from a scat ter ing
me dium with out ab sorp tion, where the mul ti pli ca tion (par ti cle cas cade) is gen er ated
by re coil pro duc tion. Both con stant and en ergy de pend ent cross-sec tions with a power 
law de pend ence were treated. The sec ond ap pli ca tion con cerns the cal cu la tion of the
path length dis tri bu tion of re flected par ti cles from a me dium with out mul ti pli ca tion.
This is a rel a tively novel ap pli ca tion, since the em bed ding equa tions do not re solve the
depth vari able. The third ap pli ca tion con cerns the dem on stra tion that so lu tions in an
in fi nite me dium and in a half-space are in ter re lated through em bed ding-like in te gral
equa tions, by the so lu tion of which the flux re flected from a half-space can be re con -
structed from so lu tions in an in fi nite me dium or vice versa. In all cases, the in vari ant
em bed ding method proved to be ro bust, fast, and monotonically con verg ing to the ex -
act so lu tions.

Key words: in vari ant em bed ding method, syn thetic scat ter ing ker nel, sput ter ing spec trum,
path length dis tri bu tion

IN TRO DUC TION

Cal cu la tion of the flux re flected back from a
bounded re gion or from a half-space in duced by an
in com ing ra di a tion is one of the ba sic tasks in trans -
port the ory. The need for such cal cu la tions arises
fre quently in nu clear en gi neer ing and re lated ar eas.
In core cal cu la tions, the prob lem of cal cu lat ing the
ex it ing flux or cur rent per unit in com ing flux or cur -
rent is known as the albedo fac tor; albedo was used
in the past for ap prox i mat ing the ef fect of the re flec -
tor. An other case in core cal cu la tions is found in the

ap pli ca tion of the col li sion prob a bil ity meth ods,
where trans mis sion and re flec tion of the fluxes be -
tween var i ous re gions ap pear ex plic itly in the cal cu -
la tions.

The larg est rel e vance of cal cu lat ing the re -
flected/ex it ing flux is in the field of charged par ti cle
trans port, most no ta bly atomic col li sion cas cades
in clud ing sput ter ing and elec tron re flec tion spec -
tros copy. The lat ter is a pow er ful method of ma te -
rial in ves ti ga tion, which con sists of mea sur ing the
en ergy loss of re flected elec trons or ions from a sur -
face or an in ter face, by means of which one de ter -
mines the ma te rial prop er ties. In such cases, in or -
der to be able to un fold the ma te rial prop er ties from
the mea sure ments, i. e. to solve the in verse task, one
needs to solve the di rect task from the ory, i. e. to cal -
cu late the en ergy loss char ac ter is tics of re flected
ions or elec trons by trans port the ory cal cu la tions
for ar bi trary ma te ri als.

Due to the na ture of the prob lem (free sur face
bound ary con di tions), stan dard meth ods of re ac tor
phys ics such as low-or der Pn meth ods do not pro -
vide a so lu tion with ac cept able ac cu racy. In gen eral,
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the in te gral forms of the trans port equa tion, when
solved by Neumann-se ries (col li sion num ber) ex -
pan sion meth ods, are the most straight for ward to
tackle the prob lem of the free bound ary. The in vari -
ant em bed ding equa tions are a spe cial class of the
in te gral trans port equa tions, ame na ble to col li sion
num ber ex pan sion type it er a tive so lu tions [1-5].
They have, in ad di tion, the ad van tage that they do
not re solve the depth pa ram e ter, and hence the cor -
re spond ing integrals have to be per formed in fewer
pa ram e ters. De spite the fact that the em bed ding
equa tions are non-lin ear, in cer tain bound ary con di -
tion prob lems the em bed ding tech nique lends the
most ef fec tive way of nu mer i cal so lu tions. This
qual ity of the em bed ding tech nique has been dem -
on strated in sev eral pa pers re cently, treat ing elec -
tron and pos i tron back scat ter ing from sur faces
[6-9].

In ad di tion to the above, some other ad van ta -
geous prop er ties of the em bed ding tech nique have
been dis cov ered rel a tively re cently. One of these is
the fact that with an in ge nious trick, one can cal cu -
late the dis tri bu tion of the path length that par ti cles
travel in the me dium be fore be ing re flected back,
with the in vari ant em bed ding equa tions [6]. This is
slightly sur pris ing, since the em bed ding tech nique
does not re solve the depth vari able, but only works
with sur face pa ram e ters. An other ad van tage co mes
from the rec og ni tion that the fluxes cross ing the free 
sur face of a semi-in fi nite me dium and those cross -
ing an imag i nary sur face in side an in fi nite me dium
can be re lated to each other by em bed ding-like in te -
gral equa tions [7]. Know ing the in fi nite me dium
so lu tions (which are much eas ier to ob tain due to
the ab sence of free sur face bound ary con di tions),
one can cal cu late the re flected fluxes from a
half-space, or vice versa, by very fast con verg ing it er -
a tive meth ods. These re la tion ships be tween the in fi -
nite me dium and bounded me dium fluxes gave a
fur ther sub stan tial in crease of the use ful ness of in -
vari ant em bed ding tech niques.

