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We ap ply the con cept of con ver gence ac cel er a tion, also known as ex trap o la tion, to find
the so lu tion of the re ac tor ki net ics equa tions (RKEs). The method fea tures sim plic ity in
that an ap prox i mate fi nite dif fer ence for mu la tion is con structed and con verged to high
ac cu racy from knowl edge of the er ror term. Through the Romberg ex trap o la tion, we
dem on strate its high ac cu racy for a va ri ety of im posed re ac tiv ity in ser tions found in the
lit er a ture. The unique fea ture of the pro posed al go rithm, called RKE/R(omberg), is
that no spe cial at ten tion is given to the stiff ness of the RKEs.  Fi nally, be cause of its sim -
plic ity and ac cu racy, the RKE/R al go rithm is ar gu ably the most ef fi cient nu mer i cal so lu -
tion of the RKEs de vel oped to date.
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IN TRO DUC TION

An ever pop u lar nu mer i cal pas time over the past
40 years has been the de vel op ment of nu mer i cal so lu -
tions to the equa tions of nu clear re ac tor ki net ics (RKEs). 
One need only sur vey the lit er a ture to find ar ti cles with
ti tles such as –  A New So lu tion…[1], Res o lu tion of the
Stiff ness…[2], Gen er al ized Runge-Kutta Meth ods…[3], 
Ef fi cient Nu mer i cal So lu tion of…[4], On Pade Ap prox i -
ma tions…[5], COn stant RE ac tiv ity: A Nu mer i cal Al go -
rithm…[6], Re vis it ing the Rosenbrock Nu mer i cal So lu -
tions…[7], An Ef fi cient Code Sys tem…[8], and
ref er ences to ad di tional pro posed al go rithms (See
[1-15]).  Ap par ently, many of the pro posed al go rithms
are con structed spe cif i cally to treat the sta bil ity and stiff -
ness of the RKEs.  All of us in the nu clear com mu nity
have been par tic u larly sen si tized to the no tion that these
equa tions are stiff, which, of course, is a con se quence of

the prompt neu tron gen er a tion time be ing or ders of mag -
ni tude less than the time for de layed neu trons to ap pear. 
While this is cer tainly of con cern, in gen eral, it has lead to 
an un nec es sary pre oc cu pa tion with stiff ness and sta bil -
ity.  We see this in the cre ation of ad-hoc time step con -
trols and change of de pend ent vari ables at tempt ing to
com pen sate for stiff ness. Such con sid er ations have made 
pre vi ous al go rithms more com pli cated than nec es sary
and, as a re sult, class room un friendly, ex cept per haps at
the ad vanced level.

The theme of this pre sen ta tion is sim plic ity and
it is ded i cated to an swer ing the ques tion: Can an el e -
men tary fi nite dif fer ence scheme give a highly ac cu -
rate nu mer i cal so lu tion to the RKEs? In this re spect,
we con sider high ac cu racy to be at least five sig nif i -
cant fig ures. As will be shown, our ap proach, which
does not ex plic itly con sider stiff ness, is an ef fi cient
way to de fine highly ac cu rate nu mer i cal so lu tions to
ODEs. We sub stan ti ate this claim through ex haus tive
com par i son to the benchmarks found in lit er a ture. In
this way, we hope to achieve a goal of “sus tain able ac -
cu racy”– that is, uni formly high ac cu racy re gard less
of ap pli ca tion. To ac com plish this, we first ad mit that
discretization er ror is a nat u ral el e ment of the so lu tion.
We then show how to man age this er ror in a way that
gen er ates a re li able and ro bust al go rithm.

Please note that, be cause of space lim i ta tion, we
con sider only im posed re ac tiv ity in ser tions and leave
the is sue of tem per a ture feed back to a fu ture ef fort.
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THE EQUA TIONS OF
POINT KI NET ICS

We be gin with the fol low ing inhomogeneous,
6-de layed group point ki net ics equa tions (in usual no -
ta tion):
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and Jacobian ma trix
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We solve eq. (1a), sub ject to ini tial con di tions,
nor mal ized to a neu tron den sity of one at time zero
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In our for mu la tion, the re ac tiv ity, r$(t), mea -
sured in units of $’s, will be pre scribed.

DE VEL OP MENT OF A SIM PLE FOR WARD
FI NITE DIF FER ENCE SCHEME

Equa tion (1a) is discretized by in te grat ing over
the time in ter val [tj, tj+1],
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We as sume a uni form in ter val, h º tj + 1– tj over the to tal
time of the do main of in ter est.  Af ter the ap pli ca tion of
the trap e zoidal rule ap prox i ma tion for the integrals in
eq. (2), the fol low ing two-point discretization emerges:
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and I is the unit ma trix.  In eq. (3a), we have re placed
the ex act so lu tion y (tj) with the ap prox i mate so lu tion yj

where
y y e( )t j j jº + (4)

and ej is the er ror vec tor of the ap prox i mate so lu tion. 
The fi nite dif fer ence scheme of eq. (3a) serves as the
heart of the de vel op ment to fol low.  Note that a ma trix
in ver sion is re quired for the so lu tion of eq. (3a) at each
time step which we chose to do by the LU de com po si -
tion.  An al ter na tive an a lyt i cal in ver sion is pos si ble us -
ing the pro ce dure de vel oped in ref. [1]; how ever, the
ef fi ciency of the LU de com po si tion is suf fi cient for all
benchmarks con sid ered.

