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This is a study on the properties of a square electrostatic rainbow lens doublet. The said opti-
cal element consists of two square electrostatic rainbow lenses with the second lens axially ro-
tated for 45 degrees with respect to the first one. The propagation of a proton beam with a ki-
netic energy of 10 keV through the doublet is in the focus of our analysis. The potential of the
electrodes of both lenses is 2 kV. The electrostatic potential and the electric field components
of the lens doublet are calculated using a 3-D computer code based on the method of mo-
ments. Spatial and angular distributions of protons propagating through the lens doublet, as
well as the parameters defining beam quality, are investigated. As in the case of the single
square electrostatic rainbow lens, the evolution of these distributions is determined by the
evolution of corresponding rainbow lines, generated by the use of the theory of crystal rain-
bows. Our study shows that a beam core in the shape of a cusped square is formed by the spa-
tial rainbow line that appears first. This rainbow line occurs during proton propagation
through the first lens. The beam core retains the cusped square shape during the propagation
through the second lens. The electrostatic field of the second lens causes the appearance of an
additional spatial rainbow line, which encompasses the beam core and defines the outer bor-
der of the beam. This rainbow line constitutes the main difference between the cases of the

lens doublet and a single lens.
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INTRODUCTION

A conventional electrostatic quadrupole lens,
widely used as an optical element in ion beam trans-
port lines, contains four electrodes with the adjacent
ones biased with potentials of the same magnitude but
an opposite sign. If all the electrodes are biased with
potentials of the same magnitude and sign, the optical
element becomes a square electrostatic rainbow lens
[1, 2]. Alternatively, it is referred to as an equally
charged quadrupole lens [3]. The first term has been
derived from the basic property of the lens, the appear-
ance of a singular plane-to-plane mapping which re-
sults in an effect analogous to the meteorological rain-
bow effect[1]. The second term is related merely to the
mode of biasing the lens.

The ion-optical properties of the square electro-
static rainbow lens used as a focusing element are pre-
sented in [1-3]. Biasing the electrodes of the lens with
the time-varying potentials of the same magnitude and
phase with an appropriate radio-frequency (RF)
power supply turns the lens into an accelerating device
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[4, 5] which can be used for obtaining moderate en-
ergy gains within a low-energy ion beam experimental
set-up. Although the resulting accelerating capacity is
modest, the possibility of transforming an electrostatic
quadrupole lens into an RF accelerating device at a rel-
atively low cost is of considerable practical value.

The difference in the focusing properties of an
electrostatic quadrupole lens and a square electrostatic
rainbow lens is described systematically in [3]. It was
determined that the focusing power of the former lens
significantly exceeds (for approx. an order of magni-
tude) the focusing power of the latter lens. That is to be
attributed to a significant difference in the magnitude
of their transverse electrostatic fields. However, the
rainbow lens possesses a unique feature qualitatively
differentiating it from the quadrupole lens. The core of
an ion beam passing through the first-mentioned lens
stays confined within the rainbow line at very large
distances after the lens itself, in the drift space. In other
words, the rainbow lens exerts a specific freezing ef-
fect on the beam core [1].

Analysis of the accelerating properties of the
square RF rainbow lens has shown that the accelera-
tion takes place mainly within two accelerating gaps,
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at the entrance and exit of the lens [4]. These are the
gaps between the grounded electrodes and the cylin-
drical housing of the lens. It should also be noted that a
quadrupole lens biased with an appropriate RF poten-
tial is used as a mass analyzer [6], rather than as an ac-
celerating device.

A common practice when using quadrupole
lenses is to group them into multiplets, i. e., systems of
a few lenses rotated axially for 90 degrees relative to
each other. This improves their optical characteristics,
e. g., by achieving the net focusing effect along both
transverse directions or by elimination of the astigma-
tism in the paraxial optics approach [7, 8].

