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In this pa per, the cross-sec tions of fu sion re ac tions 16O + 208Pb, 28Si + 208Pb, 40C +
+j40Ca, 40Ca + 48Ca, 58Ni + 58Ni, and 16O + 154Sm at bom bard ing en er gies above and
near the fu sion bar rier have been in ves ti gated. The fu sion cross-sec tions have been
stud ied by means of the Monte Carlo method and   ef fec tive soft-core nu cleon-nu cleon 
in ter ac tion. One ad just able pa ram e ter was used in these cal cu la tions. This pa ram e ter
can change the strength and re pul sive parts of soft-core po ten tial val ues. It has to be 
ad justed, so that the an a lyt i cal re sults are in ac cept able agree ment with the ex per i men -
tal data.
In our cal cu la tions, we have taken the range of the nu cleon-nu cleon soft-core in ter ac -
tion to be con stant and equal to that of the M3Y-Raid po ten tial. Re sults show that the
higher val ues for the dif fu sion pa ram e ter in the Woods-Saxon po ten tial ob tained from
a care ful anal y sis of 16O + 208Pb and 28Si + 208Pb re ac tions are due to the many par ti cle
ef fects on the nu cleon-nu cleon po ten tial.
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INTRODUCTION

The main is sue when the in ter ac tions of
heavy-ions are con cerned is the nu cleus-nu cleus po -
ten tial be tween the pro jec tile and the tar get. This po -
ten tial can be used in an a lyt i cal stud ies of fu sion
cross-sec tions dur ing heavy-ion re ac tions. One of the
pos si ble mod els used to this end is the sin gle-bar rier
pen e tra tion model. In this model, the bar rier formed by 
the Cou lomb po ten tial and the nu clear po ten tial of the
pro jec tile-tar get sys tem and the given nu clear po ten -
tial is usu ally taken to be
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where R is the dis tance be tween the cen ter of  the mass
of the pro jec tile (atomic num ber Ap) and that of the tar -
get (atomic num ber At). The Woods-Saxon po ten tial is
spec i fied by the ra dial rws , dif fu sion aws, and depth nws

pa ram e ters. Stud ies of fu sion cross-sec tions us ing this
po ten tial re veal that the cal cu lated fu sion cross-sec -
tions, for the most part, de pend on the dif fu sion pa ram -
e ter aws [1, 2]. Re cently, fu sion cross-sec tions of
heavy-ions at en er gies higher than the fu sion bar rier of 
16O + 208Pb and 28Si + 208Pb re ac tions, us ing the
Woods-Saxon po ten tial and the Cou pled-Chan nels
Model, have been cal cu lated and the dif fu sion pa ram -
e ter has been re ported to be about 1 fm [1]. The re sults
are higher than those ob tained by elas tic scat ter ing.
Since in the fu sion pro cess the sur face nu cle ons play
an im por tant role, the higher val ues of the dif fu sion pa -
ram e ter might be as so ci ated with the vari a tions of the
range of the nu cleon-nu cleon po ten tial. In this study,
in or der to ig nore this ef fect, we have taken the range
of the nu cleon-nu cleon in ter ac tion to be con stant and
equal to that of the M3Y-Reid  po ten tial [3, 4]. We have 
also cho sen a semi-mi cro scopic ap proach. By choos -
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ing an ap pro pri ate nu cleon-nu cleon in ter ac tion, while
keep ing the range fixed and vary ing the depth and the
re pul sive core of the nu cleon-nu cleon in ter ac tion si -
mul ta neously, by a sin gle pa ram e ter, we will show that
the vari a tions in the dif fu sion pa ram e ter are due to the
many par ti cle ef fect cor rec tions of the nu cleon-nu -
cleon po ten tial. We have sim u lated the nu cleus-nu -
cleus po ten tial us ing the Monte Carlo method in stead
of the com monly em ployed dou ble fold ing ap proach.
In this sim u la tion method, the nu cleus-nu cleus po ten -
tial has been eval u ated for heavy-ion re ac tions by
sum ming the ef fec tive in ter ac tion po ten tials be tween
the in di vid ual nu cle ons be long ing to each of in ter act -
ing nu clei and by av er ag ing them over var i ous ac cept -
able po si tions of nu cle ons in side each nu cleus gen er -
ated by the Monte Carlo method. In stead of the
DDM3Y po ten tial [2], we have taken the soft-core nu -
cleon-nu cleon in ter ac tion into con sid er ation in our
cal cu la tions. Us ing this po ten tial, and tak ing into ac -
count a sin gle ad just able pa ram e ter, we have stud ied
the ex per i men tal fu sion cross-sec tions for dif fer ent re -
ac tion at dif fer ent en er gies.