The sub ject of the pa per is the dem on stra tion
of the ap pli ca tion of the in vari ant em bed ding
method in the ar eas de scribed above. For this pur -
pose, we se lected a very sim ple scat ter ing model,
orig i nally sug gested by Fermi [10-11] and de vel oped
fur ther by Placzek, in which the par ti cle di rec tions
are re stricted to a move ment along a one-di men -
sional straight line (“for ward-back ward scat ter ing
model”). Such ker nels are also called syn thetic scat -
ter ing ker nels. Both non-mul ti ply ing and mul ti ply -
ing me dia can be treated. The ad van tage of the sim -
ple scat ter ing model is that for these cases, nontrivial
an a lytic so lu tions can be ob tained, and hence the cor -
rect ness of the em bed ding so lu tion can be ver i fied.

Three dif fer ent ba sic prob lem ar eas are treated in 
this pa per. The first is the cal cu la tion of the en ergy
spec trum of re flected (sput tered) par ti cles from a mul -

ti ply ing me dium when bom barded by a flux of
monoenergetic par ti cles of the same type. The sec ond
one con cerns the cal cu la tion of the path length dis tri -
bu tion of re flected par ti cles from a me dium with out
mul ti pli ca tion. Fi nally, we stud ied the tech nique of
get ting in fi nite me dium re sults from those for a
half-space by the method of solv ing the cor re spond ing 
em bed ding-like in te gral equa tions, as sug gested by
Glazov [7]. The ap pli ca bil ity of the em bed ding tech -
nique was tested by com par ing the nu mer i cal so lu -
tions to an a lytic ones. In all cases the in vari ant em bed -
ding method proved to be ro bust, fast, and con verged
monotonically to the ex act so lu tions.

DER I VA TION OF THE IN VARI ANT
EM BED DING EQUA TIONS

The de tailed der i va tion of the in vari ant em -
bed ding equa tions is found in stan dard books and
ar ti cles such as [1-5], hence we only give a very con -
cise de scrip tion. The main quan tity of in ter est is the
dis tri bu tion of par ti cles re flected/back scat tered at
the sur face of the ho mo ge neous semi-in fi nite ma te -
rial. Thus Y -( , , , )E E E0 0

r r r
W W Wd d  de notes the

prob a bil ity in the first or der of dEd
r
W, that one par ti -

cle will be emit ted in the in fin i tes i mal en ergy in ter -
val (E, dE) and out go ing di rec tion in ter val (

r r
W W,  d ), 

in duced by one in com ing par ti cle with en ergy E0

and an in ward di rec tion 
r
W0. Due to the in fin i tes i mal 

char ac ter of the phase space vol ume con sid ered, this 
is equiv a lent with de fin ing Y– as the av er age num ber 
of par ti cles cross ing the sur face with co or di nates
within (E, dE) and (

r r
W W,  d ). The quan tity Y– (and

like wise the trans mit ted flux, Y+, to be de fined
later) will of ten be re ferred to as “fluxes” or “flux
den si ties” (re flected or trans mit ted fluxes); al -
though, to be cor rect, in the usual neu tron trans port 
the ory sense these are nor mal com po nents of the
cur rent vec tor, since they re fer to the num ber of par -
ti cles cross ing the given sur face.

We con sider only atomic col li sions with re coil
pro duc tion  but  no  fis sion,  E0 >E,  and   

r
W0 ·  

r
n = 

= m0 > 0 and 
r r
W ×n  =  m < 0, where 

r
n is an in bound

nor mal vec tor at the sur face; oth er wise Y – º 0. This
de scrip tion does not need to spec ify whether the
semi-in fi nite me dium is fill ing the right or the left
half-space, since it is in vari ant to the re flec tion of the 
sys tem, a fact that will be made use of later. Ir re spec -
tive of the ab so lute di rec tion of the sur face nor mal,
one has that Y - = × >( , , , )E E0 00 0

r r r r
W W W W0 if .

This cir cum stance will be im por tant when we con -
sider the case of an in fi nite me dium, where we will have to 
con sider im ping ing par ti cles from two dif fer ent
half-spaces. For sim i lar rea sons, we will have to in tro duce
the quan tity Y E–( , , ,E E0 0

r r r
W W) Wd d  (the “trans mit -

ted flux”) which will be non-zero for 
r r
W W0 ×  > 0. Triv i ally,

for a semi-in fi nite me dium, Y+ would be equal to the in -
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com ing source par ti cle and there fore has no sig nif i cance;
it will only be non-triv ial for the case of an in fi nite me -
dium, where there will be a re turn ing flux to the sur face
where the ini tial par ti cle was started. This will be dis cussed 
in sub sec tion on the an a lyt i cal cal cu la tion in an in fi nite
medium.

The der i va tion of the in vari ant em bed ding
equa tion is based on con sid er ing an in fin i tes i mal
layer of thick ness dz at the sur face, in which the prob -
a bil ity of mul ti ple col li sions can be ne glected. Then
the prob a bil ity of back scat ter ing can be for mu lated
as the sum of the prob a bil i ties of five dif fer ent mu tu -
ally ex clu sive pos si ble events hav ing at most one col -
li sion in the layer ei ther on the en try or on the leave of 
the par ti cle. These pos si bil i ties can be listed as fol -
lows (see also fig. 1):

(1) No in ter ac tion in the layer on en ter ing, re -
flec tion in the me dium, no in ter ac tion in the layer on
leav ing;

(2) In ter ac tion on en ter ing with scat ter ing out -
wards (back scat ter ing from the layer);

(3) In ter ac tion on en ter ing with scat ter ing in -
wards, re flec tion in the me dium, no in ter ac tion in
the layer on leav ing;

(4) No in ter ac tion on en ter ing, re flec tion in the 
ma te rial, in ter ac tion in the layer with scat ter ing out -
wards;

(5) No in ter ac tion on en ter ing, re flec tion in the 
me dium, in ter ac tion on leav ing with back scat ter ing
to the me dium, re flec tion in the ma te rial, no in ter ac -
tion in the layer on leav ing.

