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In this pa per, we pres ent a new al go rithm that im proves muon-based gen er ated to mog ra phy
im ages with in creased pre ci sion and re duced im age noise ap pli ca ble to the de tec tion of nu -
clear ma te ri als. Cos mic muon to mog ra phy is an in ter ro ga tion-based im ag ing tech nique that,
over the last de cade, has been fre quently em ployed for the de tec tion of high-Z ma te ri als. This
tech nique ex ploits a mag ni tude of cos mic muon scat ter ing an gles in or der to con struct an im -
age. The scat ter ing an gles of the muons strik ing the ge om e try of in ter est are non-uni form, as
cos mic muons vary in en ergy. The ran dom ness of the scat ter ing an gles leads to sig nif i cant
noise in the muon to mog ra phy im age. GEANT4 is used to nu mer i cally cre ate data on the
momenta and po si tions of scat tered muons in a pre de fined ge om e try that in cludes high-Z ma -
te ri als. The nu mer i cally gen er ated in for ma tion is then pro cessed with the point of clos est ap -
proach re con struc tion method to con struct a muon to mog ra phy im age; sta tis ti cal fil ters are
then de vel oped to re fine the point of clos est ap proach re con structed im ages. The fil tered im -
ages ex hibit re duced noise and en hanced pre ci sion when at tempt ing to iden tify the pres ence
of high-Z ma te ri als. The av er age pre ci sion from the point of clos est ap proach re con struc tion
method is 13 %; for the in te grated method, 88 %. The fil tered im age, there fore, re sults in a
seven-fold im prove ment in pre ci sion com pared to the point of clos est ap proach re con structed 
im age.
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INTRODUCTION

Cos mic muon to mog ra phy is the o ret i cally
founded on the prin ci ple of mul ti ple Cou lomb scat ter -
ing (MCS) [1]. The in ter ac tion of cos mic ray muons
with mat ter is mainly through a Cou lomb in ter ac tion
be tween elec trons and atomic nu clei. In ter ac tions with 
elec trons lead to con tin u ous en ergy loss and muon
stop ping via ion iza tion; in ter ac tions with nu clei re sult
in an gu lar dif fu sion [2].This an gu lar dif fu sion pro -
vides the ba sis for ap pli ca tions of cos mic ray muon to -
mog ra phy in cargo con tainer scan ning. In gen eral, the
the ory of MCS pre dicts a scat ter ing an gu lar dis tri bu -
tion for the Cou lomb in ter ac tions be tween charged
par ti cles and at oms [3]. Lynch [4] ex tended Mo liere's
the ory1 to heavy charged par ti cles such as muons, and
de rived a gen eral for mula for the MCS of muon par ti -
cles. Ac cord ing to this MCS for mula, muon scat ter ing
an gles are de ter mined by ma te rial prop er ties that pre -

dom i nantly de pend on the atomic num ber and den sity
of the pen e trat ing ma te ri als. Due to its de pend ency on
atomic num ber and den sity, cos mic muon to mog ra phy
has been stud ied for the de tec tion of con cealed high-Z
ma te ri als [1]. In ad di tion to Cou lomb in ter ac tions, the
flux and en ergy of comic muons pro vide the means for
to mog ra phy to be ap pli ca ble for large-scale in ter ro ga -
tion im ag ing. The flux of cos mic muons at sea level is
equal to 1 muon/cm2/min, while the en ergy of the cos -
mic muons ranges from 0.1 GeV to 100 GeV [5]. The
en ergy of cos mic muons is high enough for Cou lomb
scat ter ing to be ob served when muons pass through
high-Z ma te ri als [6]. How ever, cos mic muons do not
have uni form scat ter ing an gle dis tri bu tions when in -
ter act ing with cer tain ma te ri als, due to their var ied en -
er gies [5]. This leads to sig nif i cant noise pro duc tion in
the to mog ra phy im age. In or der to re duce this noise,
fil ter ing tech niques must be used. Pre vi ous stud ies
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have ex plored the ap pli ca tion of such fil ters. A sta tis ti -
cal fil ter ing method is used to re duce noise, with the
fil tered out put re sult ing in a well-re fined im age [7].
An other study ap plied the me dian fil ter and the
Gaussi an fil ter in de pend ently to re duce noise [8]. This
ap pli ca tion ef fi ciently re moved noise in the muon to -
mog ra phy im age.