FUSION CROSS-SECTION

The to tal po ten tial in the semi-clas si cal model is
de fined by
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where VN , VC , Vo , m, and l are the nu clear, Cou lomb,
to tal po ten tial for S-wave, re duced mass and rel a tive
mo men tum be tween the nu clei of the pro jec tile and the 
tar get, re spec tively. Us ing this po ten tial, the to tal fu -
sion cross-sec tion in terms of the ki netic en ergy in the
cen ter of the mass form has been cal cu lated to be [5]
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where Tl  is the pen e tra tion prob a bil ity of the l-th par -
tial wave which, for en er gies lower than the bar rier, is
ap prox i mately given by [5]
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where R1l and R2l are the clas si cal turn ing points of the
l-th par tial wave at en ergy E. 

The cal cu lated trans mit ting prob a bil ity for the
l-th par tial wave at en er gies higher than the fu sion bar -
rier us ing Hill-Wheeler’s for mula is given by [6]
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and VBl is the height, RBl is the po si tion and wl is the
cur va ture of the bar rier for the l-th par tial wave.

EFFECTIVE SOFT-CORE
NUCLEON-NUCLEON INTERACTION

The ef fec tive soft-core nu cleon-nu cleon in ter ac -
tion is strongly at trac tive, while at short dis tances it is
re pul sive. For hard-core po ten tials at short ranges, the
re pul sion is in fin ity. Un like the soft-core po ten tials,
these po ten tials do not ex plain the phys i cal as pects of
the prob lem. The form of the soft-core po ten tial has
been sug gested to be [7, 8].
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Suit ably cho sen val ues for no, c, n, and ro yield a
po ten tial that plays an im por tant role in the cal cu la -
tions of many body prob lems. This is not the case for
hard-core po ten tial. For n ® 4 these po ten tials are in -
fi nitely re pul sive in the range r £ c, i. e. they be come
hard-core.

SIMULATION METHOD

In or der to cal cu late the nu clear po ten tial in the
Monte Carlo method, this po ten tial is taken to be the
av er age sum of all the pos si ble in ter ac tions be tween
the nu cle ons of the tar get and the pro jec tile. In this
model, each of the nu clei of the pro jec tile and the tar -
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get is con sid ered as a col lec tion of points in which the
nu clear mat ter is ran domly dis trib uted and each point
rep re sents a nu cleon’s po si tion. The re la tion be tween
this dis tri bu tion and the nu clear charge dis tri bu tion is
given by  r rp t A p t Z A Z( ) ( ) /= , where rpA and rtA are
the nu cleon den si ties of the pro jec tile and tar get nu -
clei, re spec tively. The two-pa ram e ter Fermi dis tri bu -
tion (2PF) and three-pa ram e ter Fermi pro files (3PF)
are used for the nu clear charge dis tri bu tion, tab. 1. The
ran dom dis tri bu tion of the po si tions of the nu cle ons, in 
gen eral, pro vides an un sta ble state for the nu cle ons. To 
achieve a real nu cleus in its ground state, the nu cle ons
must move ran domly un der the static or dy namic pro -
cesses [9]. The static pro cess has been cho sen for our
stud ies. These nu cle ons move over very short dis -
tances, so that the sum of Cou lomb and nu clear po ten -
tials be tween the nu cle ons in side the nu cleus, con sid -
er ing the BDM3Y1-Paris po ten tial [3], is equal to the
to tal en ergy of the nu cleus in its ground state and the
Rrms pa ram e ter is also con sis tent with the ex per i men tal 
data. The re sults are given in tab. 1. 