Add ing up the ex pres sions cor re spond ing to
the above terms, one ar rives at the equa tion

S S
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where S(E) is the to tal mac ro scopic cross-sec tion,
c(E) is the num ber of sec ond ar ies per col li sion, and 
f(E0,,

r r
W W0 ® E, ),), is the nor mal ized scat ter ing

func tion. Since, for sim plic ity, only cases with out
ab sorp tion will be con sid ered (with one ex cep tion
in sec tion on the path length distribution), c will be
unity for a non-mul ti ply ing me dium (i. e. for elec -
tron trans port), and for the case of re coil pro duc -
tion, we will have c = 2.

It is worth not ing that due to the in fi nite ex -
ten sion of the semi-in fi nite ma te rial both with
and with out the in fin i tes i mal layer (hence the
term “in vari ant em bed ding”), the back scat ter ing
func tion Y–(E0, 

r r
W W0 , ,E ) is the same on both

sides of eq. (1).
Us ing the fol low ing no ta tion for ab bre vi a tion

S
W W

W W

( )
( ) ( , , )

( , , , )

E
c E E E

G E E
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0 0 0
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m
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G E E Y E E E

G Y
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r r r r r
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d d

the above gen eral in vari ant em bed ding eq. (1) can
be com pactly writ ten as
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Fig ure 1. The five different
in ter ac tion possibillities for 
zero and one col li sion in
the added layer
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This equa tion can be re solved into a set of it er -
a tive equa tions for the n-times col lided par ti cles, ex -
pressed ex plic itly in terms of integrals con tain ing
only lower or der terms. That is, one has

Y E E Y E En
n

- -

=

= å( , , , ) ( , , , )0 0 0 0
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4

where Yn
-  stands for the re flected flux of ex actly

n-times col lided par ti cles. It is eas ily con firmed that
the first term is given by
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while the equa tions for the higher or der terms are
given as
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The right hand side of the eq. (4) above con -
tains only terms of or der n – 1 or lower. This means
that start ing with n = 2, and us ing the Y1

-  of eq. (3)
on the right hand side, Y2

-  can be cal cu lated by a
sim ple quad ra ture over the known func tions, af ter
which Y1

-  and Y2
–  can be used on the right hand side

to cal cu late Y3
- , and so on to the higher or ders. The

pro ce dure can be ter mi nated when in clu sion of
more terms yields a smaller con tri bu tion than a
pre-set er ror limit. This it er a tive scheme will be
used through out the pa per for the nu mer i cal work.

THE SCAT TER ING MODEL

In this pa per only cases when the bom bard ing
par ti cle is of the same type as the host ma te rial will be
con sid ered. This means that only scat ter ing be tween
par ti cles of equal mass oc curs. All cal cu la tions in this
pa per will be made by us ing a sim ple so called syn -
thetic ker nel, in which trans port oc curs along a
straight line such that 

r
Wz  = cos q mº  can only take

val ues ±1. A par ti cle on col li sion can ei ther con tinue
or re verse, and in the case of re coil pro duc tion, the
same is valid to the re coil, in de pend ently on the di rec -

tion in which the pro jec tile leaves the col li sion site.
This means that the con ser va tion of en ergy and im -
pulse is un cou pled, hence they are not con served in
the in di vid ual col li sions, but only in an av er age over a
large num ber of col li sions. This cor re sponds to the
“for ward-back ward” scat ter ing model by Fermi. In
the ex am ples of the fol low ing sec tions this re stric tion
is used ev ery where in or der to be able to com pare the
in vari ant em bed ding so lu tions with an a lyt i cal cal cu la -
tions. In re gard of the en ergy trans fer, hard sphere
scat ter ing is also as sumed, ei ther with con stant or
power-law cross-sec tions.

Al though the most ob vi ous and cus tom ary way
of ac count ing for the dis crete avail able scat ter ing an gles 
is a Dirac-delta func tion rep re sen ta tion such as in [11],
this would lead to com pli ca tions in the em bed ded for -
mal ism be cause there is one term where the scat ter ing
func tion stands alone, i. e. not un der an in te gral sign.
Hence it is sim pler if the an gu lar de pend ence of the
scat ter ing func tion is rep re sented by Kronecker-delta
func tions, and the integrals with re spect to the an gu lar
vari able are re placed by sum ma tions.