Er ror term

In the scheme to fol low, it is im por tant to de ter -
mine the form of the er ror vec tor ej. To ac com plish this,
we in te grate eq. (1a) over the in ter val [0, tj] to give
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We then sum eq. (3a) over j to j-1
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and the trap e zoidal rule is
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then, from the Eu ler-Maclaurin sum for mula [16]
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In this equa tion, B2k is the Bernoulli num ber of or der
2k. Sub tract ing eqs. (5) and (6), and not ing that y(0) =
= y0, we find
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and with eq. (8)
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Hence, the er ror term is for mally of the form
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The par tic u lar form of the er ror term in di cates that 
the fi nite dif fer ence scheme is of sec ond or der.  In ad di -
tion, it sug gests the ap pli ca tion of the Romberg con ver -
gence ac cel er a tion [17].  In this al go rithm, er ror or ders,
h2k, k = 1, 2, ..., are se quen tially elim i nated by halv ing
the in ter val h with each grid re fine ment rep re sent ing a
discretized so lu tion of eq. (1a) through eq. (3a).  Thus,
rather than choose a sin gle discretization to be suf fi -
ciently ac cu rate by some ad-hoc mea sure, we con sider a 
se ries of discretizations in a sys tem atic way to give a so -
lu tion that, in prin ci ple, ex trap o lates to zero descreti-
zation.  The so lu tion, there fore, is now a se quence of so -
lu tions tend ing to ward their limit of zero discretization.
There fore, in ap ply ing the Romberg ac cel er a tion, no
lon ger will just one discretization be the de sired so lu -
tion, since the so lu tion now be comes an ex trap o la tion
of a se quence of so lu tions on a pre scribed path in the
discretized time do main. This pro ce dure gives a new
def i ni tion to the nu mer i cal so lu tion of the RKEs.

ROMBERG AC CEL ER A TION

As in di cated above, the Romberg ac cel er a tion
[17] uses the known form of the er ror se ries in eq. (10)
to se quen tially elim i nate higher or der er ror terms.  For
ex am ple, we can write eq. (10) as

y y a( ) ( ), ,t h h k

k
j j jk= + å

=
0 0

2

1

4
(11)

where yj,0(h) is the orig i nal fi nite dif fer ence ap prox i ma -
tion yj(h)  from eq. (3a), and j now re fers to the time tj on
the ini tial grid con fig u ra tion ini ti ated by eq. (1d).  Then,
elim i nat ing the first term of the er ror se ries by con sid er -
ing yj,0(h) and the same edit on a grid of half the orig i nal
in ter val, yj,0(h/2), si mul ta neously, one finds
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as the next high est or der ap prox i ma tion.  The flux rep -
re sen ta tion for this new ap prox i ma tion be comes
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Con tin u ing to elim i nate higher or ders in this
fash ion, se quen tially, gives the fol low ing re cur rence
re la tion for in creas ingly higher or der ap prox i ma tions:
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and the so lu tion at the orig i nal edit, which is now t2
m

 j 

in the re fined grid, be comes
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It should be ap par ent that the Romberg con ver -
gence ac cel er a tion ap plies only to the orig i nal time
edit which each grid re fine ment in her its. One way to
en sure this is to per form the grid re fine ment be tween
the re quested time ed its.

The Romberg ac cel er a tion re quires that one gen -
er ate the fol low ing se quence of fi nite dif fer ence ap -
prox i ma tions from eq. (3a):

y j , ( / ), , , , ,0 2 0 1 2h mm = K (16)

so as to give the Romberg se quence for the re cur rence
of eq. (14). The Romberg ac cel er a tion, there fore, re ar -
ranges the orig i nal se quence into a more ef fi ciently
con ver gent one. To test for con ver gence, we there fore
have the choice of the orig i nal se quence
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or the Romberg se quence
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Note that we base con ver gence on the worst rel a -
tive er ror of the seven com po nents of y at a de sired
edit.

A DEM ON STRA TION

The eval u a tion pro ce dure, say for the edit t1, be -
gins with sub di vid ing the in ter val [0, t1] into four equal 
sub-in ter vals.  Then the re cur rence given by eq. (3a) is
ini tially ap plied to this par ti tion.  The grid be tween the
sub di vi sions is re fined by two, un til ei ther eq. (17a) or
(17b) is sat is fied at the edit t1 only.  Note that none of
the times be tween [0, t1) are ac cel er ated.  For the next
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edit, say t2, the con verged so lu tion at edit t1 serves as
the ini tial con di tion for the next in ter val, [t1, t2], for
which the scheme of eq. (3a) again ap plies. The eval u -
a tion in this in ter val is com plete when ei ther of eqs.
(17) are sat is fied for edit t2.  In this way, we cover all
ed its se quen tially. The ap pli ca tion of eq. (3a) ac cel er -
ated by eq. (14) un til ei ther of eqs. (17) are sat is fied is
called the RKE/R(omberg) al go rithm, which we now
dem on strate through con sid er ation of sev eral bench -
mark se ries.