The Cou lomb po ten tial be tween two-point pro -
tons is given by
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Note that the ra dius of the pro ton is about 0.9 fm.
When the dis tance be tween the two pro tons is less than 
this, the point-like as sump tion for pro tons fails. In that
case, the ef fec tive Cou lomb po ten tial be tween the two
pro tons has to be mod i fied as [10]
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where s = Lr and L = 0.711/2 GeV. This ef fect has been
taken into ac count in our cal cu la tions and for the soft
core nu clear po ten tial be tween two pro tons, eqs. (7)
and (9) are cho sen. The nu cleon-nu cleon po ten tial be -
tween the like par ti cles is taken to be 20% weaker than
that of the un like par ti cles [11].

RESULTS 

In this pa per, we have stud ied the fu sion re ac -
tions of 16O + 208Pb and 28Si + 208 Pb at en er gies above
the fu sion bar rier. We have cho sen the soft-core ef fec -
tive nu cleon-nu cleon in ter ac tion for our stud ies.

To choose the pa ram e ters rep re sent ing the
soft-core po ten tial, we have fit ted it to the M3Y-Reid
po ten tial, fig. 1. We have only con sid ered the di rect
and ex change terms, V ro

D ( ) and V ro
Ex ( ), in the

M3Y-Reid po ten tial, where [3, 4]

V r
e

r

e

r
o
D

r r

( )
.

[ ]
.

= -
- -

7999
4

2134
25

4 2 5

MeV (13)

     

V r
e

r

e

r

e

o
Ex

r r

r

( )
.

.

.

.

= - -

-

- -

-

4631
4

1787
25

7 847
0

4 2 5

0 7072

.
[ ]

7072r
MeV (14)

The ob tained val ues for n, no, ro, and c pa ram e ters
are 1.5, 1080 MeV, 0.57 fm, and 0.45 fm, re spec tively.

In our cal cu la tions, we have taken pa ram e ter c to
be an ad just able pa ram e ter and have cho sen its val ues
so that the an a lyt i cal cal cu la tions of fu sion cross-sec -
tions, us ing the po ten tial ob tained from the Monte
Carlo method, are in agree ment with ex per i men tal val -
ues. The rea son for de ter min ing pa ram e ter c as an ad -
just able pa ram e ter is that this pa ram e ter could si mul ta -
neously vary the depth and ra dius of the re pul sive core
of the soft-core in ter ac tion. These vari a tions for dif fer -
ent re ac tions in dif fer ent en er gies are shown in fig. 2.
They in di cate that the range of the soft-core po ten tial
is con stant and close to the range of the M3Y-Reid po -
ten tial. The val ues ob tained for pa ram e ter c by re gen -
er at ing the cross-sec tions of 16O + 208Pb and 28Si +
+j208Pb re ac tions, us ing the soft-core po ten tial and the
Monte Carlo method, are shown in figs. 3 and 4. It can
be seen that as en ergy in creases, pa ram e ter c in creases
ac cord ingly. In or der to deepen our un der stand ing of
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Table 1. Binding energies (B) and root mean squares (Rrms) of the nuclei under consideration. Experimental data and the
parameters of two-parameter Fermi profiles (2PF) and three-parameter Fermi profiles (3PF) are taken from [12-17]

Nucleus
Charge

distribution
c [fm] a [fm] w

Experimental Monte Carlo

Rrms [fm] B [MeV] Rrms [fm] B [MeV]
16O 3PF 2.608 0.513 -0.051 2.730 ± 0.025 127.619 ± 0.893 2.72 ± 0.03 127.747 ± 0.986
28Si 3PF 3.340 0.580 -0.233 3.086 ± 0.018 236.537 ± 1.653 3.07 ± 0.03 236.682 ± 1.792
40Ca 3PF 3.766 0.586 -0.161 3.482 ± 0.025 342.052 ± 2.394 3.46 ± 0.04 342.184 ± 2.581
48Ca 3PF 3.7444 0.5255 -0.03 3.4762 ± 0.0254 415.991 ± 2.912 3.45 ± 0.04 416.086 ± 3.225
58Ni 2PF 4.14 0.56 - 3.83 ± 0.03 506.454 ± 3.545 3.79 ± 0.05 506.592 ± 3.693

