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We propose a new method for constructing a mathematical model of a non-linear system in an
auto-oscillation regime. The method is based on the divergence of a vector field having a con-
stant value along the corresponding periodical motion. The variants of the obtained model
could be used for describing nuclear processes that are represented by the systems of differen-
tial equations analogous to that of the presented model.
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INTRODUCTION

A mathematical model of a quasi-periodical mo-
tion generator has been proposed in [1], where the
model of a linear conservative circuit generator is cho-
sen as a prototype

Xx=kx, detk=0

For a single degree of freedom, the methods de-
scribed therein lead to the mathematical model of a
harmonic oscillation generator [2]

f=my+ygx(Gy —x* = y?)

t=ax+y, )Gy —x" = %)

This model is called an Andronov-Vita-Hajkin
generator [2]. It should be noted that using a linear
conservative circuit as a prototype for autogenerator
synthesis limits the possibilities of the proposed ap-
proach [1]. The additional drawbacks of this approach
stem from the fact that the chosen non-linearities,
which are identically equal to zero along the solution
being south, cannot always provide the isolation of
this solution, or its asymptotic stability. For example,
this is true of the following dynamical system

x=y
y= —x+xy(x2 + y2 —1)2
in which the non-linear term xy(x* + »* —1) becomes
zero along the solution x = cost, y = sin¢, which be-
longs to the class of non-isolated periodical motions,
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both for the first order approximation system, and for
the non-linear system constructed on its basis.

In this paper we propose a method for construct-
ing a mathematical model of an autogenerator with
one degree of freedom, based on certain characteris-
tics of the divergence of a vector field related to a dy-
namical system described by two differential equa-
tions. The applicability of such a model to nuclear
processes is finally proposed.

DIVERGENT CLOSED TRAJECTORIES

Let us discuss a real dynamical system
x=X(x,y)

1
y=Y(x,») M

where functions X and Y are assumed to belong to the
class CX,k=1,2,3,...inan arbitrary finite region of the
R’ phase plane. A closed trajectory of the dynamical
system (1) defined by I':y(x,y) = 0 is said to be a diver-
gent closed trajectory if the divergency of the vector
field determined by the system has a constant value

oX (x,y) oY(y)| _,
0x 23 DS

diVZ‘y:() :{

wherel € R. A divergent closed trajectory can either be
anisolated trajectory, i. e., a divergent limit cycle, or be
a part of the curves that create a continuum [3-6].
Anecessary and sufficient condition for dynami-
cal system (1) to have a simple or complex limit cycle
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is that there exists a non-zero function B : R> — R" be-
longing to class such that the dynamical system

X=X (x, y)B(x, )

y=Y(x, y)B(x,y)
has a simple or complex divergent limit cycle, respec-
tively. This follows from theorems 3 and 4 in [7], with
the difference that in [7] functions X and Y are
holomorphic, and function B is chosen to belong to
class C™.

A further necessary and sufficient condition for
dynamical system (1) to have a simple or complex limit
cycle is that there exists a non-zero function B : R* — R*
belonging to class C* and a constant A e R~ (R™) dif-
ferent from zero, so that the curve given by

divBZ = o[ X (x,y)B(x, y)] " oY (x, y)B(x, y)]
ox dy

has a finite real leg that is a closed trajectory of sys-
tem (2). This can be proved by the following argu-
mentation. Let be a simple limit cycle of system (1).
It follows from the preceding assertion related to
equation (2) that there exists a non-zero function B :
R? - R belonging to class C* such that for system (2)
the trajectory I' is asimple divergent cycle. Assuming
that the multiplicity of the limitcycle I" is not changed
by passing from system (1) to system (2) or vice
versa, if B is a positive function, we come to the con-
clusion that there exists a constant A e R"(R™) dif-
ferent from zero, such that along I" equality in eq. (3)
is fulfilled. This denotes precisely that the curve de-
scribed by eq. (3) has a finite real leg that coincides
with trajectory I, which means that the said condition
isindeed a necessary one. The fact that it is also a suf-
ficient condition is demonstrated by the following.
Let there exist a non-zero function B:R* — R be-
longing to class C*and a constant A € R™(R™) differ-
ent from zero, such that the curve of eq. (3) has a finite
real leg I which is a closed trajectory of system (2).
Since function B is positive, curve is also a trajectory
of system (1). Let us assume that I" is not a simple
limit cycle, but a trajectory belonging to the class of
closed trajectories forming a continuum, or a com-
plex limit cycle of system (1). In that case, however,
the properties of the extension function demand that
A equals zero, which contradicts the starting assump-
tion. This means that I is indeed a simple limit cycle
of system (1).