This pa per in tro duces a novel method based on
the use of syn the sized sta tis ti cal fil ter ing meth ods to
re duce noise and im prove the pre ci sion of muon-based 
to mog ra phy. This method is de vel oped us ing muon to -
mog ra phy im ages cre ated us ing GEANT4. Nu mer i -
cally de rived muon momenta and po si tions are then re -
con structed in or der to cre ate a to mog ra phy im age
us ing the point of clos est ap proach (PoCA) re con -
struc tion tech nique. An in te grated fil ter ing al go rithm
is then com pared to the me dian, mean and Gaussi an
fil ter ing meth ods, pro vid ing good agree ments.

MUON CHAR AC TER IS TICS,
TO MOG RA PHY AND IN TER AC TIONS

Muon char ac ter is tics

The muon (m) is an el e men tary par ti cle sim i lar to 
the elec tron, with an elec tric charge of (–1e) and 1/2
spin, but with a much greater mass than an elec tron.
Ta ble 1 shows the re la tion ship be tween the muon and
other sub atomic par ti cles. The muon is a type of Lep -
ton, mean ing it does not have any fur ther sub-struc -
ture. It is un sta ble due to its mean life time 2 of 2.2 µs.
Sim i lar to other el e men tary par ti cles, the muon has a
cor re spond ing an ti par ti cle, the antimuon; the
antimuon has op po site charge (+1e) and equal mass
and spin as the muon. Muons are de noted in this pa per
by m–, and antimuons by m+.

Muons were dis cov ered by Carl D. An der son
and Seth Neddermeyer in 1936, while mea sur ing the
en ergy loss of par ti cles oc cur ring in cos mic ray show -

ers [10]. An der son no ticed that muon par ti cles curved
dif fer ently than elec trons and other known par ti cles
when pass ing through a mag netic field. The pro jec tile
mo tion of the muon had a less sharp curve than that of
an elec tron, due to its heavier mass of 105.7 MeV/c2

com pared to the mass 0.511 MeV/c2 of an elec tron.
This makes muons al most 200 times more mas sive
than elec trons [11]. Cos mic muons reach sea level
with a flux of 1 muon/cm2/min [5]. The Earth's at mo -
sphere is con stantly ex posed to cos mic rays. Cos mic
ray pro tons are ac cel er ated in deep space from su per -
nova rem nants that then in ter act in Earth's at mo sphere, 
cre at ing so-called cos mic ray hadronic show ers il lus -
trated in fig. 1 [12]. These pro tons in ter act and cre ate
other sec ond ary par ti cles; the muon is in cluded among 
these sec ond ary par ti cles.

Highly en er getic cos mic ray pro tons in ter act ing
with Earth's at mo sphere cre ate sec ond ary par ti cles in -
clud ing delta res o nances and re sid ual nu clei [14]. Pro -
duc tion of delta res o nance by pro ton col li sion with air
fol lows p + N ® D + N, where p rep re sents pro tons, N
is the nu clei of el e ments in the at mo sphere, and D is the 
delta res o nance.