Ac cord ing to the above, the nor mal ized scat -
ter ing func tion with hard sphere scat ter ing be tween 
equal masses is given as
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The case of no re coil pro duc tion is then de -
scribed by c = 1, and that of re coil pro duc tion with
c = 2. Us ing the above sim pli fi ca tion, the em bed -
ding equa tion is writ ten as:
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How ever, we need also to take into ac count
that Y E E–( , , , )¢ ¢m m   is only non-zero if ¢ >m 0 and
m< 0 as well as the fact that we can sub sti tute m0 = 1
and m = –1. Also, turn ing to con stant cross-sec tions
means that the cross-sec tions dis ap pear from the
equa tion, which in phys i cal terms means that the re -
flected flux is in vari ant to a rescaling of the depth
vari able to the op ti cal path. This will re duce the em -
bed ding equa tion to the fi nal form
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where

Y E E Y E E- -º = + = -( , ) ( , , , )0 0 0 1 1m m

SPUT TER ING SPEC TRUM FROM A
SEMI-IN FI NITE ME DIUM

Con stant cross-sec tions

An a lyt i cal so lu tion

In the case of sput ter ing in an atomic col li sion
cas cade, re coil pro duc tion is as sumed on each scat -
ter ing event; hence one has c = 2. Fur ther, one can
sim plify the equa tions by rescaling the depth vari able 
into units of the op ti cal path (S = 1), which will have 
no in flu ence on the sput ter ing spec trum at the sur -
face. The or di nary trans port equa tion reads as
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with the bound ary con di tion

Y E E E( , , ) ( )0 1 0= -d

which cor re sponds to one in com ing par ti cle on the
sur face with en ergy E0 and di rec tion   m = +1. The
searched quan tity is Y(0, –1, E), i. e. the out go ing
flux at the sur face. Re writ ing the trans port eq. (6)
into the leth argy vari able u = ln(E0/E) gives
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m

m m

¶

¶

Y z u

z
Y z u

Y z u Y z u u
u

( , , )
( , , )

( , , ) ( , , )

+ =

= ¢ + - ¢ ¢[ ]d
0
ò (7)

with the bound ary con di tion in the form

Y u
u

E
( , , )

( )
0 1

0

=
d

(8)

The so lu tion of this equa tion has been known
for long [12-13] and it is given for the sput tered
spec trum per unit en ergy in ter val as

Y u Y u
e

E u
I u

u

( , , ) ( , ) ( )0 1 0
0

1- º =- (9)

where I1 is the mod i fied Bessel func tion of the first
or der. This so lu tion di verges with in creas ing leth -
argy, which ex presses the fact that with out a cut-off
en ergy, or en ergy dis si pa tion by bind ing en ergy, the
num ber of re coils gen er ated by a pri mary en er getic
par ti cle di verges when the en ergy of the re coils
tends to zero.

In vari ant em bed ding so lu tion

Us ing the it er a tive scheme de scribed in eqs. (3) 
and (4), a nu mer i cal so lu tion based on the in vari ant
em bed ding tech nique can be ob tained and the so lu -
tion can be com pared to the an a lyt i cal so lu tion. The
cal cu la tions were per formed by us ing a Matlab code.
The re sults ob tained with the use of the al go rithm are 
shown in fig. 2. One can see that the it er a tions ap -
proach the an a lyt i cal so lu tion af ter some ten to fif -
teen it er a tions, as seen in fig. 2, where the first ten it -
er a tions are shown. It is also seen that the higher the
leth argy or the E0/E ra tio, the more it er a tions are
nec es sary for con ver gence, which is a con se quence of 
the fact that the in vari ant em bed ding method uses a
col li sion num ber ex pan sion in the it er a tions, and the
col li sion num ber in creases with in creas ing leth argy.

Power law cross-sec tions

In the in vari ant em bed ding method the use of
con stant cross-sec tions can eas ily be aban doned
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Fig ure 2. Sput ter ing spec trum with con stant
cross-sec tions



with out any prac ti cal in crease of dif fi culty of the so -
lu tions. This is not true for the an a lytic so lu tions of
the or di nary trans port equa tion which can not be
solved in a com pact closed form for en ergy de pend -
ent cross-sec tions. For il lus tra tion, we show here
the in vari ant em bed ding so lu tions for so called
power law cross sec tions, com monly used in the
the ory of atomic col li sions. These are given in the
form [14]

S( )E CE q= - (10)

where C is an ar bi trary con stant and q lies be tween
zero and unity. For that case the in vari ant em bed -
ding equa tion – eq. (2), takes the form

Y E E
E E

E

E Y E E

q q

q

q
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- -

- +

- + -
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+

× +

+ ¢
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1 2

1
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1
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d

d
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ò

- + -

- +
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E
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E
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1

2

1 1
1

1

( )

( )

( , )

- -
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¢¢ ¢ ¢ ¢¢ò ò( , ) ( , ) )E E Y E E E E
E

E

E

E

1 2

2

1

2

d d ]

(11)

Here, E1 stands for the en ergy of the in com ing 
par ti cle and E2 for its post-collisional (out go ing)
en ergy.

The quan ti ta tive so lu tions are shown in fig.
3. Since no an a lyt i cal so lu tions are avail able, we
can not com pare the em bed ding so lu tions with
the ex act re sults. In this case, we can only make a
quan ti ta tive com par i son with Monte-Carlo cal -
cu la tions of the to tal sput ter ing yield, pub lished
by Conrad and Urbassek [14].The re sults dis -
played in fig. 3 show that the sput ter ing spec tra
and hence also the integrals of the sput ter ing spec -
tra (sput ter ing yields) de crease monotonically
and uni formly in E0/E with the in creas ing value

of q. In fig. 3 the cases q = 0, q = 0.5, and q = 1 are 
shown. When q  = 0, the so lu tion is iden ti cal with
the so lu tion for the en ergy in de pend ent cross-sec -
tions, as it should be. The above trends are in ac -
cor dance with the find ings pub lished in [14],
where the same ten dency was found for the sput -
ter ing yield, as a func tion of the power law ex po -
nent q. Com pared with the Monte-Carlo method
used in [14] for the same task, the in vari ant em -
bed ding method is much faster for the same ac cu -
racy than the Monte-Carlo cal cu la tions.