In the dem on stra tions to fol low, er ror tol er ance in
eqs. (17) is case de pend ent and var ies be tween 10–4 and
10–7, un less oth er wise in di cated*. The cod ing of the
RKE/R al go rithm is a mixed FOR TRAN/77-95. All com -
pu ta tional times are rel a tive to a Gate way, 1.2 GHz lap top.

Bench mark se ries 1: step re ac tiv ity in ser tion

For this bench mark se ries, only step re ac tiv ity
in ser tions are con sid ered.  The RKE/R method re sults
are com pared to well es tab lished benchmarks.

B1.1: re ac tiv ity in ser tion of $0.5 into
fast re ac tor I, refs. [1] and [7]

The first bench mark con sid ered is for a step re -
ac tiv ity in ser tion of $0.5 into a fast re ac tor. The neu -
tron gen er a tion time is L = 10–7s and the ki net ics pa -
ram e ters given in tab. 1.

Ta ble B1.1.1 gives the neu tron den sity from the
dif fer ence equa tion at the last grid re fine ment and the
con verged neu tron den sity for which 3 ed its are
requested.  In ad di tion, the rel a tive er ror be tween the
dif fer ence and con verged den si ties, the num ber of
discretizations per in ter val (No of dis.) be tween ed its
and the fi nal num ber of Romberg it er a tions (Level) are 
given.  The con verged den si ties agree to all of the dig -
its of the ref er ence so lu tion [1] and with the (re vis ited)
Rosenbrock so lu tion of ref. [7], which is one of the
most ac cu rate of re cent so lu tions.  It is cu ri ous that the
or i gin of the ac cepted ref er ence so lu tion first quoted in 

[1] is un known and, re as sur ing that the RKE/R and
Rosenbrock al go rithms both con firm.  We also point
out that, for the last two ed its, the con verged so lu tion
is, at least, two dig its more ac cu rate (when rounded)
than the orig i nal dif fer ence so lu tion (Dif fer ence). This 
is quite re mark able when one con sid ers that the con -
verged so lu tion is sim ply a lin ear com bi na tion of fi nite 
dif fer ence so lu tions on in creas ingly re fined grids.

Fig ure 1(a) shows a plot of the unaccelerated
neu tron den sity given by the fi nite dif fer ence scheme
on the last grid re fine ment. As one might an tic i pate,
be cause of the step re ac tiv ity jump, the fi nite dif fer -
ence so lu tion ini tially os cil lates as the de riv a tive at -
tempts to ac com mo date the abrupt change – ob served
as the over shoot near the ini tial time.  At the same time, 
how ever, since the first de sired edit is many neu tron
gen er a tions away from tran sient ini ti a tion, the con -
verged so lu tion is not af fected, in di cat ing a sta ble al -
go rithm.  Poor ac com mo da tion is also in di cated by the
rel a tively large num ber of discretizations (256)
required for convergence in the first interval.
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                  Ta ble 1. Ki net ics pa ram e ters for
                  fast re ac tor I

 b = 0.0044         

i bi li [s–1]

1
2
3
4
5
6

0.0001672
 0.001232   
0.0009504

  0.001443    
0.0004534

  0.000154    

0.0129
0.0311

 0.134   
 0.331   
1.26    

  3.21      

* In this way, the RKE/R method is com pa ra ble to the Rosenbrock  
...al go rithm of ref. 7, with re gard to the av er age time step as
...re quired by the re view ers

Ta ble B1.1.1. Step in ser tion of $0.5 into fast re ac tor I

t [s] Difference Converged
Relative

error
No of 
dis.