Following this rationale, we have concentrated
our study on the properties of a square electrostatic rain-
bow lens doublet in order to investigate how rainbow
patterns change during ion beam propagation, along
with some other optical parameters of the system. The
results obtained should facilitate the answer to the ques-
tion concerning the properties of the lens doublet in
comparison to the properties of a single square electro-
static rainbow lens, as well as the issue of the
specificities of the rainbow patterns appearing in the
system. The answer to the first question has a practical
aspect — it will tell us whether the grouping of rainbow
lenses into doublets results in an advantage in terms of
beam parameters. The answer to the second question
has a wider implication, due to the connection of ob-
tained rainbow patterns with the general catastrophe
theory, enabling one to explore the structural stability of
the model proposed [9]. Berry and Upstill [10] have
demonstrated that this theory could be used to describe
the aberrations of an optical lens in a compact way. It
has been also shown that each elementary rainbow pat-
tern obtained with such a lens is related to one of its ab-
errations [8]. This means that such an approach to the
transmission of ion beams through rainbow lenses may
also have certain practical consequences.

To this end, we have studied the propagation of
protons of a kinetic energy of 10 keV through a square
electrostatic rainbow lens doublet. The electrostatic
potential in the region of the lens doublet was calcu-
lated using a 3-D computer code based on the method
of moments [11]. The potential of the electrodes of
both lenses was chosen to be 2 kV. The spatial and an-
gular distributions of the initial proton beam were of
the Gaussian type.We have analyzed the spatial and
angular distributions of the proton beam propagating
through the system, as well as the corresponding rain-
bow lines. The focusing effect of the lens doublet on
the beam has been investigated via the parameters de-
termining beam quality.

DOUBLET OF SQUARE ELECTROSTATIC
RAINBOW LENSES

In analogy to an electrostatic quadrupole dou-
blet, we introduce a doublet of square electrostatic
rainbow lenses. It consists of two coaxial rainbow
lenses, axially rotated for 45 degrees relative to each

other, as depicted in fig. 1. It has been shown in the
previous studies of rainbow lenses [1, 2] that a portion
of the ion beam is lost during the transmission due to
the radial leaking between the electrodes of the
lens.That is why the second lens is rotated axially for
45 degrees relative to the first one — to decrease this ef-
fect, at least in the entrance region of the second lens.
The entrance point, midpoint, and exit point of
the rainbow lens doublet on the longitudinal axis, a, ¢
and e, respectively, are shown in figs. 1 and 2. At these
points, the values of the magnitude of the electrostatic

Figure 1. A 3-D view of the rainbow lens doublet; part of
the cylindrical housing of the lens doublet is removed to
show the arrangement of its electrodes; the regions be-
fore point « and after the point e the are the drift spaces
before the first lens and after the second lens, respec-
tively; the transverse position plane including point c is
the midplane of the lens doublet
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Figure 2. Dependence of the transmission coefficient of
the rainbow lens doublet on z for ¢y =1, 2, and 3 kV; the
transverse position planes including points b and d are
the midplanes of the first and second lenses, respectively;
the rectangles centered at points b and d represent the
first and second lenses, respectively
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field are negligible.The distance between the mid-
points of the first and second lenses on the longitudinal
axis, b and d, respectively, which are shown in fig. 2, is
1000 mm.

A detailed drawing of a single rainbow lens, to-
gether with its dimensions, can be found in [2]. We
shall give here only its basic geometric parameters.
The diameter and length of the lens electrode are
80 mm and 400 mm, respectively, the distance be-
tween the axes of the neighboring electrodes is
120 mm, the diameter and length of the cylindrical
housing are 400 mm and 430 mm, respectively, and the
diameters of the entrance and exit apertures of the
housing are 88 mm.

THEORY

In this study, the z-axis of the reference frame is
taken to coincide with the axis of the rainbow lens dou-
blet, while the origin coincides with its midpoint (c), as
depicted in fig. 1. The x- and y-axes of the reference
frame are the vertical and horizontal axes, respec-
tively.