PATH LENGTH DIS TRI BU TION

The path length dis tri bu tion is in ter est ing for
the re flec tion of in jected par ti cles from a non-mul ti -
ply ing me dium, such as the elec tron re flec tion from
sol ids. The dis tri bu tion of the par ti cles with re spect
to the to tal path length trav eled in an en ergy-in de -
pend ent de scrip tion has been fre quently used to cal -
cu late the en ergy loss of the re flected elec trons just
be low the elas tic peak, by con vo lut ing the path
length dis tri bu tion with the en ergy loss func tion [6].

An a lyt i cal cal cu la tion

Since in this (and only this) sec tion we con -
sider an en ergy-in de pend ent case (one-speed de -
scrip tion), no ta tions on en ergy will be omit ted. The 
scat ter ing ker nel thus has the form

f a b( ) ( ), ,m m d dm m m m® ¢ = +¢ - ¢
1

2
(12)

where a and b de scribe the for ward and back ward
scat ter ing prob a bil i ties. Here, and only in this sec -
tion, we main tain the pos si bil ity of anisotropic scat -
ter ing which pre vails when a ¹ b, and the pos si bil ity
of ab sorp tion, when a + b < 1. Fur ther, since there is
no re coil pro duc tion, we shall have c = 1 in the
non-ab sorb ing case, and al low also for c < 1 to ac -
count for ab sorp tion.

Al though the path length vari able is usu ally
not op er ated on in the or di nary trans port equa tion,
one can make use of the fact that in one-speed case
with a con stant par ti cle speed n, the path length
vari able R is equal to R = nt and hence the time de -
pend ent trans port equa tion can be used for cal cu la -
tion of the de pend ence of the re flected flux on R.
The mod i fied trans port equa tion reads as [15]

¶

¶

¶

¶

Y z R

R

Y z R

z
Y z R

aY z R bY z

( , , ) ( , , )
( , , )

( , , ) ( ,

m
m

m
m

m

+ + =

= + - +

+ +

m

d d dm

, )

( ) ( ) ,

R

z R 1 (13)
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where the last term on the right hand side rep re sents 
the source par ti cle. Since the source par ti cle is ex -
plic itly writ ten in the equa tion, it does not show up
in the bound ary con di tions:

Y z R( , , )= = + =0 1 0m (14)

Y z R( , , )m = = =1 0 0 (15)

whereas the re flected flux Y(z = 0,  m = –1, R) is un -
known and has to be de ter mined from the so lu tion.
This prob lem can also be solved in a closed an a lyt i -
cal form, and the so lu tion reads as

Q R Y R
e

R
I bR

a R

( ) ( , ) ( )
( )

º =-
-

0
1

1 (16)

which, when there is no ab sorp tion pres ent (i. e.
when a + b = 1), re duces to

Y R
e

R
I bR

bR
-

-

=( , ) ( )0 1 (17)

This is the an a lyt i cal so lu tion to which we shall
com pare the in vari ant em bed ding re sults.

Path length dis tri bu tion
us ing in vari ant em bed ding

In a re cent pub li ca tion, by find ing an anal ogy
be tween the gen er at ing func tion of the full path
length dis tri bu tion form of the em bed ding equa -
tion and the or di nary em bed ding one, Vicanek [6]
has con structed an em bed ding so lu tion to the path
length dis tri bu tion in a very in ge nious way. The es -
sence of the method is the fol low ing (for de tails, re -
fer to [6]). With the usual ar gu ments, one can de rive 
an em bed ding-like equa tion for the path length dis -
tri bu tion Q( )R  of eq. (16) as

1 1
1

0m m

d

+
æ

è

ç
ç

ö

ø

÷
÷

+æ

è
ç

ö

ø
÷ =

= + Ä + Ä

¶

¶ R
R

R G G R R G

Q

Q

( )

( ) ( ) ( )Q +

+ ¢ - ¢ ¢ò Q Q( ) ( )R G R R Rd

Then the so lu tion of the above equa tion can
be given as

Q Q( ) ( )R Y Rn n
n

= -

=
å

1

4

(18)

where
Qn

n
RR

R

n
e( )

( )!
=

-

-
-

1

1
(19)

The Qn(R) are the path length dis tri bu tions of
the par ti cles that have suf fered n elas tic col li sions

be fore leav ing the me dium. The quan ti ties Yn
–, on

the other hand, are cal cu lated as the col li sion num -
ber ex pan sion co ef fi cients of the to tal re flected flux
Y–. This lat ter is de fined by the en ergy in de pend ent
form of the em bed ding equa tion with the for -
ward-back ward scat ter ing ker nel in the form

( )Y Y- -- + =2 2 1 0 (20)

where Y Y Y- - -º = + -( , ) ( , )m m0 1 1 . This equa tion
has the triv ial so lu tion

Y Yn
n

- -

=
= =å1 1

1
; hence

4

ex press ing the fact that in a purely scat ter ing in fi nite 
half-space, the re flected flux is equal to the in com ing 
flux, which is unity. How ever, for the in vari ant em -
bed ding type path length dis tri bu tion we need the
ex pan sion co ef fi cients Yn

-  i. e. the con tri bu tions of
the n-times col lided par ti cles to the to tal re flec tion
co ef fi cient. These can eas ily be de ter mined re cur -
sively in the way de scribed in con nec tion with eq.
(4), in this case purely through al ge braic sum ma -
tions, with out in te gra tion. Know ing the Yn

-  the
path length dis tri bu tion can eas ily be cal cu lated via
eqs. (18) and (19).