Level

1.00E-01
1.00E+00
1.00E+01

2.075317E+00
2.655861E+00
1.274724E+01

2.075317E+00
2.655853E+00
1.274654E+01

0.00E+00
2.96E-06
5.52E-05

256
32
64

6
3
4

Fig ure 1. Bench mark B1.1: step in ser tion $0.5
(a) 3 ed its; (b) 7 ed its



A par tic u larly ap peal ing fea ture of the RKE/R
al go rithm is that it can nat u rally elim i nate os cil la tions
at early times, just through in put. This is ac com plished 
by in clud ing ed its on the or der of the neu tron gen er a -
tion time. The den si ties for four ad di tional ed its (t =
=j10–r s, r = 8, 6, 4, 2), in cluded be fore the first de sired
edit (0.1 s), are given in tab. B1.1.2.  Note that the num -
ber of discretizations in the first in ter val is now only 8.  
The re duc tion af fects the av er age (calculational) time
step to achieve the con verged nu mer i cal so lu tion,
which is the over all time in ter val of in ter est di vided by
the to tal num ber of discretizations on the fi nal grid of
the con verged so lu tion. The av er age time step is a
mea sure of com pu ta tional ef fort used for com par i son
with other al go rithms. For the re sults of tab. B1.1.1,
the av er age time step is 0.028 s, while by sim ply add -
ing ed its at 10–7 s and 10–3 s, the av er age time step in -
creases to 0.096 s. For the achieved ac cu racy, this is
com pa ra ble to most al go rithms, in clud ing at least one
with a time step con trol [7].  How ever, in this au thor’s
opin ion, the ad di tional ef fort re quired and the com pli -
ca tion en gen dered in an ap prox i mate time step con -
trol, as en forced in ref. [7], is not worth the sav ings. In
this work, we do not con sider op ti miz ing the time step, 
but rather ac cept it as a nat u ral part of the so lu tion
which we ma nip u late to gain ac cu racy and at the same
time main tain al go rith mic sim plic ity.

Fi nally, ob serv ing fig. 1(b), we note that the in clu -
sion of ad di tional ed its has elim i nated the overshoot.

The com pu ta tional time in both cases is less than
0.016 s.  Hence, with ad di tional (con verged) ed its, we
ob tain increased ac cu racy with lit tle ad di tional com -
pu ta tional ef fort.

B1.2: re ac tiv ity in ser tion of $0.5 into
ther mal re ac tor I, ref. [5]

Ref er ence [5] con tains a bench mark for the same 
in ser tion into a ther mal re ac tor with nu clear prop er ties
of tab. 2 and the re sult ing den si ties given in tab. B1.2. 
Here, the neu tron gen er a tion time is L = 10–5s.

All val ues agree to all dig its of the ref er ence so -
lu tion. Even though the av er age time step of 0.1 s is
less than that of ref. [5] (0.25 s), no eigenvalues need
be found, mak ing the RKE/R so lu tion, over all, that
much more con ve nient.

B1.3: re ac tiv ity in ser tion of –$0.5 into
ther mal re ac tor I, refs. [1],[5], and [7]

The next bench mark is for a step re ac tiv ity in ser -
tion of –$0.5 into a ther mal re ac tor whose ki net ics pa -
ram e ters are given in tab. 2 and the neu tron gen er a tion
time is L = 5×10–4 s (tab. B 1.3).

All dig its agree (when rounded) to what seems to
be the most ac cu rate ref er ence so lu tion given in refs.
[1], [5], and [7], ex cept for the one den sity high lighted
which is off by one unit in the last place. The av er age
time step is 0.125 s, which is larger than the “op ti mized” 
time step of 0.093 s of the Rosenbrock al go rithm [7].
The com pu ta tional time for this case is about 0.016 s.

B1.4: re ac tiv ity in ser tion of $1 into
ther mal re ac tor I, refs. [1] and [7]

An other bench mark in this se ries co mes from
refs. [1] and [7], and rep re sents a stron ger in ser tion
than the benchmarks so far.  Again, we con sider ther -
mal re ac tor I (tab. 2) for a prompt crit i cal in ser tion.
The re sults, shown in tab. B1.4, con firm the last digit
of the ref er ence so lu tion at edit 1 s to be cor rect rel a tive 
to the Rosenbrock al go rithm [7] (which is within its
de sired er ror). Also, the RKE/R al go rithm out per -
forms the al go rithm of ref. [1] with an av er age time
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Ta ble B1.1.2. Step in ser tion of $0.5 into fast re ac tor I

t [s] Difference Converged
Relative

error
 No of 

dis.
Level

1.00E-08
1.00E-06
1.00E-04
1.00E-02
1.00E-01
1.00E+00
1.00E+01

1.000220E+00
1.021760E+00
1.889314E+00
2.007681E+00
2.075317E+00
2.655861E+00
1.274724E+01

1.000220E+00
1.021760E+00
1.889220E+00
2.007681E+00
2.075317E+00
2.655853E+00
1.274654E+01

0.00E+00
0.00E+00
4.93E-05
1.00E+00
1.27E-07
2.96E-06
5.52E-05

8
8

32
64
16
32
64

1
1
3
4
2
3
4

                 Ta ble 2. Ki net ics pa ram e ters for
                  ther mal re ac tor I

 b = 0.0075         

i bi li [s–1]

1
2
3
4
5
6

0.000285 
 0.0015975
0.00141   

  0.0030525 
0.00096  

  0.000195  

0.0127
0.0317

 0.115   
 0.311   

  1.40      
   3.87       

Ta ble B1.2. Step in ser tion of $0.5 into ther mal re ac tor I

t [s] Difference Converged No of dis.

1.00E+00
5.00E+00
1.00E+01

2.511520E+00
5.753564E+00
1.421578E+01

2.511494E+00
5.753393E+00
1.421503E+01

32
32
32

Ta ble B1.3. Step in ser tion of -$0.5 into ther mal re ac tor I

t [s] Difference Converged No of dis.