Electrostatic field

The electrostatic field of the rainbow lens dou-
blet was constructed using the field map calculated in
[4] by applying the appropriate translation and rota-
tion transformations. Unlike the analysis presented in
[2], we performed a detailed calculation of the fringe
electrostatic fields within the lens doublet. Thus, it was
possible to choose the distance between the two lenses
in a way that the exit fringe field of the first lens did not
interfere with the entrance fringe field of the second
lens.

The calculations were performed using the
WIPL-D computer code [11]. In such an analysis, the
electric field integral equation for the electrodes is
solved, i. e., the induced current density distribution
over their surfaces is determined. This is done by ap-
proximating the current density with a series of N
known basis functions with N unknown coefficients
and applying the method of moments with the
Galerkin test procedure; N is the approximation order.
Consequently, the integral equation, belonging to the
class of linear operator equations, is transformed into a
system of N linear algebraic equations. This system is
solved using the L-U decomposition technique, the re-
sults being the values of the unknown coefficients,
which give the values of the current density over the
electrodes' surfaces at the previously specified grid
points. The obtained current density distribution was
used to determine the components of the electric field
at each point in the region of a lens. Taking into ac-
count the symmetry properties of the lens, calculations

were performed in the first octant only. The value N
determining the accuracy of the calculation was 2,913.

Rainbow lines

As in our previous studies of rainbow lenses
[1,2], we are going to apply the theory of crystal rain-
bows [12-16]. It is based on the singular character of a
plane-to-plane mapping associated with the ion trans-
mission process. The mapping involves two trans-
verse planes, perpendicular to the z-axis. The former
plane is the initial transverse position (TP) plane, in-
cluding point @ shown in fig. 1, i. e., the impact param-
eter (IP) plane. The latter plane is the TP plane, includ-
ing a point between a and e, shown in fig. 1 and
beyond.

Given the dynamical state, i. e., the position and
velocity vectors of a proton in the IP plane and the
electrostatic field within the rainbow lens doublet, one
can find its dynamical state in an arbitrary TP plane.
This mapping is governed by the corresponding pro-
ton equations of motion. One should note that this is
five-dimensional mapping, very complex to analyze
and visualize. However, it can be reduced to two 2-D
mappings in the following manner.

The transverse components of the initial proton
position vector are the components of its impact param-
eter vector, designated as x, and y,. The longitudinal
component of the initial proton position vector is desig-
nated as z,. The transverse and longitudinal compo-
nents of the initial proton velocity vector are designated
as Vy, vy, and v, respectively. The obtained trans-
verse components of the proton position vector for the
chosen value of z are x(%;, vV, z)and »(%,,V,z) and
the corresponding transverse and longitudinal compo-
nents of the proton velocity vector are v, (T,,V,,z),
v, (T5,Vg,z) and v, (T,,V,,z), respectively, with
1o =(x9,¥0,2¢) and vy =(vy0,V,0,V.o ) Here, z var-
ies from z, corresponding to the IP plane, to z,, corre-
sponding to the final TP plane. Assuming that the
proton propagation angle remains small, the corre-
sponding components of the proton transmission
angleare0,(%),V ,2)=tan"! (v,/v,) ~v,/vandd (1, .,V ,
z)=tan"! (v/v,) = v, /v where (¥, V ,,z) is the corre-
sponding magnitude of the proton velocity vector. If we
consider a parallel proton beam starting at the IP
plane, i. e.,0.(t),V ¢,29) =0,(Ty, V ¢ ,29) = 0, we can de-
fine two 2-D mappings. The first one is the mapping of
the IP plane to the TP plane, while the second one is the
mapping of the IP plane to the transmission angle (TA)
plane. The corresponding Jacobians, defined as the ra-
tios of the infinitesimal surfaces in these planes, are

Jp(foj;oaz):axOxayOy _ayox axoy (1)

and

Jo(G9.¥4,2)=0,00,0,0 0, —0,00,0,0 6, (2)

y0
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respectively [1, 2]. Hence, equation J ,(%),V(,z)=0
should give the spatial rainbow lines in the IP plane
along which the former mapping is singular. The im-
ages of these lines, determined by functions
x(Ty,Vg,z) and »(%,,V,z), are the rainbow lines in
the TP plane. On the other hand, equation
Jg(Ty,V(,2)=0 should give the angular rainbow
lines in the IP plane along which the latter mapping is
singular. The images of these lines, determined by
functions 6, (T,,V,,z)and 6, (%,,V, z), are the rain-
bow lines in the TA plane.