The quan ti ta tive re sults from the in vari ant em -
bed ding cal cu la tions were com pared with the an a lyt -
i cal re sults. Three cases were se lected for the com par -
i son of the an a lyt i cal and in vari ant em bed ding
so lu tions, with vary ing de grees of ab sorp tion: no ab -
sorp tion, weak ab sorp tion, and strong ab sorp tion
(fig. 4). It can be seen in the fig. 4 that, es pe cially
when ab sorp tion is pres ent, only a few of these co ef -
fi cients are needed for con ver gence, and as few as the
first two Y1

– and Y2
– are suf fi cient for the case of

strong ab sorp tion. With out ab sorp tion, more co ef fi -
cients are needed for con ver gence, hence in fig. 4a
and fig. 4b only ev ery third it er a tion is shown for
clar ity. One can note the de crease in num ber of co ef -
fi cients with the in crease of ab sorp tion. The ac cu racy 
ob tained in the in di vid ual it er a tions for the three
cases are shown in tabs. 1-3 be low.

Ta ble 1. No ab sorp tion

Path length R Analytical value Iterations Relative deviation

1 0.1564 6 9.6907×10–5

2 0.1040 9 3.5542×10–5

3 0.0730 11 4.8046×10–5

4 0.0538 13 4.8975×10–5

5 0.0413 15 4.3560×10–5

6 0.0328 17 3.5817×10–5

7 0.0268 18 8.3710×10–5

8 0.0223 20 6.0753×10–5

9 0.0190 22 4.3373×10–5

10 0.0164 23 7.9678×10–5
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Ta ble 2. Mod er ate ab sorp tion, a = b = 4/10

Path length R Analytical value Iterations Relative deviation

1 0.1120 6 2.7663×10–5

2 0.0652 8 3.8659×10–5

3 0.0394 10 3.0571×10–5

4 0.0246 11 8.6933×10–5

5 0.0158 13 4.8975×10–5

6 0.0105 14 9.4659×10–5

7 0.0071 16 4.9523×10–5

8 0.0049 17 8.0502×10–5

9 0.0034 19 4.1214×10–5

10 0.0024 20 6.0753×10–5

Ta ble 3. Strong ab sorp tion, a = b = 1/10

Path length R Analytical value Iterations Relative deviation

1 0.0204 4 1.0204×10–5

2 0.0083 5 9.4707×10–6

3 0.0034 5 6.6541×10–5

4 0.0014 6 2.7663×10–5

5 5.7299×10–4 6 9.6907×10–5

6 2.3614×10–4 7 3.7253×10–5

7 9.7555×10–5 7 9.9949×10–5

8 4.0396×10–5 8 3.8659×10–5

9 1.6766×10–5 8 8.9882×10–5

10 6.9746×10–5 9 3.5542×10–5

RE LA TION SHIP BE TWEEN THE
SO LU TIONS IN A HALF-SPACE
AND IN AN IN FI NITE ME DIUM

It is pos si ble to re con struct the so lu tion in a
half-space me dium from the so lu tion in an in fi nite
me dium and vice versa [7]. The re flec tion prob lem in
an in fi nite me dium is de fined by the cur rent of par ti -
cles leav ing an imag i nary sur face at z = 0 into the
neg a tive di rec tion, in duced by one in com ing par ti cle
start ing at the sur face into the pos i tive z-di rec tion. In
this case, the re flected flux is not only due to re coiled
par ti cles gen er ated ex clu sively by the ini tial par ti cle,
since now the par ti cles emit ted can be back-scat tered
from the other half-space and re en ter the do main z
>0, thereby cre at ing more re coils which will add to
the re flected flux into the half-space z < 0.

In the dem on stra tion of the method, we shall
now re con struct the in fi nite-me dium so lu tion from
the half-space one, since the lat ter was al ready de ter -
mined in the pre vi ous sec tion. How ever, to check
the cor rect ness of the re con struc tion pro ce dure,
here we need also an an a lyt i cal re sult with which the
in vari ant em bed ding re sult will be checked.

An a lyt i cal cal cu la tion
in an in fi nite me dium

The start ing equa tion is iden ti cal with that in
the semi-in fi nite me dium, eq. (7):

m
m

m m

m
d

¶

¶

Y z u

z
Y z u Y z u

Y z u u

u( , , )
( , , ) ( , , )

( , , )

+ = +

+ - +

ò [

]

0

d
( )

( ),

u

E
z

0
1d dm + (21)

The dif fer ence is that now the so lu tion is
sought for –4 < z < 4; also, the source par ti cle was
in cluded into the equa tion in stead of treat ing it as
an in ter face con di tion. In deed, in an in fi nite me -
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dium, there will be more par ti cles cross ing the sur -
face z = 0 into the pos i tive di rec tion than just the
source par ti cle. The only bound ary con di tion we
have now is that

Y z u z( , , )m < ® ±4 4for

The task is to cal cu late the quan tity

Y u Y u4
- º = -( ) ( , , )0 1m

which is the prob a bil ity den sity (in en ergy units) of
the par ti cle cross ing the sur face at z = 0 in an in fi nite 
me dium, with leth argy u, into the op po site di rec -
tion as that of the ini tial start ing par ti cle which in -
duced the cas cade, and which was in jected at the
same sur face.