Let functions X and Y be holomorphic in an arbi-
trary finite region of the R? phase plane, and let for
some non-zero function B : R> — R, belonging to class
C>, the curve defined by

OLX (x, )B(x, p)] | ALY (. B, )] _ 4
Ox dy

has a finite real leg I that is a divergent closed trajectory
of system (2). If the function at the left-hand side of
eq. (4) is of a constant sign in the external or the internal

(2)

3)

)

semi-periphery of I, then I is a complex cycle of sys-
tem (1). This assertion follows from the Djulak criterion
for a double-linked region, the holomorphic properties
of functions X and Y, the properties of the extension
function, and from the previously stated assertion re-
lated to eq. (2).

It should be noted that there are dynamical sys-
tems described by equations in the form of (1) with
complex limit cycles in internal and/or external
semi-periphery for which the vector field divergency
changes its sign. An example of such a system is

X = y-i—x(y2 —ij(xz + y2 -1)°
y=—x
with a double divergent limit cycle given by x*+1*=1.
It follows from this that the part of theorem 2 in [7] re-
garding the necessary condition is false.

DYNAMICAL SYSTEM MODEL

This section provides an example of a dynamical
system that serves as a model of harmonic oscillation
autogenerators, differing from the generators of
Andronov, Vitt and Hajkin. Let

X = a10x+ ag )y + 6130)63 + a21x2y+ alzxyz + 0% y3
(5)

y=bpx+ b01y+b30x3 +b21x2y+ blzxy2 + bos)’3

be a non-linear dynamical system with real coeffi-
cients ayj, by; i,j =0, 1, 2, 3. This system represents a
model of sinusoidal oscillation autogenerators (differ-
ent from those discussed in [6]) if

A30=—0y0,dy = Ay, d13= —A19,do3=dg1,dg1 =Dy

(6)
b30 :blosbzl ==by,by, :blosbm :_bm

The proof of this assertion rests upon the
Erugin’s theorem, according to which the necessary
and sufficient condition for system (1) to have an inte-
gral curve @(x, y) is that it has the following form

. ow
szl (a)yxsy)_iM(xsy)
oy

. o0 )
J’:Fz(w,xay)"‘aM(X,Y)

where the functions F;, and F, have the properties
Fi(0,x,)=0,F,(0,x,y)=0,and M (x, y) is an arbi-
trary function. Suppose that system (5) generates har-
monic (sinusoidal) auto-oscillations. Then it must
have an ellipse as its trajectory in the phase plane. Let
us assume, for simplicity, thatitis a circle given by
x> +y*=1. It follows from Erugin’s theorem that the
curve given by @ =x> +y*— 1 =0 is a trajectory of the
system
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x==2y(-ay )+ (*+y° —D(agy—ayox)

y= 2x(b10)+(x2 + )/2 =D(b1gx—bg1 )

where ag; + byp = 0, because function M(x, y) is the
same in both equations of (7).
Rearranging (8) we obtain

(8)

. 3 2 2 3
x=a;px—=bjgy—a;gx” —bjgx"y—a;gxy” + by y

. 3 2 2 3<9)
V= bygx=bygy— bygx” —=byg Xy = bjgxy” + by ¥

Since systems (7) and (9) need to be equivalent,
the equality of the corresponding coefficients leads to
the following condition

A30=—00, 09 =g, A1 =0y, Ao3 = dp A= —Dyg

(10)
bso :bloa blzz_bms blzzblo» b03=—b01

These equations do not, however, in general en-
sure the appearance of auto-oscilations in system (5),
because even under the conditions of eq. (10) the curve
given by x?>+)?= 1 may either belong to the continuum
of closed trajectories, or contain the still points of the
dynamical system.

If the curve x* + y* = 1 is a trajectory of system
(5), then the assertion concerning expression (3) can
be used for constructing a model that generates stable
oscillations. According to that assertion, the trajectory
x*+y?=1 will correspond to a stable auto-oscillation if
a non-zero function B : R* — R can be found, along
with a constant A <0, such that divBZ can be analyti-
cally presented in the form

AX (x, )B(x, y)]  OLY (x, y)B(x, y)]
Ox Oy

=(x?+ 2 =DF(x, y)+ A (11)

where F is an arbitrary function.