When they appear, the rainbow lines in the TP
and TA planes separate the bright and dark regions in
these planes. Their shapes are classified by the catas-
trophe theory [9, 13, 17, 18]. This means that the pro-
ton beam dynamics in the rainbow lens doublet has the
catastrophic character, as in the case of a single rain-
bow lens [1, 2]. It has been demonstrated that, for the
parallel initial proton beam, the evolution of the spatial
and angular distributions of transmitted protons are
determined by the evolution of corresponding rain-
bow patterns [1]. It has also been shown that, for areal-
istic initial beam, the spatial and angular rainbow lines
preserve their confining properties [2]. In this case, the
non-parallelism of the beam induces a smearing of the
spatial and angular distributions — the rainbow lines
are not any longer the sharp boundaries between the
bright and dark regions. However, the smearing of the
distributions is moderate.

RESULTS AND DISCUSSION

The potential of the electrodes of both lenses of
the rainbow lens doublet was chosen to be ¢, =2 kV.
The initial proton kinetic energy was 10 keV.The sim-
ulation of the proton beam propagation through the
lens doublet started from the IP plane, defined by point
a, shown in fig. 1. An initial beam with vertical and
horizontal spatial half-widths of x,, = »,,, = 40 mm
and vertical and horizontal angular half-widths of
00m =00, = 5 mrad, respectively, was considered. We
assumed that the beam initially had a double waist, re-
sulting in its vertical and horizontal emittances equal
to &, =&, =&, =200 mmmrad, respectively. The spa-
tial and angular distributions of initial protons were
generated from two independent 2-D Gaussian distri-
butions centered at the origins using the common
Monte Carlo technique [19]. The standard deviations
ofthe horizontal and vertical spatial and angular distri-
butions were set at o, = x,,/2, 6,= y,,/2, 09, =0y9,,/2
and oy, =0,,,/2, respectively. Proton equations of mo-
tion were integrated numerically using the
Runge-Kutta method of the fourth order. The space
charge forces within the beam were neglected, i. e., the
obtained results are valid for small values of the initial
proton beam current. The number of protons used in

the simulation was 4-10°. If during the propagation a
proton hit a component of the lens, it was excluded
from further calculation.

Figure 2 shows the transmission coefficient of
the lens, &, as a function of z for ¢, =1, 2, and 3 kV.
This coefficient is defined as the ratio of the number of
protons reaching the TP plane to the initial number of
protons. It is evident that an increase of ¢, causes a de-
creases of k,, as in the case of the single rainbow lens
[2]. The values of k; at point e for the chosen values of
the electrodes potential are 81.6 %, 68.3 %, and 59 %,
respectively. Although one should prefer a higher
beam transmission, we have chosen to further study
the case of ¢, =2 kV. In this case, the rainbow patterns
are more interesting than in the other two cases.

One should note that k, decreases along the
z-axis down to the exit of the second rainbow lens, i. e.,
for 100 cm <z <71.5 cm. Beyond this point, although
the fringe electrostatic field of the second lens is not
negligible down to z= 100 cm, it remains constant due
to the absence of any obstacle that could cause proton
beam loss. Maximal beam losses occur at the entrances
and exits of the lenses — due to the collisions of protons
with the cylindrical housing. At the entrances of the
lenses, i. e., forz=-71.5 cmand 28.5 cm, beam losses
are 3.2% and 19.3 %, while at their exits, i. e., for
z=-28.5cmand 71.5cm, they are 4.1 % and 4.0 %, re-
spectively. The beam losses inside the lenses, i. e., for
—70cm<z<-30 cmand 30 cm <z <70 cm, caused by
the radial proton leaking between the lens electrodes,
amount to 7.2 %.