This prob lem can also be solved an a lyt i cally.
The so lu tion for the to tal re flected flux at z = 0 in an
in fi nite me dium is ob tained as

Y u
I u

E

u

¥
- =( )

( )e 0

02
(22)

The so lu tion in a semi-in fi nite me dium is
known from be fore – eq. (9), as

Y u
I u

E u

u

1 2
1

0
/ ( )

( )- =
e

(23)

The as ymp totic prop er ties of Y4
-  and Y1 2/

- for
small u val ues are the same:
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u
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u

Y
E®

-

+
=

0 0

1

2
4 (25)

This means that for small leth ar gies (in com ing
en ergy and out go ing en ergy are close to each other)
the func tions for the semi-in fi nite and the in fi nite
me dium are iden ti cal. This is un der stand able, since
there is a very small prob a bil ity for a sput tered par ti -
cle with small leth argy to have crossed the plane z = 0 
more than once in the in fi nite me dium case. The as -
ymp totic prop er ties for large leth ar gies are, on the
other hand, quite dif fer ent:

lim ( / )/
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The sput ter ing spec trum di verges faster for an
in fi nite me dium than for the semi-in fi nite one. This
can be phys i cally un der stood, since while a par ti cle
that leaves the semi-in fi nite me dium never re turns,

in the in fi nite me dium it can re turn and in duce fur -
ther scat ter ing re ac tions and fur ther sput tered
par ti cles into the left half-space.

Re la tion ship be tween the semi-in fi nite
and in fi nite me dium so lu tions

Con sider two cases in par al lel: a ho mog e nous
semi-in fi nite me dium for z ³ 0, and an in fi nite me -
dium of the same ma te rial prop er ties. Let us in duce
cas cades in both me dia by one im ping ing par ti cle
into the pos i tive z di rec tion at z = 0 and fol low the
fluxes that cross the sur face at z = 0. Then let us use
the fol low ing no ta tions:

- Y E E1 2 0/
– ( , ) – the re flected flux in a semi-in fi -

nite me dium,
- Y E E4

–( , )0  – all out go ing pas sages in the in fi -
nite me dium (re flected flux), and

– Y E E4
+ ( , )0  – all in go ing pas sages ex cept the ini -

tial par ti cle in the in fi nite me dium (“trans mit -
ted” flux).

Here, Y E E4
–( , )0  is the to tal re flected flux

through the sur face in a di rec tion that is op po site to
that of the in com ing par ti cle, whereas Y E E4

+ ( , )0  is
the to tal flux cross ing the sur face into the same di -
rec tion as the in com ing par ti cle, but ex clud ing the
ini tial par ti cle. Due to the sym me try of the in fi nite
me dium, these two quan ti ties will be the same ir re -
spec tive of in which di rec tion the orig i nal par ti cle
starts, as long as the signs are meant with re spect to
the di rec tion of the source par ti cle.

It fol lows then that Y E E4
–( , )0  can be ex pressed

as the sum over the flux that does not re turn and an in -
te gral over the trans mit ted flux in an in fi nite me dium
as

Y E E Y E E

Y E E Y E E E
E

4

4

- -

+ -

= +

+ ¢ × ¢ ¢

( , ) ( , )

( , ) ( , )
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0 1 2 0

0 1 2
0

d
0

ò (26)

Like wise, for Y E E4
+ ( , )0  one will have

Y E E Y E E Y E E E
E

4 4
+ - -= × ¢ ¢ò( , ) ( , ) ( , ) ( )/0 1 2 0

0

0

27d

In tro duc ing the fol low ing no ta tion

A B A E E B E E E* = ¢ ¢ ¢ò ( , ) ( , )0 d (28)

eqs. (26) and (27) can be writ ten as

Y Y Y Y4 4
- - - += + *1 2 1 2/ / (29)

Y Y Y4 4
+ - -= *1 2/ (30)

De fine now the symmetrised and antisymmet- 
rised fluxes as
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S E E Y E E Y E E( , ) ( , ) ( , )0 0 0º +- +
4 4 (31)

A E E Y E E Y E E( , ) ( , ) – ( , )0 0 0º - +
4 4 (32)

where S de scribes all pas sages through z = 0 (to tal
or sca lar flux in re ac tor phys ics ter mi nol ogy), ex cept 
the ini tial par ti cle and A de scribes the net cur rent
through the sur face, ex cept the ini tial par ti cle.