The delta res o nance pro duces a group of delta
par ti cles, D–(ddd), D0(udd), D+(uud), and D++(uuu)
[11]. Charged pions can be pro duced from the fol low -
ing de cay modes of D– and D++ with the mean life time
of (5.63 ± 0.14)×10–24 s [14]

D– ® n + p–: Pro duc tion of pion (p–) and
neu tron (n) by D– de cay

D++ ® p + p+: Pro duc tion of pion (p+) and
pro ton (p) by D++ de cay

These pions then de cay with a mean life time of
26 ns, re sult ing in the pro duc tion of a muon and a neu -
trino, or gamma rays, de pend ing on the par ent pion
charge, as fol lows [11]
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2 Mean life time is in versely pro por tional to the de cay con stant
  or it is equal to half-life mul ti plied with ln 2

Ta ble 1. Char ac ter is tics of el e men tary par ti cles in
 Fer mions and Bos ons groups: muon is lo cated in the
 group of Fer mions within the Lep ton cat e gory [9]

Fer mions
(three fam i lies of mat ter)

Bos ons (force
car ri ers)

I II III

Quarks

u
up

c
charm

t
top

g
pho ton

d
down

s
strange

b
bot tom

Z
Z

boson

Lep tons

ne

elec tron
neu trino

nm

muon
neu trino

nt

tau
neu trino

W
W

boson

e
elec tron

m
muon

t
tau

g
gluon

Fig ure 1. Cos mic ray air shower in the up per earth
at mo sphere. Cos mic ray pro ton en ters the at mo sphere
cre at ing a hadronic shower [13]



p– ® m– + vm : Pro duc tion of muon (m–) and
anti-muon neu trino (vm) by p– de cay

p+ ® m+ + nm: Pro duc tion of muon (m+) and
muon neu trino (nm) by p+ de cay

p0 ® g + g: Pro duc tion of two gamma rays
(g) by  p–0 de cay

Upon reach ing the Earth's sur face, muons ei ther
con tinue to slow down through ad di tional in ter ac tions
or de cay with a 2.2 ms mean life time [15]. Cos mic ray
muons de cay into an elec tron (or pos i tron) and two
neu tri nos as fol lows

m n nm
- -® + +e e : Pro duc tion of elec tron

(e–), anti-elec tron neu trino (ne ), and muon neu trino
(nm) by beta-de cay of m–

m nm
+ +® + +e v e : Pro duc tion of pos i tron

(e+), elec tron neu trino (ne), and anti-muon neu trino
(nm) by beta-de cay of m–

Most  cos mic  ray  muons  are  cre ated  near  an 
al ti tude of 15 km above sea level [5]. As they pass
through Earth's at mo sphere, the cos mic ray muons
typ i cally lose about 2 GeV due to ion iza tion. The av er -
age en ergy of a cos mic ray muon at the Earth's sur face
is 4 GeV. It seems that the 2.2 ms mean life time is too
short for a muon to travel 15 km from the at mo sphere
to sea level; how ever, the rel a tiv is tic ef fect of a 4 GeV
muon al lows the muon to travel about 27 km dur ing its
mean life time, which is long enough to reach the sur -
face of Earth.

Muon to mog ra phy

To mog ra phy is de fined as im ag ing by sec tions
that may be vi su al ized in three di men sions. One of the
first ap pli ca tions of to mog ra phy used X-rays to gen er -
ate im ages of ar eas in side of the hu man body; the
X-ray source and film were moved in dif fer ent di rec -
tions to pro duce sec tional im ages [16]. Med i cal im ag -
ing still re lies on to mog ra phy for tech niques such as
pos i tron emis sion to mog ra phy (PET), sin gle pho ton
emis sion com puted to mog ra phy (SPECT), and com -
puted to mog ra phy (CT) scans [17]. Cos mic muon to -
mog ra phy is ap plied to var i ous fields, such as geo log i -
cal map ping, nu clear re ac tor im ag ing, and cargo
scan ning. Muon to mog ra phy has also been pro posed
as a method for vol ca nic ac tiv ity pre dic tion; this ap pli -
ca tion is based in the mea sure ment of cos mic muon
flux scat ter ing in geo log i cal struc tures [18]. In nu clear
re ac tor anal y sis, muon to mog ra phy is adopted to iden -
tify the lo ca tion and sta tus of nu clear fu els. A muon
im ag ing sys tem de vel oped at Los Alamos Na tional
Lab o ra tory will be de ployed at the Fukushima Daiichi
power plant in Ja pan by the end of 2015 [19]. Cos mic
muons have also been ap plied to cargo scan ning, with
the in tent to de tect shield ing ma te ri als and spe cial nu -