Spatial and angular distributions

In the field of ion beam transport, the effect of
ion focusing is reflected in the osculating and rectify-
ing planes of the central ion trajectory, here being the
xz- and yz-planes, respectively. In this sense, an ion
can be either focused or defocused in each of these
planes, depending on the sign of the corresponding
component of its propagation angle. These cases are
denoted as f,, /,, dy, and d, cases. It is clear that the fol-
lowing four combinations of cases are possible — f, fi,

fxdy, d,fy, and d,d,. In this study, we have used a differ-

ent definition. If the ion distance from the z-axis de-
creases during its propagation through the rainbow
lens doublet, we consider it a focused one. Otherwise,
itis a defocused ion. This definition is not connected to
any plane. In this case, a focused ion satisfies the con-
dition xv, +yv, <0. In the figures given in this paper,
the focused and defocused protons are designated by
red and green points, respectively (alternative, dark
and gray designation colors are used in the printed ver-
sion of the journal).

In describing the spatial and angular distribu-
tions of transmitted protons, we shall present only the
results for z > 0, i. e., in the region of the second rain-
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Figure 3. Spatial distributions of the protons transmitted through the rainbow lens doublet for (a) z=0 cm,(b) z=50 cm,
(¢),z=100 cm, and (d) z=150 cm.The red and green (dark and gray) points designate the focused and defocused protons,
respectively; the full black lines are the rainbow lines in the TP plane; the blue (thick black) circular arcs in (b) represent
parts of the electrodes of the second lens. (The alternative designation colors refer to the printed version of the journal)

bow lens. Similar results for the first lens have already
been presented in [1] and [2].

We shall start our analysis by considering the spa-
tial distributions of transmitted protons for z=0 cm,
50 cm, 100 cm, and 150 cm, given in fig. 3. Figure 3(a)
also shows the associated spatial rainbow line, in the TP
plane, for z=0 cm, which is a cusped square, sharply di-
viding the beam core from its halo. By increasing the
value of z, i. e., at a later moment, an additional spatial
rainbow line, in the TP plane, appears between the for-
mer line and the second rainbow lens electrodes. This is
shown in fig. 3(b) where the additional rainbow line has
not yet closed and in figs. 3(c) and 3(d), where it be-

comes a complex closed line containing 12 cusps. We
have found that the evolution of this rainbow pattern
can be fastened by increasing the lens electrodes poten-
tial, as was shown in [1]. According to what has been
said in the Rainbow lines section, these two rainbow
lines are the images of the two rainbow lines in the IP
plane, determined by the former mapping. These lines
are shown in figs. 4(a-d). The inner and outer lines in the
TP plane correspond to the inner and outer lines in the IP
plane, respectively. From the catastrophe theory point
of view [9], the mapping of the rainbow line given in
fig. 4(a) to the rainbow line given in fig. 3(a) can be
classified as the mapping governed by a member of the
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Figure 4. Rainbow lines in the IP plane corresponding to
the rainbow lines in the TP plane shown in fig. 3

4X, catastrophe family [17,20]. The classification of the
mappings of the other lines given in fig. 4 to the lines
given in fig. 3 by catastrophe theory requires additional
serious study.

One should note that the protons in the vicinity
ofarainbow line in one TP plane, for one value ofz, do
not coincide with the protons in the vicinity of the
same line in another TP plane, for another value of z.
Besides, the appearance of the latter rainbow line in
the TP plane causes a redistribution of ions in this
plane — the former line confines the major part of the
proton beam and the latter line confines most of the re-
maining part of the beam. This means that the number
of ions outside the latter rainbow line is negligible,
forming the beam halo. The same is true for the rain-
bow lines for z > 100 cm, i. e., in the drift space after
the second rainbow lens, as can be seen in fig. 3(d).
When the value of z increases beyond this value, the
extent of the inner rainbow line decreases, but without
a tendency of a reduction to a point. This behavior is
attributed to the anharmonic character of the electro-
static potential of the lens doublet, as in the case of the
single rainbow lens [1].

