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Mul ti ple col li sion the ory of light ion ranges in an in fi nite me dium has been used to cal -
cu late re flec tion co ef fi cient from pen e tra tion pro file in the en ergy re gion where the
elec tronic stop ping is dom i nat ing and pro por tional to the ion ve loc ity. Ion-tar get
atom col li sions are de ter mined by the in verse square scat ter ing po ten tial. The Gaussi -
an ap prox i ma tion of a pen e tra tion pro file as well as re flec tion co ef fi cient are found in
the form of an a lytic for mu las. Cor rec tions for mul ti ple cross ings of the sur face have
been ap plied. The re sults are com pared with those from our pre vi ous cal cu la tions on
the ba sis of DP0 so lu tion of the trans port equa tion and with the com puter sim u la tion
data.
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INTRODUCTION

This pa per deals with an a lyt i cal cal cu la tions of
the range dis tri bu tion and re flec tion of light ions (H+,
D+, T+, He+) from heavy tar gets in the low en ergy do -
main (from a few tens of eV to a few tens of keV). Cal -
cu la tions are based on the trans port the ory. The same
tech nique was used pre vi ously [1, 2] and gives the
range dis tri bu tion in an in fi nite me dium as a so lu tion
of the trans port equa tion by the mo ment method. Mo -
ment equa tions were solved nu mer i cally and pen e tra -
tion pro files were con structed us ing the Edge worth
ex pan sion. The re flec tion co ef fi cient was de ter mined
from the pen e tra tion pro file by as sum ing that R was
the frac tion of the ion beam that had neg a tive pen e tra -
tion depths. For more ac cu rate cal cu la tions the cor rec -
tion for mul ti ple cross ings of the sur face (which is pos -
si ble due to the as sump tion of an in fi nite me dium)
must be done [2].

We fol low the ap proach de scribed in [1] and [2],
but we also in tro duce two sim pli fy ing as sump tions.
Firstly, we deal only with low en er gies, where mul ti ple 
scat ter ing plays a dom i nat ing role and ions un dergo
sev eral large an gle de flec tions be fore com ing to rest.
In this sit u a tion, the pen e tra tion pro file has the Gaussi -
an shape [1]. Sec ondly, at low en er gies ion-tar get atom 
scat ter ing po ten tial has a form of the in verse square
law [3]. The use of the scat ter ing cross-sec tion for this
spe cial power po ten tial al lows us to get sim ple an a -
lytic so lu tions for the Gaussi an ap prox i ma tion of the
pen e tra tion pro file and for the re flec tion co ef fi cient
in stead of com plex nu mer i cal treat ment used in [1]
and [2].

PREVIOUS CALCULATIONS

The ba sic quan tity of in ter est in light ion trans port
through heavy tar gets is the scal ing pa ram e ter n. This
quan tity, called the scaled trans port cross-sec tion, is de -
fined as [3-4]

n s t= N E E1 0 0 0( ) ( ) (1)

where N is the num ber of tar get at oms per unit vol ume,
s1(E0) is the trans port cross-sec tion at the ini tial ion en -
ergy E0, and t0(E0) is the to tal path length. The pa ram e -
ter  n rep re sents the mean num ber of wide an gle col li -
sions of an ion dur ing its slow ing down. We take into
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ac count suf fi ciently low ion en er gies where the pa ram e -
ter n is large (n ³ 2) and re flec tion is de ter mined by mul ti -
ple col li sions.

An a lyt i cal trans port the ory of light ion re flec tion 
based on the con tin u ous slow ing down ap prox i ma tion
al ready ex ists [3-7]. The light ion albedo prob lem has
been treated by us ing Chandrasekhar’s H func tion
method [4, 5], the age dif fu sion the ory [3] and dou ble
Legendre poly no mial ap prox i ma tion (DPN method)
[6, 7]. All these ap proaches use the sim pli fy ing as -
sump tion that a large num ber of wide an gle de flec tions 
pro duce a nearly iso tro pic ion dis tri bu tion in side the
tar get. In [6], the iso tro pic ap prox i ma tion of the col li -
sion in te gral in the trans port equa tion was uti lized.
The the o ret i cal model of [6] was im proved in [7] by
tak ing into ac count the ani so tropy ef fects of ion scat -
ter ing, re plac ing the iso tro pic col li sion in te gral with
the anisotropic P3 ap prox i ma tion in an gu lar vari able.
We con sider the ap proach pre sented in [7] to be the most
ac cu rate one and there fore will men tion some de tails of
the cal cu la tions. Our pres ent re sults will be com pared
with those ob tained in [7].