1.00E-01 6.988932E-01 6.989252E-01 32
1.00E+00 6.070532E-01 6.070536E-01 64
5.00E+00 4.825523E-01 4.825530E-01 64
1.00E+01 3.960759E-01 3.960777E-01 31

Ta ble B1.4. Step in ser tion of $1 for ther mal re ac tor I

t [s] Difference Converged No of dis.

1.00E-01
5.00E-01
1.00E+00

2.515795E+00
1.036488E+01
3.218645E+01

2.515766E+00
1.036253E+01
3.218354E+01

16
16
32



step of 0.02 s.  The av er age time step is the same as for
the Rosenbrock al go rithm.

B1.5: re ac tiv ity in ser tion of 0.003, 0.0055,
0.007, and 0.008 into ther mal re ac tor II,
refs. [2],[3], and [4]

We con sider a fifth set of benchmarks, for
sub-prompt crit i cal step re ac tiv ity in ser tions of 0.003
($0.4286), 0.055 ($0.7857), a prompt crit i cal in ser tion 
of $1 and a super-prompt crit i cal in ser tion of 0.008
($1.1429) into the ther mal re ac tor II whose ki net ics
pa ram e ters are given in tab. 3. The neu tron gen er a tion
time is L = 2×10–5 s.  The last in ser tion rep re sents a true
test of the RKE/R scheme, since the neu tron den sity is
pre dicted to in crease by 23 or ders of mag ni tude in 1 s.

Ta bles B1.5(a)-(d) give the neu tron den si ties for
all four cases. Com pared to the pub lished ref er ence so -
lu tion found in ref. [2], we ob serve that the RKE/R den -
si ties agree to all (four) dig its when rounded, ex cept for
the three high lighted which dis agree to one unit in the
fourth place. The ques tion which is the cor rect ref er -
ence so lu tion (RKE/R or ref. [2]) needs to be ad dressed.  
Ar gu ably, all in ves ti ga tions in di cate that the RKE/R
val ues are cor rect to one digit in the last place and that,
there fore, one should con sider the RKE/R al go rithm to
be the ref er ence so lu tion.  In any case, the RKE/R al go -
rithm eas ily out per forms the al go rithms of refs. [2] and
[3] in ac cu racy and is on a par (for 4-dig its only) with
that of ref. [4]. Note the rel a tively large num ber of
discretizations re quired for the super-prompt case. This
re flects the rel a tively short av er age time step. The
RKE/R method, as in di cated above, al lows one to, if de -
sired, in crease the av er age time step by in clud ing more
con verged ed its within the to tal in ter val. In par tic u lar,
we dou ble the av er age time step with lit tle in crease in
com pu ta tional time by add ing 10 ed its where the den -
sity vari a tion is the great est.

For com plete ness, we in di cate the av er age time
steps and com pu ta tional times in tab. 4.

B1.6: re ac tiv ity in ser tion of 0.003, –0.007,
and 0.007 into ther mal re ac tor II, ref. [9]

In this se ries, we in clude a bench mark from ref.
[9] for ther mal re ac tor II of tab. 3 and a gen er a tion time 
of L  =  2×10–4 s. While we have con sid ered some of
these in ser tions above, here they will be for dif fer ent
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                   Ta ble 3. Ki net ics pa ram e ters for
                    ther mal re ac tor II

 b = 0.007         

i bi li [s–1]

1
2
3
4
5
6

 0.000266
 0.001491
 0.001316

  0.002849 
 0.000896

  0.000182 

0.0127
0.0317

  0.115    
  0.311    

    1.40        
    3.87        

Ta ble B1.5a. Step in ser tion of 0.003 into ther mal re ac tor
II

t [s] Difference Converged No of dis.

1.00E+01
1.00E+01
2.00E+00

2.209841E+00
8.019434E+00
2.830177E+01

2.209840E+00
8.019200E+00
2.829740E+01

256
64
32

Ta ble B1.5b. Step in ser tion of 0.0055 into ther mal re ac tor 
II

t [s] Difference Converged No of dis.

1.00E-01
2.00E+00
1.00E+01

5.210043E+00
4.303139E+01
1.388834E+05

5.210028E+00
4.302514E+01
1.388602E+05

64
64

512

Ta ble B1.5c. Step in ser tion of 0.007 into ther mal re ac tor
II

t [s] Difference Converged No of dis.

1.0000E-02 4.508927E+00 4.508858E+00 8
5.0000E-01 5.347151E+03 5.345888E+03 256
2.0000E+00 2.062648E+11 2.059156E+11 512

Ta ble B1.5d. Step in ser tion of 0.008 into ther mal re ac tor
II

t [s] Difference Converged No of dis.

1.0000E-02 6.203439E+00 6.202854E+00 16
1.0000E-01 1.411195E+03 1.410422E+03 128
1.0000E+00 6.166620E+23 6.163334E+23 4096

Ta ble B1.6a. Step in ser tion of 0.003 into ther mal re ac tor
II

t [s] Referent sol. Converged No of dis.