In order to quantify the effect of proton beam
confinement by the rainbow lens doublet, we shall use
the coefficients introduced for a single rainbow lens
[1], the confining coefficients of the focused and
defocused protons, k. and ky;, respectively. Coeffi-
cient k is the ratio of the number of focused protons
confined within the inner rainbow line, 7. e., within the
proton beam core, to the total number of focused pro-
tons in the TP plane, while kg is the number of
defocused protons confined within the inner line to the
total number of defocused protons in the TP plane. The
dependencies of these coefficients on z are given in
fig. 5. They are maximal for z=0 cm, when only the in-

Figure S. Dependence of the confining coefficients of the
rainbow lens doublet for the focused and defocused
protons on

ner rainbow line exists. For z> 0, k decreases, exhib-
iting a minimum for z around 50 c¢m, and increasing to
a value close.5 yet below the maximal one. The mini-
mal value of k_ corresponds to the moment when the
outer rainbow line closes, coinciding with the moment
when the number of protons leaving the beam core be-
comes maximal. The subsequent increase of & occurs
due to a decrease of the total number of focused pro-
tons, particularly outside the beam core, i. e., due to
their conversion to the defocused protons. This is es-
pecially pronounced in the region of the fringe electro-
static field, where the focusing power of the second
lens is weak, and in the drift space after the second
lens. The value of ks forz=0cmis 90.4 %, while for
z=100cm, i. e., at the exit of the lens doublet, it is
68.9 %. Figure 5 also shows that for z > 0, k4 de-
creases, attaining a minimum for z around 50 c¢cm, and
slightly increasing to a value below the maximal one.
The fact that this increase is slight can be attributed to a
permanent increase of the number of defocused pro-
tons leaving the beam core. The value of ky for z = 0
cm is 38.1 % while for z=100 cm, i. e., at the exit
of the lens doublet, it is 26.8 %.

We have also analyzed the rainbow lines in the
TA plane. These lines determine the angular distribu-
tions of transmitted protons for different values of z in
a similar way as the rainbow lines in the TP plane de-
termine the spatial distributions of transmitted pro-
tons. This is illustrated in figs. 6(a, b) depicting the an-
gular distributions of transmitted protons and the
associated rainbow lines for z = 50 cm and 100 cm.
Figure 7(a, b) shows the corresponding rainbow lines
in the IP plane. We believe that the classification of the
mappings of the rainbow lines shown in fig. 7 to the
lines shown in fig. 6 represent an intriguing subject
from the catastrophe theory point of view.
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Figure 6. Angular distributions of the protons transmit-
ted through the rainbow lens doublet for (a) z=50 cm and
(b) z=100 cm; the red and green (dark and gray) points
designate the focused and defocused protons, respec-
tively; the full black lines are the rainbow lines in the TA
plane. (The alternative designation colors refer to the
printed version of the journal)

The distributions of transmitted protons in the
x0, or 9, plane, i..e., the phase-space portraits of the
proton beam for different values of z have also been
studied. It was determined that the action of the rain-
bow lens doublet on the beam is highly non-linear, as
in the case of the single rainbow lens [2].

Beam parameters

In this section we shall consider several parame-
ters that characterize the quality of the proton beam
transmitted through the rainbow lens doublet. Figure 8

Figure 7. Rainbow lines in the IP plane corresponding to
the rainbow lines in the TA plane shown in fig. 6

shows the focusing coefficient of the lens doublet, &y,
as a function of z between 100 cm and 150 cm. This pa-
rameter is the ratio of the number of focused protons in
a TP plane to the initial number of protons [1, 2]. In
general, k; decreases with z. However, in the regions
immediately before the entrances and exits of the
lenses, k; sharply decreases and increases, respec-
tively. This is attributed to the fact that in the former re-
gion, the protons are decelerated and, thus, defocused,
and that in the latter region, they are accelerated and,
thus, focused. This effect was observed in the case of
the single rainbow lens [2].