clear ma te ri als (SNM) [1]. The muon flux reach ing
Earth's sur face is enough to be ap plied in the to mog ra -
phy of large vol umes such as re ac tors or cargo con tain -
ers. This means that muon to mog ra phy does not re -
quire an ar ti fi cial source. The prin ci ple of muon
to mog ra phy ex ploits the mul ti ple Cou lomb scat ter ing; 
the scat tered an gu lar width de ter mines the ma te rial
properties [1].

Muon to mog ra phy re quires two sets of de tec tors
that sand wich the ex am ined vol ume; these de tec tors
pro vide in for ma tion about muon scat ter ing an gles, in -
di cat ing the pres ence of cer tain ma te ri als in the ex am -
ined vol ume. These data are an a lyzed with the al go -
rithms in or der to con struct a 3-D im age. One typ i cal
re con struc tion method is the PoCA [20]. The PoCA
method finds the clos est point be tween two lin ear
muon tracks and es ti mates a fi nal scat ter ing an gle be -
tween them. The PoCA method is dis cussed in de tail in 
the sec tion Point of clos est ap proach to re con struct
muon to mog ra phy im ages.

Muon in ter ac tions and mul ti ple
muon cou lomb scat ter ing

To ac cu rately ex plore the use of muon to mog ra -
phy, an un der stand ing of muon in ter ac tions and mul ti -
ple Cou lomb scat ter ing is needed. Those muon in ter -
ac tions of in ter est in clude ion iza tion, brems strah lung,
pair pro duc tion and muon-nu cleus in elas tic scat ter ing. 
The en ergy loss due to these in ter ac tions is gen er ally
ex pressed as fol lows [21]
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where „i” de notes ion iza tion, „b” de notes brems strah -
lung, „p” de notes pair pro duc tion, and „n” de notes nu -
cleus in elas tic scat ter ing. These in ter ac tions are re -
spon si ble for any en ergy loss as the muon pen e trates a
ma te rial, and af fect the an gle de flec tion due to MCS
[22]. There fore, in this sec tion, these four ma jor muon
in ter ac tions and MCS are de scribed in a greater de tail.

Ion iza tion. Muons lose their en ergy by ion iz ing
the mat ter they in ter act with; this is be cause no
charged par ti cles may avoid los ing en ergy through the
ion iza tion of mat ter. The ion iza tion pro cess is re spon -
si ble for a con tin u ous loss of muon en ergy due to the
in ter ac tion of the par ti cle with atomic elec trons in the
ma te rial. The rate at which this en ergy loss oc curs is
well-de scribed by the Bethe-Bloch for mula [23]; for a
given ma te rial, the dif fer en tial en ergy loss func tion
de pends on the ki netic en ergy of a muon, as fol lows
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where dE/dx, or stop ping power, is the change in ki -
netic en ergy E over a dis tance x, NA – the Avo ga dro's
num ber, mec

2 – the elec tron rest mass en ergy, z – the
unit charge of the in ci dent muon, ( / )e m c2