2.00E-01
4.00E-01
6.00E-01
8.00E-01
1.00E+00

1.851268E+00
1.947593E+00
2.037922E+00
2.124832E+00
2.209841E+00

1.851268E+00
1.947593E+00
2.037922E+00
2.124835E+00
2.209840E+00

128
16
16
16
16

Ta ble B1.6b. Step in ser tion of -0.007 into ther mal re ac tor
II

t [s] Referent sol. Converged No of dis.

2.00E-01
4.00E-01
6.00E-01
8.00E-01
1.00E+00

4.809743E-01
4.652903E-01
4.519650E-01
4.402732E-01
4.297830E-01

4.809732E-01
4.652893E-01
4.519640E-01
4.402723E-01
4.297820E-01

128
16
16
16
16

Ta ble B1.6c. Step in ser tion of 0.007 into ther mal re ac tor
II

t [s] Referent sol. Converged No of dis.

2.00E-01
4.00E-01
6.00E-01
8.00E-01
1.00E+00

1.597257E+02
1.667286E+03
1.713190E+04
1.758905E+05
1.805726E+06

1.597258E+02
1.667288E+03
1.713193E+04
1.758910E+05
1.805732E+06

64
64
64
64
64

Table 4. Average time steps for benchmark B1.5

Case Average time step [s] Tcompt [s]

a
b
c
d

      0.057          
    0.016        

  0.0026    
0.00024

0.02
0.02
0.02
0.11



time ed its. Ta bles  B1.6(a)-(c) give the RKE/R and the
ref er ence so lu tion quoted in ref. [9]. Dis crep an cies in
the ref er ence so lu tion (Hermite poly no mial al go -
rithm) and RKE/R are quite ap par ent. 

The dis crep ant dig its are high lighted.  Again, we
con jec ture that the RKE/R den si ties are the more ac cu -
rate of the two.

In con trast, the (an a lyt i cal) ref er ence so lu tion
for the one de layed group bench mark of ref. [9]
matches ex actly all 8 fig ures, as given in tab. B1.6d.

Since the neu trons re gen er ate so quickly (L =
=j10–8 s), this case pro vides an ex cel lent ex am ple of
how the RKE/R al go rithm over comes the ini tial os cil -
la tions, as shown in fig. 2(a). If we in tro duce ad di -
tional edit points in de cades from 10–9 to 10–2 s, we
elim i nate the os cil la tions, as shown in fig. 2(b).  The
in crease in com pu ta tion time is neg li gi ble.

B1.7: var i ous re ac tiv ity in ser tions into
ther mal re ac tor III, refs. [8] and [10] 

We con clude the se ries of step re ac tiv ity in ser -
tions with rel a tive small in ser tions into the ther mal re -
ac tor III, with ki net ics  pa ram e ters  given in tab. 5 and
L = 10–4 s.

The ref er ence so lu tion co mes from ref. [10].  As
ob served from tab. B1.7, the RKE/R so lu tion agrees
with the an a lyt i cal so lu tion and gives one more digit
for ref er ence pur poses.

Bench mark se ries 2: ramp re ac tiv ity in ser tion

In this bench mark se ries, re ac tiv ity is in serted
lin early, r(t) = r0 + at.

B2.1: ramp re ac tiv ity in ser tion rate $0.1/s
into ther mal re ac tor I, refs.[2], [3],
[4], [6], [7], [9], [10], and [12]

We be gin this se ries with one of the more pop u -
lar benchmarks found in lit er a ture. This is a $ 0.1/s
ramp (r0 º 0) into the ther mal re ac tor I with neu tron
gen er a tion time L = 5×10–5 s.

The re sults, shown in tab. B2.1, are nearly in
com plete agree ment with what seems to be the ac -
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Ta ble B1.6d. Step in ser tion of 0.0022 into a one group
(b = 0.0065,  l = 0.08 s–1) fast re ac tor II

t [s] Difference Converged No of dis.

1.0000E+00
1.0000E+01
1.0000E+02

1.5747825E+00
2.2761600E+00
9.0592534E+01

1.5747825E+00
2.2761585E+00
9.0577793E+01

2560
80

160

Fig ure 2. Bench mark B1.6d:
(a) 3 ed its, (b) 10 ed its

                  Ta ble 5. Ki net ics pa ram e ters for
                  ther mal re ac tor III

 b = 0.0064         

i bi li [s–1]

1
2
3
4
5
6

 0.000211
 0.001402
 0.001254

  0.002528 
 0.000736

  0.000269 

0.0124
0.0305
0.115  

  0.301    
    1.138      
    3.01        

Ta ble B1.7. Var i ous step in ser tions into ther mal re ac tor
III

t [s] r Converged

  0.01     
    0.1        

0.175
  0.35    

  6.4×10–7      

6.4×10–6   

1.12×10–5

2.24×10–5

1.0000473E+00
1.0010263E+00
1.0018483E+00
1.0039083E+00

Ta ble B2.1. Ramp in ser tion of $0.1 into ther mal re ac tor I

t[s] Difference Converged No of dis.