Figure 9 gives the ratio of the density of the proton
beam core to the initial beam density, /1, the ratio of
the vertical or horizontal emittance of the beam core to
the initial vertical or horizontal beam emittance, & /e,
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Figure 8. Dependence of the focusing coefficient kof the
rainbow lens doublet on z; the region after point e is the
drift space after the second lens; the TP plane including
point ¢ is the midplane of the lens doublet; the TP planes
including points b and d are the midplanes of the first and
second lenses, respectively; the rectangles centered at
points b and d represent the first and second lenses, re-
spectively

and the ratio of the brightness of the beam core to the ini-
tial beam brightness, B/B,, as a function of z between
=50 cmand 150 cm. The three normalizing values are the
same as in [2], i. e., 7, = 79 mm 2, &, = 200 mmmrad, and
By==1.62-10% nA/mm? mrad?. In calculating the val-
ues of B, and B_, we assumed that the incoming protons
formed a beam bunch of a length of 10 ms. The resulting
initial beam current was 6.4 nA.

These dependences show that 77, has a maximum
for z = 100 cm, reaching the value of 1083 mm2,
which is 13.7 times larger than 7, Further, ¢, de-
creases in the entire considered z region. At the exit of
the rainbow lens doublet, for z=100 cm, the parameter
104.6 mmmrad, is 1.9 times smaller than g,. At the
chosen end of the drift space after the second lens, for
z =150 cm, &, being 8§6.6 mmmrad, it is 2.3 times
smaller than &,,. Finally, B, increases throughout the
whole considered z region. At the lens doublet exit,
this parameter being 1.48-108 pA/mm’mrad?, itis 1.1
times smaller than B. At the chosen end of the drift
space after the second lens, B, being 1.48-1078
mA/mm?mrad?, is 1.37 times larger than B,. When one
compares these values with the corresponding ones
obtained in the case of the single rainbow lens treated
in [2], it is evident that, in this case, the density of the
beam core is about 30 % lesser, while its emmitance
and brightness do not differ significantly.
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Figure 9. Dependences of (a) the density of the proton
beam core to the initial beam density, (b) the ratio of the
vertical or horizontal emittance of the beam core to the
initial vertical or horizontal beam emittance, respec-
tively, and (c) the ratio of the brightness of the beam core
to the initial beam brightness on z
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CONCLUSIONS

In order to study the focusing properties of the
rainbow lens doublet, we have simulated the propaga-
tion ofa 10 keV proton beam along this optical element.
The potential of the electrodes of the lenses has been
chosen to be 2 kV. We have investigated the spatial and
angular ditributions of transmitted protons together
with the corresponding rainbow lines and parameters
defining the proton beam quality.The results have been
analyzed only in the region of the second lens and in the
drift space after it, since the corresponding results for a
single rainbow lens were presented in [1, 2].

Asinthe case of the single rainbow lens, analysis
has shown that there is a spatial rainbow line exhibit-
ing a strong confining property which leads to the for-
mation of a proton beam core, defined by the line itself.
However, in this case, when compared with the case of
the single lens, the evolution of the rainbow pattern
differs — an additional rainbow line occurs, exhibiting
a weaker confining property than the former one. The
latter rainbow line defines the outer border of the
beam. It has been also established that the spatial rain-
bow patterns determine the shapes of the spatial distri-
butions of transmitted protons which appear as the
skeletons of the said distributions. The same is true for
the angular rainbow patterns and the angular distribu-
tions of transmitted protons.