The scat ter ing cross-sec tion for light ion-heavy
tar get atom col li sions at low ion en er gies is given by [3]
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where E is the ion en ergy, and q is the lab o ra tory scat -
ter ing an gle. The cross-sec tion (2) de scribes scat ter ing 
in the in verse square in ter ac tion po ten tial V (R) µ R–2.
It appears ap pro pri ate for light ions in ter act ing with
heavy tar get at oms in the en ergy range of some tens of eV 
to some tens of keV. For the in verse square scat ter ing po -
ten tial used in [7] the con ve nient semi-em pir i cal for mula
for the Laplace trans formed DP0 so lu tion of the re flec -
tion func tion was found. That for mula al lowed the an a -
lytic Laplace in ver sion and led to the sim ple ex pres sions
for the path length dis tri bu tion of back scat tered par ti cles
as well as to the par ti cle and en ergy re flec tion co ef fi -
cients.

The an a lytic so lu tion for the path length distri-
bution  of  back scat tered  projectiles  ob tained  in  [7] is of
the form
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where h = h(m0) = 3.094m0, g = g(m0) = –1.72 + 14.44×
×m0
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6 and s = t/t0 is the rel a tive
path length trav elled. The par ti cle re flec tion co ef fi -
cient
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de pends on the ini tial en ergy and ion-tar get com bi na -
tion only through the vari able  n. For light ions slow ing 
down in heavy tar gets the pa ram e ter can eas ily be
trans formed into the form
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PENETRATION PROFILES AND
REFLECTION COEFFICIENTS

Trans port equa tion for the pen e tra tion pro file of
light ions in an in fi nite me dium has the form
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where F = F(E0,e0,x), m0 = cos  a0, and a0 is the an gle
be tween the ion beam and the tar get sur face nor mal.
More over, orts e0 and e de fine the di rec tions of the ini -
tial and scat tered ions and T is the re coil en ergy. Due to
the sym me try, F(E0,e0,x) = F(E0,m0,x).

The in te gral eq. (6) with three vari ables (E0, m0,
x) can be re placed by the sys tem of equa tions of only
one vari able (E0). The depth de pend ence can be re -
moved by in tro duc ing the spa tial av er ages over F
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The de pend ence of the an gle of in ci dence can be
elim i nated ex pand ing Fn(E0,   m0) in terms of Legendre
poly no mi als Pl (m0)
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By us ing eqs. (7) and (8), eq. (6) can be re placed
by mo ment equa tions. For light ions in heavy tar gets
these equa tions have the form
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jjjjjjjjjIn eq. (8) n = 1, 2, 3, … and the nor mal iza tion
con di tion takes the form F El

0
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even. Thus, the ex pres sion (7) for Fn (E0, m0) is al ways
fi nite.

Fol low ing [1], the eval u a tion is done in re duced
Thomas Fermi units
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With the no ta tion
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the mo ment equa tions for the in verse square scat ter ing 
po ten tial have the form
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Here, ke0
1 2/  and sn( )e0 are the elec tronic and nu -

clear stop ping cross-sec tions ex pressed in Thomas
Fermi units. One as sumes that the elec tronic stop ping is
dom i nat ing thus the to tal stop ping cross-sec tion ke0

1 2/

+sn ( )e0  re mains ap prox i mately pro por tional to e
0
1 2/ .

It is im por tant to men tion that at low ion en er gies 
one ob tains the Gaussi an shape of the range pro file
since the great num ber of large an gle col li sions (n o 1)
re moves the “skew ness” of the dis tri bu tion. Re -
versely, for n < 2, with de creas ing n the in creas ing de -
vi a tion of the Gaussi an shape of the pen e tra tion pro file 
oc curs be cause sin gle col li sion events be come im por -
tant. Thus, at higher en er gies, the range dis tri bu tion
must be con structed from sev eral mo ments by ap ply -
ing a suit able Edge worth method [1].