In sert ing eqs. (26) and (27) into eqs. (31) and 
(32) the fol low ing re la tion ships are readily de rived:

S Y Y S= + *- -
1 2 1 2/ / (33)

A Y Y A= - *- -
1 2 1 2/ / (34)

Equa tions (31) and (32) give

Y
S A

4
- =

+

2
(35)

From eqs. (33) and (34) the so lu tions to S and 
A can be ex pressed in the form of a Neumann se ries
ex pan sion that con tains noth ing more than
integrals over Y1 2/

- :

S Y Y Y Y Y Y= + * + * * +- - - - - -
1 2 1 2 1 2 1 2 1 2 1 2/ / / / / / K(36)

A Y Y Y Y Y Y= - * + * * -- - - - - -
1 2 1 2 1 2 1 2 1 2 1 2/ / / / / / K(37)

Com bin ing eqs. (35), (36) and (37) gives the
so lu tion for the in fi nite me dium as

Y Y Y Y Y

Y Y Y

4
- - - - -

- - -

= + * * +

+ * * *

1

2
1 2 1 2 1 2 1 2

1 2 1 2 1 2

( / / / /

/ / / Y Y1 2 1 2/ / )- -* +K (38)

In many cases, the in fi nite me dium so lu tion is
eas ier to cal cu late, since the as so ci ated bound ary
con di tions (no di ver gence at in fin ity) are much sim -
pler than the free sur face bound ary con di tions of a
half-space. Us ing the same pro ce dure but ex press -
ing Y1 2/

-  in stead of Y4
-  one can just as eas ily ex press

the half-space so lu tions as func tions of the in fi nite
me dium so lu tions in Neumann se ries ex pan sions
sim i lar to eq. (38) as it er ated integrals over  Y4

- .
The method of re con struct ing the so lu tions in

an in fi nite me dium from those in a half-space were
also tested quan ti ta tively and checked up with the an -
a lyt i cal so lu tions in the in fi nite me dium. Equa tion
(38) was cal cu lated in it er a tions as fol lows:

Y Y1 1 2
1

2
,
–

/
–
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Y Y Y Y Y2 1 2 1 2 1 2 1 2
1

2
,
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/
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/
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,

–
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/
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/
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/
–( * *4 = + +

+Y Y Y Y Y1 2 1 2 1 2 1 2 1 2/
–

/
–

/
–

/
–

/
–* * * * )

and so forth.

As fig. 5 shows, the so lu tion con verges very
rap idly to the an a lyt i cal re sult. It is not nec es sary to 
in clude more than three or four terms. The rapid
con ver gence is due to the fact that the in volved in -
te gral eqs. (26) and (27) are lin ear equa tions of the
Fredholm type in con trast to the or di nary em bed -
ding equa tions which are non-lin ear and hence
pos sess less ad van ta geous con ver gence prop er ties.

CON CLU SIONS

The main pur pose of this pa per was to dem -
on strate the ap pli ca tion of the in vari ant em bed -
ding method in sim ple model cases where the tech -
nique is trans par ent and can be com pared to
known an a lyt i cal so lu tions. Hence we be lieve that
the cases shown here will help those who could
have use of this pow er ful method in their own ap -
pli ca tions to get a hands-on train ing with the al go -
rithm. As the sim ple ex am ples show, the ap pli ca -
tion of the em bed ding method is straight for ward
and it has good and sta ble con ver gence prop er ties.
Need less to say, the tech nique is just as straight for -
ward to be ap plied to the real en ergy- and an gle-de -
pend ent cross-sec tions and hence to re al is tic prob -
lems. Some of the po ten tials of this so far less
fa voured or rec og nized method will be de scribed
in a com ing re view ar ti cle where the po ten tials of
ob tain ing so lu tions through the in fi nite me dium
re for mu la tion of the em bed ding equa tions will
also be dem on strated [16].
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Fig ure 5. Cal cu lat ing the so lu tions in an in fi nite
me dium from those in a half space
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Malin VALBERG, Imre PA@IT

STANDARDIZOVAWE  METODE  INVARIJANTNOG  ULAGAWA  POSREDSTVOM 
ANALITI^KIH  RE[EWA  MODELOVANOG  TRANSPORTA

Ciq rada je da prika`e upotrebu metode invarijantnog ulagawa na nekoliko primera
modelovanog transporta za koje je tako|e mogu}e dobiti analiti~ka re{ewa. Kori{}ewe metode
prikazano je u tri razli~ite oblasti. Prva je prora~un energetskog spektra raspra{enih ~estica iz
rasejavaju}e sredine bez apsorpcije u kojoj je multiplikacija (~esti~na kaskada) nastala usled
uzmaklih ~estica. Razmatrani su preseci za sudar nezavisni od energije, i energetski zavisni u vidu
stepene funkcije. Druga primena ti~e se prora~una raspodele pre|enog puta ~estica reflektovanih
od neumno`avaju}e sredine. Ovo je relativno neobi~na primena, utoliko {to jedna~ine ulagawa ne
daju re{ewe promenqive po dubini. Tre}a primena pokazuje da su re{ewa u beskona~noj sredini i u
poluprostoru me|usobno povezana posredstvom integralnih jedna~ina sli~nih invarijantnim, ~ijim 
se re{avawem reflektovani fluks od poluprostora mo`e rekonstruisati iz re{ewa za beskona~nu
sredinu, i obrnuto. U svim slu~ajevima, brzom i monotonom konvergencijom ka egzaktnom re{ewu
potvr|ena je pouzdanost metode invarijantnog ulagawa.

Kqu~ne re~i:  metoda invarijantnog ulagawa, sinteti~na funkcija rasejawa, spektar
jjjjjjjjjjjjjjjjjjjjjjjjraspra{enih ~estica, raspodela pre|enog puta