In a TP plane, the spatial rainbow line that ap-
pears first is a cusped square. It is the image of a cir-
cle-like line in the IP plane. From the catastrophe the-
ory point of view, the mapping of the line in the IP
plane to the one in the TP plane is governed by a mem-
ber of the X, catastrophe family. The classification of
the mappings of additional spatial rainbow lines and
angular rainbow lines will be the subject of a separate
study. That study should relate to the problem of the
aberrations of the rainbow lens doublet.

Our analysis of the parameters that characterize
the beam quality of the proton beam regarding its effi-
cient transport through a transport line or its interac-
tions with a target in an experimental set-up has shown
that the actions of the rainbow lens doublet do not dif-
fer considerably from the action of a single rainbow
lens. The action of the lens doublet is comparable with
the action of a single lens of the corresponding length.
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Hrop H. TEJIEYKW, IIerap 1. BEJIUNYEB, Cphan M. IIETPOBUh, He6ojma b. HEHIKOBU'h

OYBJIET OYI'MHUX COYUBA

Y papmy ce aHanM3upajy KapaKTEpUCTHKE AyOIeTa eIeKTPOCTATUIKAX KBAJPATHUX AYTHHUX
counBa. OBaj jOHCKO-ONTUYKY SJIEMEHT CaIp3KH [IBA EJICKTPOCTATUIKA KBAaIpaTHA TyTUHA COUMBA, jeTHO ¥
OJTHOCY Ha JIPYT'O aKCHjaJIHO POTUPAHO 32 45°. AHAIU3MpPaH je TPaHCIOPT cHoma MpoToHa eHepruja 10 keV
KpO3 OBaj JOHCKO-ONTUYKY €JIEMEHT. JeTHOCMEpHN HATIOH Ha eJeKTpojrama o0a coumBa aydreTa n3HOCH
2 kV. EnekTpocTaTHiKy MOTEHIWjall M OfroBapajyhe KOMIIOHEHTE €IeKTPUYHOT MOJba M3PAUyHATE CY
noMohy pauyHapCKOT KOJia 3aCHOBAHOT HAa METOJU MOMEHaTa. AHalW3WpaHe Cy MPOCTOPHE M yraoHe
pacrnofiesie mpoTOHA y MyOJIeTy Kao W MmapaMeTpH Koju feduHuIny kBanuteT cHoma. Kao m y ciydajy
MOjeAMHAYHOT €JIEKTPOCTATHIKOT KBAJPATHOT IyTHHOT COUMBA, €BOJYIIMja OBUX pacnofeia je ogpehena
ofroBapajyhom eBoIy1IjOM JIMHK]a 1yTa, KOje Cy reHepucaHe Ha 6a31 TeopHuja KpUCTAIHUX Ayra. AHanu3a
mokasyje fia ce je3rpo cHoma, Koje MMa OOJMK KPUBOJIUHUjCKOT KBaJpaTa ca TEMEHUMA Y OOJIMKY pora,
(opMEpa OKO MPOCTOpPHE Ayre Koja ce mpBa mojaBibyje. OBa nuHMja yre opMupa ce y IpBOM COUUBY
my6meTa. Je3rpo cHOMa OocTaje YHyTap TOMEHYTOT KPUBOJIMHI]CKOT KBajipaTa 1 3a BpeMe Mponaraiyje Kpo3
Apyro counBo y6neTa. EnexTpocTaTHyKo NoJbe y PYTOM COUMBY Y3POKYje IT0jaB/bUBAILE JOTATHE JTMHUjE
yre, Koja 00yxBaTa je3rpo CHoma U jic(pUHUIIE CIOJbHY rpaHuly cHoma. [lojaBbuBarmbe OBE JTMHUje YUHA
[TIaBHY pa3iuKy u3Meby epekaTa Koju Ha CHOI BpIIe NMOjeAUHAYHO COUNBO U NyOJIeT.

Kmwyune pequ: eaeKiipociiaiiuiko co4uso, OUHAMUKA YeCTU1HOZ CHOUA, HPOOHCKI CHOUL