0
24pe e is a

clas si cal elec tron ra dius, Z – the atomic num ber, A –
the atomic mass, g – the Lo rentz fac tor 3, I – the mean
ex ci ta tion en ergy of the ion ized atom, in eV, Tmax – the
in ci dent muon en ergy, and d(bg) rep re sents a den sity
ef fect cor rec tion to ion iza tion en ergy loss. As an ex -
am ple to il lus trate muon en ergy loss, fig. 2 shows the
trend in en ergy loss of a muon in ter act ing with iron. In
the en ergy re gion of less than a few hun dred GeV, the
ion iza tion in ter ac tion dom i nates over other types of
in ter ac tions. At high en er gies, over a thou sand GeV,
brems strah lung and pair pro duc tion in ter ac tions dom -
i nate [24]. This is cor re lated to the cross sec tion and
wave length of the muon; muons with lon ger wave -
lengths have greater prob a bil ity of col li sion with elec -
trons in a given ma te rial. The con tri bu tion of nu clear
in elas tic scat ter ing in ter ac tions to the com bined cross
sec tion is small com pared to the con tri bu tion of all
other in ter ac tions. How ever, nu clear in elas tic scat ter -
ing leads to the pro duc tion of nu clear-elec tro mag netic
show ers, and it de ter mines the main source of had ron
back ground aris ing from high en ergy muon in ter ac -
tions [24].

Brems strah lung. Brems strah lung is elec tro mag -
netic ra di a tion pro duced by the de cel er a tion of a
charged par ti cle when de flected by an other charged
par ti cle [25]. Muons pro duce brems strah lung while
pass ing through the elec tric field of a nu cleus. The
muon brems strah lung cross sec tion was orig i nally cal -
cu lated by Bethe [26]. The dif fer en tial brems strah lung 
cross sec tion for muon in ter ac tion with a nu cleus field
is de fined as fol lows [27]
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where n is the frac tion of the muon en ergy trans ferred
to a pho ton, Mm  – the mass of the muon, re – the clas si -
cal elec tron ra dius, k – a con stant equal to 190, e rep re -
sents nat u ral log a rithm of 2.718, and Eom is ini tial en -
ergy of the muon. Equa tion (3) shows that the cross
sec tion for muon brems strah lung with a nu cleus in -
creases with atomic num ber; there fore, the num ber of
pho tons emit ted in creases with the Z of a ma te rial.
Muons may also in ter act with elec trons as brems strah -
lung is pro duced. The cross sec tion ac counts for
brems strah lung loss in in ter ac tions with atomic elec -
trons. For that, the in flu ence of the elec tron re coil is ig -
nored, since it is neg li gi ble. There fore, a much better
ap prox i ma tion, which takes elec tronic bind ing into
ac count, is given by  [27]
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The cross sec tion for brems strah lung is a func -
tion of frac tional en ergy trans fer “n” as shown in eq.
(4). Due to de pend ence on the frac tion of the muon's
en ergy trans ferred to a pho ton, the cross sec tion in -
creases with the high frac tional en ergy trans fer. 

Di rect Elec tron Pair Pro duc tion. Di rect elec tron 
pair pro duc tion is one of the most im por tant muon in -
ter ac tions. It in volves the for ma tion or ma te ri al iza tion
of two elec trons, one elec tron and one pos i tron, from
the ki netic en ergy of the muon, usu ally in the vi cin ity
of an atomic nu cleus [14]. The cross sec tion for di rect
elec tron pair pro duc tion in a Cou lomb field was first
cal cu lated by Racah [13].

Nu clear screen ing was later taken into ac count
by Kelner and Kotov [28]. With their ap proach, the av -
er age en ergy loss is ob tained through a nu mer i cal in te -
gra tion, as fol lows
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where ds/dn is the dif fer en tial cross sec tion for pair
pro duc tion. This equa tion is widely used in muon
trans port cal cu la tions. The pair pro duc tion due to in -
ter ac tions with atomic elec trons is de fined as fol lows
[13]
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3Lo rentz fac tor con nects time, length, and rel a tiv is tic mass change  
.for a mov ing par ti cle

Fig ure 2. En ergy loss of muons in ter act ing with iron [24]. 
Muon en ergy loss is de ter mined by the in ci dent muon en -
ergy as well as its in ter ac tions (ion iza tion, brems strah -
lung, pair pro duc tion, and nu clear in elas tic scat ter ing)
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where g = 4.4×10–5 is de fined for hy dro gen and g = 1.95×10–5

re fers to other ma te ri als. These con stants in clud ing g are ob -
tained from nu mer i cal anal y sis [13]. It can be seen, ac cord -
ing to eq. (5) and eq. (6), that the en ergy loss from pair pro -
duc tion de creases by in creas ing the atomic mass, A, of the
in ter act ing at oms.