154Sm 2PF 6.0226 0.4711 – 5.108 ± 0.036 1266.943 ± 8.868 5.05 ± 0.06 1267.213 ± 9.018
208Pb 2PF 6.54 0.53 – 5.49 ± 0.04 1636.445 ± 11.455 5.43 ± 0.06 1636.576 ± 10.852



the vari a tions of pa ram e ter c, we have ap plied the

same pro ce dure to re ac tions 40Ca + 40Ca, 40Ca + 48Ca,
58Ni + 58Ni, and 16O + 154 Sm. In these cal cu la tions, we

have used the spher i cal nu clei. The re sults are shown

in figs. 5 to 7. Again, one could see that an in crease in

en ergy re sults in an in crease of the pa ram e ter c, much

in the same way as in the case of the anal y sis of  16O +

+j208Pb and 28Si + 208Pb re ac tions. Fig ure 5 shows that, 
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Fig ure  2. The depth and re pul sive ra dius of the soft-core
po ten tial vs. pa ram e ter c. The cal cu lated range of the
soft-core nu cleon-nu cleon po ten tial has also been com -
pared with that of the M3Y-Reid po ten tial for dif fer ent
re ac tions at dif fer ent en er gies

Fig ure 3. Pa ram e ter c vs. en ergy for the 16O + 208Pb re ac -
tion  (a), and per cent age dif fer ence be tween the ex per i -
men tal [18] and the the o ret i cal fu sion cross-sec tions (b)

Fig ure 1. Soft-core nu cleon-nu cleon in ter ac tion for n =
=j1.5, no = 1080 MeV, ro = 0.57 fm, and c = 0.45 fm and the
M3Y-Reid nu cleon-nu cleon in ter ac tion

Fig ure 4. Pa ram e ter c vs. en ergy for the 28Si + 208Pb re ac -
tion (a), and per cent age dif fer ence be tween the ex per i -
men tal [19, 20] and the o ret i cal fu sion cross-sec tion (b)



as the nu clear den sity of the tar get nu cleus var ies in the 
40Ca + 40Ca  and 40Ca + 48Ca re ac tions, pa ram e ter c in -
creases. Since the in crease in pa ram e ter c de creases
the depth of the nu cleon-nu cleon po ten tial (see fig. 2),
it can be de duced that the in crease in nu clear den sity
de creases the nu clear at trac tive force. Also, the over all 
vari a tion of pa ram e ter c is such that the in crease in
pro jec tile en ergy in creases this pa ram e ter (see figs. 3
to 7). In other words, as the en ergy of the pro jec tile in -
creases, the nu clear at trac tive force de creases. The
two re sults just men tioned could be due to the ef fects
of the many par ti cles on the bare nu cleon-nu cleon po -
ten tial. These re sults show the im por tance of the many
par ti cles ef fects on the cal cu la tion of the nu clear po -
ten tial in 16O + 208Pb  and 28Si + 208Pb re ac tions.

CONCLUSION

In stead of the com monly used dou ble fold ing
method, we have ap plied a semi-mi cro scopic method in 
our stud ies and Monte Carlo sim u la tion to cal cu late nu -
clear po ten tial. Our re sults show that by choos ing an ap -
pro pri ate nu cleon-nu cleon po ten tial and us ing this
method, one can cal cu late a nu clear po ten tial so that the
cal cu lated cross-sec tions are in good agree ment with
ex per i men tally ob tained heavy-ion fu sion cross-sec -
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Fig ure 5. Pa ram e ter c vs. en ergy for 40Ca + 40Ca and
40Ca + 48Ca re ac tions (a), and per cent age dif fer ence be -
tween the ex per i men tal [21, 22] and the o ret i cal fu sion
cross-sec tions (b)

