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REFLECTION COEFFICIENT OF LOW ENERGY LIGHT IONS
BASED ON THE THEORY OF ION RANGES

by
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Multiple collision theory of light ion ranges in an infinite medium has been used to cal-
culate reflection coefficient from penetration profile in the energy region where the
electronic stopping is dominating and proportional to the ion velocity. Ion-target
atom collisions are determined by the inverse square scattering potential. The Gaussi-
an approximation of a penetration profile as well as reflection coefficient are found in
the form of analytic formulas. Corrections for multiple crossings of the surface have
been applied. The results are compared with those from our previous calculations on
the basis of DPO solution of the transport equation and with the computer simulation

data.
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INTRODUCTION

This paper deals with analytical calculations of
the range distribution and reflection of light ions (H",
D™, T*, He") from heavy targets in the low energy do-
main (from a few tens of eV to a few tens of keV). Cal-
culations are based on the transport theory. The same
technique was used previously [1, 2] and gives the
range distribution in an infinite medium as a solution
of the transport equation by the moment method. Mo-
ment equations were solved numerically and penetra-
tion profiles were constructed using the Edgeworth
expansion. The reflection coefficient was determined
from the penetration profile by assuming that R was
the fraction of the ion beam that had negative penetra-
tion depths. For more accurate calculations the correc-
tion for multiple crossings of the surface (which is pos-
sible due to the assumption of an infinite medium)
must be done [2].
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We follow the approach described in [1] and [2],
but we also introduce two simplifying assumptions.
Firstly, we deal only with low energies, where multiple
scattering plays a dominating role and ions undergo
several large angle deflections before coming to rest.
In this situation, the penetration profile has the Gaussi-
an shape [1]. Secondly, at low energies ion-target atom
scattering potential has a form of the inverse square
law [3]. The use of the scattering cross-section for this
special power potential allows us to get simple ana-
lytic solutions for the Gaussian approximation of the
penetration profile and for the reflection coefficient
instead of complex numerical treatment used in [1]
and [2].

PREVIOUS CALCULATIONS

The basic quantity of interest in light ion transport
through heavy targets is the scaling parameter v. This
quantity, called the scaled transport cross-section, is de-
fined as [3-4]

v=No(Ey)7o(Ep) (1)
where N is the number of target atoms per unit volume,
o1(Ey) is the transport cross-section at the initial ion en-
ergy Ey, and 7o(Ey) is the total path length. The parame-
ter v represents the mean number of wide angle colli-
sions of an ion during its slowing down. We take into
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account sufficiently low ion energies where the parame-
ter v is large (v>2) and reflection is determined by multi-
ple collisions.

Analytical transport theory of light ion reflection
based on the continuous slowing down approximation
already exists [3-7]. The light ion albedo problem has
been treated by using Chandrasekhar’s H function
method [4, 5], the age diffusion theory [3] and double
Legendre polynomial approximation (DPN method)
[6, 7]. All these approaches use the simplifying as-
sumption that a large number of wide angle deflections
produce a nearly isotropic ion distribution inside the
target. In [6], the isotropic approximation of the colli-
sion integral in the transport equation was utilized.
The theoretical model of [6] was improved in [7] by
taking into account the anisotropy effects of ion scat-
tering, replacing the isotropic collision integral with
the anisotropic P; approximation in angular variable.
We consider the approach presented in [7] to be the most
accurate one and therefore will mention some details of
the calculations. Our present results will be compared
with those obtained in [7].

The scattering cross-section for light ion-heavy
target atom collisions at low ion energies is given by [3]

1 d(—cos @)

do(E,co0s0)=——0(£)—=—
J(1—cos0)?

22

where E is the ion energy, and 9 is the laboratory scat-
tering angle. The cross-section (2) describes scattering
in the inverse square interaction potential ' (R) oc R,
It appears appropriate for light ions interacting with
heavy target atoms in the energy range of some tens of eV
to some tens of keV. For the inverse square scattering po-
tential used in [7] the convenient semi-empirical formula
for the Laplace transformed DPO solution of the reflec-
tion function was found. That formula allowed the ana-
lytic Laplace inversion and led to the simple expressions
for the path length distribution of backscattered particles
as well as to the particle and energy reflection coeffi-
cients.