2.0000E+00 1.338200E+00 1.338200E+00 128
4.0000E+00 2.228485E+00 2.228442E+00 32
6.0000E+00 5.582592E+00 5.582053E+00 32
8.0000E+00 4.279758E+01 4.278630E+01 64
1.0000E+01 4.514887E+05 4.511636E+05 512
1.1000E+01 1.792953E+16 1.792214E+16 2048



cepted ref er ence so lu tion [9]. Only one value in the
sixth place is dis crep ant (high lighted). The RKE/R
den sity is, how ever, con firmed in ref. [12]. We also
con firm the ref er ence so lu tion of ref. [7] at t = 8 s. The
av er age time step for this cal cu la tion is 0.004 s and the
time of com pu ta tion is 0.063 s.  If the last time edit is
not in cluded, then the av er age time step is 0.012 s, as
com pared to 0.008 s of ref. 7.

B2.2: ramp re ac tiv ity in ser tion rate $1/s
 in fast re ac tor I, refs. [1] and [7]

The last ramp bench mark is for $1/s into the fast
re ac tor I with a neu tron gen er a tion time of L = 10–7s. 
As seen from tab. B2.2, we con firm the ref er ence so lu -
tion to only five places. The av er age time step is
0.0009 s, again larger than in ref. 7, while the time of
com pu ta tion is about 0.016 s.

Bench mark se ries 3: spe cif i cally
in duced tran sients

The fi nal se ries con cerns ex pressly crafted re ac -
tiv ity in ser tions with non-uni form in ser tion rates.

B3.1: zig zag re ac tiv ity in ser tion,
refs. [1],[2],[3],[5], and [7]

The zig zag re ac tiv ity in ser tion is also pop u lar
for pro posed benchmarking meth ods. The zigzag re -
ac tiv ity is the fol low ing func tion of time,
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The re ac tiv ity in ser tion is for ther mal re ac tor I
with a neu tron gen er a tion time of  L = 5×10–5 s.  The re -
sults are given in tab. B3.1. Again, RKE/R gives the ref -
er ence so lu tion for an av er age time step of 0.052 s and a
com pu ta tion time of 0.031 s.

B3.2: si nu soi dal re ac tiv ity in ser tion,
refs. [2],[3],[4],[5],[7],[8], and [9] 

In the last bench mark, we con sider the fol low ing 
si nu soi dal re ac tiv ity vari a tion [13]

r
b

l
p( ) sin ( / )t

T
t T=

+

8

8

for a fast re ac tor with one de layed group.  In  this  case
b  = 0.0079,  l = 0.077 s–1, and L = 10 s–8.

This is the sim plest ex am ple of an im posed
self-lim it ing re ac tiv ity where the power os cil lates in
time, ex pe ri enc ing a steady av er age in crease, as
shown in fig. 3 for four half pe ri ods T.

For this bench mark, we only ver ify the an a lyt i -
cal re sults quoted in ref. [14] for the time of oc cur rence 
spec i fied for the first den sity peak and its value.  The
re sults shown in tab. B3.2 are nearly in com plete
agree ment with the ref er ence so lu tion, ex cept in the
fourth place of the high lighted en try.  The av er age time 
step in this case is 0.3 s.

DIS CUS SION

We have dem on strated the so lu tion of RKEs via
a sec ond or der fi nite dif fer ence al go rithm en hanced
through the Romberg ac cel er a tion.  The RKE/R al go -
rithm has been benchmarked against nearly ev ery ma -
jor bench mark for im posed re ac tiv ity in ser tion of
which this au thor is aware.  We have re pro duced most
ref er ence so lu tions and there is in di ca tion that, when
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Ta ble B2.2. Ramp in ser tion of $1 in fast re ac tor I

t [s] Referent sol. Converged No of dis.

5.0000E-01
1.0000E+00

2.136407E+00
1.207813E+03

2.136409E+00
1.207814E+03

512
2048

Ta ble B3.1. Zig zag in ser tion for ther mal re ac tor I

t [s] Difference Converged No of dis.