Fig ure  6. Pa ram e ter c vs. en ergy for the 58Ni + 58Ni  re ac -
tion (a), and per cent age dif fer ence be tween the ex per i -
men tal [23] and the o ret i cal fu sion cross-sec tions (b)

Fig ure 7. Pa ram e ter c vs. en ergy for the 16O + 154Sm re ac -
tion (a), and per cent age dif fer ence be tween the ex per i -
men tal [24] and the o ret i cal fu sion cross-sec tions (b)



tions. Here a soft-core type nu cleon-nu cleon po ten tial
has been used. It has been shown that for a con stant
range nu cleon-nu cleon po ten tial that is equal to the
range of the M3Y-Reid po ten tial and that, by cov er ing
the re pul sive core and the depth of the po ten tial by only
one pa ram e ter, one can cal cu late the nu clear po ten tial
in16O + 208Pb and 28Si + 208Pb re ac tions in such a man -
ner that the cal cu lated fu sion cross-sec tions at en er gies
higher and lower than the Cou lomb bar rier are in good
agree ment with ex per i men tal data. 

The re sults ob tained re veal that an in crease in
en ergy in creases pa ram e ter c. This trend in the vari a -
tion of the said pa ram e ter has been fur ther con firmed
by care ful anal y sis of 40Ca + 40Ca, 40Ca + 48Ca, 58Ni +
+ 58Ni, and 16O + 154Sm re ac tions.

The vari a tions in pa ram e ter c in di cate that an in -
crease in en ergy and nu clear den sity de creases the
depth of the nu clear po ten tial. An in crease in the pa -
ram e ter is also ac com pa nied by an in crease in the re -
pul sive core and this in crease in the re pul sive core pre -
vents the in com ing pro jec tile col lid ing with many of
the nu cle ons in the tar get nu cleus. This leads us to the
con clu sion that the higher val ues ob tained for the dif -
fu sion pa ram e ter in re ac tions 16O + 208Pb and 28Si +
+j208Pb  are due to the ef fects of the many par ti cles on
nu cleon-nu cleon po ten tial. 
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Omid N. GHODSI,  Mohamad MAHMODI,  Xamil ARIAJ

ISTRA@IVAWE  FUZIONIH  PRESEKA  REAKCIJA
 16O + 208Pb i 28Si + 208Pb POSREDSTVOM  NUKLEON-NUKLEON

INTERAKCIJE  EFEKTIVNOG  MEKOG  JEZGRA

U ovom radu istra`ivani su preseci za fuzione reakcije 16O + 208Pb, 28Si + 208Pb, 40Ca + 40Ca,
40Ca + 48Ca, 58Ni + 58Ni i 16O + 154Sm pri energijama bombardovawa neposredno iznad fuzionog praga.
Fuzioni preseci ispitivani su Monte Karlo metodom i nukleon-nukleon interakcijom
efektivnog mekog jezgra. U prora~unima je kori{}en jedan usagla{avaju}i parametar kojim se mogu 
mewati ja~ina i repulzivni udeo iznosa potencijala mekog jezgra. Prilago|avan je tako da
analiti~ki rezultati budu u prihvatqivoj saglasnosti sa eksperimentalnim podacima.

U na{im ra~unima izabrali smo da raspon nukleon-nukleon interakcije mekog jezgra
bude konstantan i jednak onome kod M3Y-Reid potencijala. Rezultati ukazuju da vi{e vrednosti
difuzionog parametra u Vuds-Saksonovom potencijalu, koje su dobijene pa`qivom analizom
16O + 208Pb i 28Si + 208Pb reakcija, poti~u od vi{e~esti~nih efekata na nukleon-nukleon
potencijal.

Kqu~ne re~i:  reakcija te{kog jona, presek za fuziju, interakcija mekog jezgra, vi{e~esti~ni
jjjjjjjjjjjjjjjjjjjjjjjjefekti