The analytic solution for the path length distri-
bution of backscattered projectiles obtained in [7]is of
the form

(2)

h2
e 4(Vs+g) dS (3)

hv
21/7c(vs+g)3

where &= h(uo) = 3.094u0, g = g(tg) =—1.72 + 14.44-
-y02 - 24.2/404 +11.48 u06 and s = 1/7 is the relative
path length travelled. The particle reflection coeffi-
cient

Glg,5)ds =

1
RN(#O,V)=IG(ﬂo,S)dS=erfC[
0

h
Wg} (4)

depends on the initial energy and ion-target combina-
tion only through the variable v. For lightions slowing
down in heavy targets the parameter can easily be
transformed into the form

My S, ()
M, S,(Eq)+S,(Ey)

(5)

PENETRATION PROFILES AND
REFLECTION COEFFICIENTS

Transport equation for the penetration profile of
light ions in an infinite medium has the form

oF oF
—=N[S_ (E))+S, (Ey)]—+
Ho ox [S.(Eg)+S,(Ey)] 2E,

+N[do(E,.T.ey,e)[F(Eq,ey,x)-

(6)
~F(E, - T,e,x)]

where F = F(Ey,e(,X), Lo = cosay, and « is the angle
between the ion beam and the target surface normal.
Moreover, orts ey and e define the directions of the ini-
tial and scattered ions and T'is the recoil energy. Due to
the symmetry, F(Eo,eq,x) = F(Eo,LLo,X).

The integral eq. (6) with three variables (£, 1,
x) can be replaced by the system of equations of only
one variable (£,). The depth dependence can be re-
moved by introducing the spatial averages over F

+oo
F"(Ey,py)= Lx”F(EO,,uO,x)dx n=0,1,2....(7)

The dependence of the angle of incidence can be
eliminated expanding F"(E,, 11,) in terms of Legendre
polynomials P, (1)

F"(Eg,pty)= é(zm DE/ (Eq)P (1) (8)

By using eqs. (7) and (8), eq. (6) can be replaced
by moment equations. For light ions in heavy targets
these equations have the form

nlF +n(l+ DF) =

dr’
=Q2I+DN(S. +S, )—L +
(2I+DN(S, n)dEO

+(20+1)F/'N[do[1-P; (cos )] 9)

where F/" =F/"(E;),S, =S,(Ey)and S, =S, (E, ).

Ineq. (8) n=1,2,3, ... and the normalization
condition takes the form .’ (E, ) =8,, The moments
F["(E, )are different from zero only for /<nand [ +n
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even. Thus, the expression (7) for F” (E, 1) is always
finite.

Following [1], the evaluation is done in reduced
Thomas Fermi units

M M
Eva'y i
g, = ! ; p=xNna*4 ! 5
1
(10
With the notation
S o) =(’;] Fl(Ey) an

the moment equations for the inverse square scattering
potential have the form

nl 75 (e )+ n(l+ 1) £ (g) =

n
Q1 Dk, +5, (6 N TGO
deg
M, s, (g0) .
+HI+ D) 2207 f (e 12
( )2M1 o fi (&) (12)
Here, kel/? and s (&,) are the electronic and nu-

clear stopping cross-sections expressed in Thomas
Fermi units. One assumes that the electronic stopping is
dominating thus the total stopping cross-section keé/ 2
+s,, (£, ) remains approximately proportional to £{/2.

It is important to mention that at low ion energies
one obtains the Gaussian shape of the range profile
since the great number of large angle collisions (v > 1)
removes the “skewness” of the distribution. Re-
versely, for v < 2, with decreasing v the increasing de-
viation of the Gaussian shape of the penetration profile
occurs because single collision events become impor-
tant. Thus, at higher energies, the range distribution
must be constructed from several moments by apply-
ing a suitable Edgeworth method [1].