5.0000E–01
1.0000E+00
1.5000E+00
2.0000E+01
1.0000E+01

1.721483E+00
1.211149E+00
1.892280E+00
2.521628E+00
1.204777E+01

1.721422E+00
1.211127E+00
1.892226E+00
2.521601E+00
1.204711E+01

32
32
32
32
64

Ta ble B3.2. Si nu soi dal in ser tion for a one group fast
re ac tor

Half period T [s–1] t [s] Converged

  50 3.9108E+01 6.15339E+01
150 1.3732E+02 9.58190E+01
250 2.3712E+02 1.13458E+02
350 3.3707E+02 1.23820E+02

Fig ure 3. Benchmark B3.2: sinusoidal in ser tion for var i -
ous pe ri ods



they dif fer, the RKE/R so lu tion is likely to be the most
ac cu rate one.  The ap pli ca tions cov ered step and ramp
in ser tions, as well as zig zag and si nu soi dal in ser tions. 
All of the re sults  ob tained  re quired  min i mal com pu -
ta tional ef fort, with com put ing times gen er ally un der
0.2 s.  No ta bly, the RKE/R al go rithm per for mance is
com pa ra ble to the Rosenbrock al go rithm [7] in com -
pu ta tional ef fort.  How ever, when the two al go rithms
are com pared with re spect to sim plic ity and ease of
use, the RKE/R wins with out ques tion which, to this
au thor, is the most im por tant mea sure of ped a gog i cal
in tent.  The (re vis ited) Rosenbrock al go rithm of ref.
[7] re quires 26 pa ram e ters to be spec i fied, in clud ing a
spe cial ized time step ping pro ce dure which, one might
sus pect, might not be as ef fi cient in all an tic i pated
cases. Only the fi nite dif fer ence forms of eq. (3) and
the Romberg ac cel er a tion of eq. (14) are re quired for
the RKE/R, with no need to de ter mine any pa ram e ters.  
One could only imag ine that teach ing and learn ing the
RKE/R al go rithm is gen er ally eas ier than is the case
with other al go rithms, but all al go rithms should be
taught, if pos si ble.

The RKE/R al go rithm’s most out stand ing fea ture
is its sim plic ity. No spe cial con sid er ation of stiff ness is
re quired – no se ries ex pan sions in ei ther poly no mi als or 
ex po nen tials, no ap prox i ma tions of the ex po nen tial, no
de ter mi na tion of eigenvalues. While the au thor would
like to take credit for the RKE/R al go rithm, he can not
do so, as it was first pro posed by Izumi and Noda [18] in 
1970.  How ever, from then on, it seems not to have un -
der gone any fur ther de vel op ment.  Had this been the
case, the RKE/R al go rithm would al most cer tainly have 
emerged as the method of our choice to day.

To con clude and fur ther em pha size the su pe ri or ity
of the RKE/R al go rithm, we will con sider one fi nal case.

If the con verged so lu tion is in deed ac cu rate, it
can be used to re li ably es ti mate the or der of the fi nite
dif fer ence ap prox i ma tion. To ver ify this, we use the
sim ple one-group bench mark de vised by Kinard and
Allen [4].  In this case,  b = 1,  l = 1 s, and  L = 1 s –1,
with re ac tiv ity in ser tion t.  Neu tron den sity is given in
tab. 6, where p is the es ti mate of the or der of the dif fer -
ence scheme of eq. (3a). As ob served, we have in deed
cap tured the or der to five places, ex actly; how ever, the
den sity has con verged well be fore to ten-places. How -
ever, qua dru ple pre ci sion arith me tic is re quired to ob -
tain the indicated or der.

There is no ques tion that the RKE/R al go rithm is
the high or der method we have been search ing for over 
the past 40 years.
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Ta ble 6. Kinard and Allen bench mark

h n p

2.500E–01
1.250E–01
6.250E–02
3.125E–02
1.562E–02
7.812E–03
3.906E–03
1.953E–03
9.766E–04

4.5119376409E+00
4.5280399694E+00
4.5279110538E+00
4.5279113100E+00
4.5279113099E+00
4.5279113099E+00
4.5279113099E+00
4.5279113099E+00
4.5279113099E+00

2.14800E+00
2.03467E+00
2.00853E+00
2.00213E+00
2.00053E+00
2.00013E+00
2.00003E+00
2.00001E+00
2.00000E+00
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USAVR[EN  NA^IN  RE[AVAWA  JEDNA^INA  TA^KASTE  KINETIKE
REAKTORA  ZA  ZADATU  UNETU  REAKTIVNOST

Da se re{e jedna~ine reaktorske kinetike primewen je koncept ubrzawa konvergencije,
tako|e poznat kao ekstrapolacija. Jednostavnost metode iskazana je formulacijom re{ewa
zasnovanog na aproksimaciji kona~nih razlika, koja konvergira sa visokom ta~no{}u koriste}i
poznatu vrednost gre{ke. Pomo}u Rombergove ekstrapolacije pokazana je visoka ta~nost postupka
za razli~ite zadate promene reaktivnosti poznate u literaturi. Jedinstvena osobina
predlo`enog algoritma, nazvanog RKE/R(omberg), u tome je da se ne obra}a posebna pa`wa ~vrstini 
kineti~kih jedna~ina reaktora. Najzad, po svojoj jednostavnosti i ta~nosti, mo`e se RKE/R
algoritam osnovano smatrati najdelotvornijim numeri~kim re{ewem reaktorskih kineti~kih
jedna~ina razvijenim do sada.

Kqu~ne re~i: kinetika nuklearnih reaktora, Rombergova ekstrapolacija, uneta reaktivnost, 
jjjjjjjjjjjjjjjjjjjjjjjtermi~ki reaktor, brzi reaktor