Considering the aforementioned, we will restrain
our attention to the case when function B is given in the
form B(x, y)=K (x> + y* )+, K >0, 8>0. Then

B(x, y)X(x,y)= _Kalox5 —Kb10x4y _2[@110363)/2 -
~2Kbyox*y* —Kagxp* =Kbyoy® —ayo (B—K )x* -
~byg (B+K Wy —ay (B-K py* -

by (B+K )y +Bajgx—Pbyyy

B(x, y)Y (x, ) :Kblox5 _Kb01x4)’ +2Kb10x3y2 -
—2Kb01x2y3 —Kbloxy4 —Kbm)’s —byy (ﬂ+K)X3 -

~boy (B=K W y=byo (B+K )y? ~

~boy (B—K)y® + Bbgx+ Bby, y

and

A(BX)
ox

~4Kb,gxy” —Kayg y* =3a,, (B—K Ix* -
=2byo (B+K y—ay (B—K)y* +Bay

= —5Ka,ox* —4Kb ;x> y—6Ka,ox* y* —

a(BY)

oy
+4Kb,oxy® —5Kby, y* —by, (B—K W +

+2by (B+K oy —3bg; (B—K ) y* + Bby,

= Kb x* +4Kb,yx>y—6Kby x*y* +

Based on these last expressions and eq. (11), we
have

OLXB] , O[VB]
ox oy
~6K (ayy +bo; ) x> =K (ayq + 5bg;)y* —
~(B-K)Bay +boy)x” —(B—K Nay +3bg)y” +

+B(ayy +bg;)

=-K(5ay, Jfbm)x4 -

and s 5
divBZ =(x" + y~ =D[-K (5a,y + by))x” —

—K (ayy +5bo)y* —(2K +3B)a1q —Bbo]1—
=2(K +B)(bgy +ayg)y® —2ayy (K + )

In this way, considering relation (11), we come
to the conclusion that system (9), or more precisely,
system (5), does model the autogenerators of sinusoi-
dal oscillations that are in general different from
Andronov-Vitt-Hajkin generators, if

2K +B)(by; +ay )y* =0

i.e., if ajg = by;. System (9) then becomes
. 3 2 2 3
X=aygx—bygy—a;px” —bygx"y—agxy” + by y
. 3 2 2 3
y=bigx+agy+bigx— aygx y+bigxy” —aygy

Following the trend of components miniaturiza-
tion, the obtained result can be applied for the model-
ing of photon—phonon interaction within the field of
the electromagnetic compatibility of multilayer inte-
grated structures [8, 9].

CONCLUSION

We have demonstrated that the proposed ap-
proach can be used in autogenerator synthesis, gener-
ating not only harmonic oscillations, but also the peri-
odical oscillations of other arbitrary types. With
appropriate modifications, the model could be used for
describing interaction of ionizing radiation with
phononic excitation modes, as well as for the charac-
terization of various nuclear processes that are repre-
sented by the systems of differential equations analo-
gous to that of the presented model.
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KOHCTPYUCAILE TMHAMUNYKOI' MOJAEJA AYTOTEHEPATOPA
NNPUMEH/BABOI' HA HYKIEAPHE ITPOIECE

Y pajy ce n3HOCH IPEIIOT HOBE METOJIE 32 KOHCTPYNCAHE MaTEMAaTHIKOT MOJieJIa HeJTMHEAPHOT
cucremay ayTo-ocuuiyjyhem pexxumy. Metopa ce 3acHUBa Ha OCOOMHY AMBEPIeHIUje BEKTOPCKOT 10Jba 1a
MMa KOHCTaHTHY BPEJHOCT 1y>K 3a/[aTOT IEPUOAMYHOT KPeTarba. BapujanTe oBako foGujeHOr MOjiesa MOTy
Jla ce KOPUCTE 3a ONMHICUBAKE HyKJICApHUX IPOIleca KOjU ce MPEJICTaBIbajy CuCTeMuMa AnQepeHInjaTHuX

Kmwyune peuu: ayimiozeHepaitiop, MO0eA08aH€e OUHAMULKUM CUCILeMUMAd, POHOHCKe eKcyuilialuje,

HyKAeapHU ipouecu