Using eq. (2) as an input quantity, moments of
the first and second order were evaluated analytically,
leading for v > 2 to the Gaussian approximation of the
penetration profile

flepp) = %) (13)
21'C<Ap2 >

where p is the penetration depth, (o) is the mean pene-

tration depth, and (Ap?) is the variance. These quanti-

ties (for normal ion incidence) are determined by the

approximate formulas

(P) _3A) _
Po Po
:1—veVE1(v)zl(1—2!+32!—j (14)
14 14 \Y

<ApP> _ fi(e)+5/ (e0)-IGA )] _

o Joh
_2 1_3+“j (15)
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where py(gy) is the total path length in Thomas Fermi
units and E,(v) = (e~'/t)dt is the exponential inte-
gral.

Integrating eq. (5) over all negative penetration
depths we obtain the “Gaussian” value of the reflec-
tion coefficient

erfc <'D> =1erfc 225

1
2 1p* ) 2 vel-L
v

R(v)= (16)

For large values of the reflection coefficients,
R>0.1-0.15, a correction for multiple crossing of
the surface must be done. We use the result of [2]
where this correction has been estimated. The re-
flection coefficient for semi-infinite target Ry is
connected with R through the integral equation

Ry (po,Eg)=R(ug,Ey)+

2R(E)In 2R(E)=2R(E)+1
[In 2R(E)]? (17)

1
+ G(uy5)
0

where R(uy,Ey)=2"""R(E, Y. In our approach,
one has the path length distribution of reflected parti-
cles.

Obviously, the second function under the inte-
gral sign in eq. (17) varies slowly compared to the path
length distribution G(, s). In that case, the reflection
coefficient from a semi-infinite target is connected
with R by the approximate relation

R(.“O ’,V)

5 (18)

RN(:”O’V)z

where the function 5 depends on the mean relative path
length of reflected ions s :j(l) sG(v,s)ds/jé G(ys)ds
through the relation

2R(V)In 2R(V)—2R(V)+1

S =
[In 2R(v)]?

(19)

with v =v/(1-5). The mean path length has been cal-
culated by using eq. (3).

Figure 1 compares our present result for the re-
flection coefficient, eq. (18), with the one obtained by
DPO method, eq. (4). Since our present and previous
results have been obtained by different transport ap-
proaches, an agreement of 10% is satisfactory. Good
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Josan BYKAHUh

N3PAYYHABAIE KOEOUIINIEHATA PE®IEKCHUIJE HUCKOEHEPTETCKUX
JAKHUX JOHA MMTPUMEHOM TEOPUJE TOMETA JOHA

Teopuja BUILIECTPYKOT pacejarma foMeTa JIaKHX jOHa Y HEOrpaHWUYEHO] cpeluHu KopulitheHa je 3a
n3padyHaBambe KoepuijeHTa pediekcuje u3 NeHeTPAOHOT PO Ia y HICKOCHEPreTCKOj 00IacTu Iie
je eIeKTPOHCKO 3ayCTaBibalke NTOMHHAHTAH NMPOIEC yCcrmopaBama joHa. EJEKTPOHCKO 3aycTaBibame je
MPONOPIMOHATTHO OP3WHU MPOjeKTHIIa, a cyfaapu nu3Mebhy joHa u atoma MeTe ofipeheHn cy MOTEeHINjaIoM
KOjU je OOpHYTO NpOIOpIMOHAJaH KBajipaTy pacrojama. ['aycoBa ampoKcuMalyja NeHeTpParoHOT
npoguia kao u KoedunujeHT pediekcuje HabeHn ¢y y o6nuKy aHanuTHIKuX popmyna. M3BpiieHa je
KOpeKliFja Ha BULIECTPYKO Ipeceliabe NoBpIInHe MeTe. [loOujeHu pesyiratu ynopebenu cy ca Hammm
IIPETXO[HAM H3padyHaBamuMa fobmjeHnM Ha 6asm DP0O pemema TpaHCHOPTHE jeHAuYMHE, Kao M ca
pe3yaTaTiMa padyHapCKUX CUMYyJanuja.

Kwyune peuu: aaku joH, illewika meiia, Koeguyujerit pegpaexcuje, 0omeill joHa, MoOea BUUULECTUPYKOZ
pacejarba, yHugep3aaHu uapameiiap