Us ing eq. (2) as an in put quan tity, mo ments of
the first and sec ond or der were eval u ated an a lyt i cally,
lead ing for n ³ 2 to the Gaussi an ap prox i ma tion of the
pen e tra tion pro file
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where r is the pen e tra tion depth, árñ is the mean pen e -
tra tion depth, and áDr2ñ is the vari ance. These quan ti -
ties (for nor mal ion in ci dence) are de ter mined by the
ap prox i mate for mu las
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where r0(e0) is the to tal path length in Thomas Fermi
units and E e t tt

1( ) ( / )n n= ò
- d4  is the ex po nen tial in te -

gral.
In te grat ing eq. (5) over all neg a tive pen e tra tion

depths we ob tain the “Gaussi an” value of the re flec -
tion co ef fi cient
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For large val ues of the re flec tion co ef fi cients,
R ³ 0.1 – 0.15, a cor rec tion for mul ti ple cross ing of
the sur face must be done. We use the re sult of [2]
where this cor rec tion has been es ti mated. The re -
flec tion co ef fi cient for semi-in fi nite tar get RN is
con nected with R through the in te gral equa tion
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where R E R E( , ) ( ) .m m m
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one has the path length dis tri bu tion of re flected par ti -
cles.

Ob vi ously, the sec ond func tion un der the in te -
gral sign in eq. (17) var ies slowly com pared to the path
length dis tri bu tion G(m0, s). In that case, the re flec tion
co ef fi cient from a semi-in fi nite tar get is con nected
with R by the ap prox i mate re la tion
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where the func tion d de pends on the mean rel a tive path
length of re flected ions s sG s s G s s= òò ( , ) / ( , )n nd d
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with  n n= -/( )1 s . The mean path length has been cal -
cu lated by us ing eq. (3).

Fig ure 1 com pares our pres ent re sult for the re -
flec tion co ef fi cient, eq. (18), with the one ob tained by
DP0 method, eq. (4). Since our pres ent and pre vi ous
re sults have been ob tained by dif fer ent trans port ap -
proaches, an agree ment of 10% is sat is fac tory. Good
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agree ment of the cal cu lated RN (n) with Monte Carlo
sim u la tion data of [3] is ob tained for n ³ 2, i. e. in the
mul ti ple col li sion re gion.

CON CLU SION

Re flec tion co ef fi cient of low en ergy light ions
back scat tered from heavy solid tar gets has been cal cu -
lated within trans port the ory of ion ranges in an in fi -
nite me dium. The tech nique ap plied gives the range
dis tri bu tion in an in fi nite me dium as a so lu tion of the
trans port equa tion by the mo ment method. The re flec -

tion co ef fi cient was de ter mined from the pen e tra tion
pro file by as sum ing that R is the frac tion of the ion
beam that has neg a tive pen e tra tion depths. To ob tain
more ac cu rate re sults, cor rec tions for mul ti ple cross -
ings of the sur face have been ap plied. The Gaussi an
ap prox i ma tion of the pen e tra tion pro file as well as re -
flec tion co ef fi cient are found in the form of an a lytic
for mu las. The re sults are com pared with our pre vi ous
cal cu la tions on the ba sis of DP0 so lu tion of the trans -
port equa tion and with com puter sim u la tion data.
Good agree ment is found in the mul ti ple col li sion re -
gion.
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Fig ure 1. Re flec tion co ef fi cient for light ions in ci dent
nor mally on heavy tar gets as a func tion of pa ram e ter n.
Solid line: pesent work, eq. (18). Dashed line: our pre vi -
ous re sult [7], eq. (4). Com puter sim u la tion data from [3]
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IZRA^UNAVAWE  KOEFICIJENATA  REFLEKSIJE  NISKOENERGETSKIH
LAKIH  JONA  PRIMENOM  TEORIJE  DOMETA  JONA

Teorija vi{estrukog rasejawa dometa lakih jona u neograni~enoj sredini kori{}ena je za 
izra~unavawe koeficijenta refleksije iz penetracionog profila u niskoenergetskoj oblasti gde
je elektronsko zaustavqawe dominantan proces usporavawa jona. Elektronsko zaustavqawe je
proporcionalno brzini projektila, a sudari izme|u jona i atoma mete odre|eni su potencijalom
koji je obrnuto proporcionalan kvadratu rastojawa. Gausova aproksimacija penetracionog
profila kao i koeficijent refleksije na|eni su u obliku analiti~kih for mula. Izvr{ena je
korekcija na vi{estruko presecawe povr{ine mete. Dobijeni rezultati upore|eni su sa na{im
prethodnim izra~unavawima dobijenim na bazi DP0 re{ewa transportne jedna~ine, kao i sa
rezultatima ra~unarskih simulacija.

Kqu~ne re~i: laki jon, te{ka meta, koeficijent refleksije, domet jona, model vi{estrukog
jjjjjjjjjjjjjjjjjjjjjjjrasejawa, univerzalni parametar