Nu clear in elas tic in ter ac tions. At high muon en -
er gies, the in elas tic in ter ac tion of muons with nu clei is
the dom i nant in ter ac tion type. In this en ergy re gion,
many sim pli fi ca tions can be made in or der to ob tain
con ve nient and sim ple re la tions for the in ter ac tion
cross sec tion. For in clu sive scat ter ing where the scat -
ter ing am pli tudes are summed over all pos si ble
hadronic fi nal states, the unpolarized cross sec tion can
be writ ten as a func tion of two in de pend ent ki ne matic
vari ables [29]. There fore, the dif fer en tial cross sec tion 
for unpolarized deep-in elas tic charged lep ton scat ter -
ing can be writ ten, in the Born ap prox i ma tion, as [30]
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where a is the elec tro mag netic cou pling con stant and 
F1(x, Q2) and F2(x, Q2) are the unpolarized struc ture
func tions of the nu cleon.

Q2 = –q2 = – (k – k')2 = 4EE ' sin2q

is the squared four-mo men tum trans fer. In this equa tion,
k, k', p and q are the four-vec tors of the ini tial and fi nal
state lep ton, the tar get nu cleon, and the ex changed
boson. n = pq/M = E' – E is the en ergy trans ferred to the
hadronic sys tem. M is the mass of the tar get nu cleon,
whereas the lep ton mass has been ne glected.  E, E', and q
are the en er gies of the in ci dent and scat tered lep ton, and
the lep ton scat ter ing an gle, in the lab o ra tory frame. Here,
x = Q2/2 pq = Q2/2 Mv and  y = pq/pk = v/E are the scal ing
vari ables. 

Mul ti ple muon cou lomb elas tic scat ter ing. The
in ter ac tion of a muon with a nu cleus re sults in its an gu -
lar de flec tion [13]. This an gu lar de flec tion pro vides
the ba sis for ap pli ca tions of cos mic ray muons in to -
mog ra phy [1]. When a muon passes through mat ter, it
is de flected by a cer tain scat ter ing an gle. These de flec -
tions are due to Cou lomb in ter ac tions be tween muons
and at oms, since muons are charged par ti cles [5]. Cos -
mic muons that pen e trate a given me dium un dergo
MCS events due to their en er getic na ture. The the ory
of mul ti ple Cou lomb scat ter ing was de vel oped by
Bethe [31]; in this method, the muon scat ter ing an gu -

lar dis tri bu tion was as sumed to fol low a Gaussi an dis -
tri bu tion. The Gaussi an func tion is de fined as the
prob a bil ity den sity func tion (PDF) for a dif fer en tial
num ber of par ti cles, which cor re sponds to the spe cific
an gle as fol lows [1]

d

d
e

x

N
x

q q

q

q=
1

2 0

2

2

0
2

p
(8)

where N is the num ber of muons, qx – the scat ter ing an -
gle in the 2-D plane, and q0 – the root mean square
(RMS) of the scat ter ing an gle dis tri bu tion. Along with
the 2-D Gaussi an dis tri bu tion, to mog ra phy con sid ers
a 3-D im age. There fore, the spa tial an gle, qspace, is de -
fined as the scat ter ing an gle be tween the in ci dent and
scat tered muons in 3-D space. The pro jec tion of a scat -
tered  an gle onto the 2-D plane is de fined with qplane,x

in the y-z plane and with qplane,y  in the x-z plane. The
RMS width for each an gu lar dis tri bu tion is 
q q q0 = =

RMS
plane, x

RMS
plane, y , be cause, ac cord ing to the

MCS,  q0 is de fined as an RMS width of scat tered an -
gles pro jected on the planes [32]. An RMS width in the 
y-z pane,  q

RMS
plane x, , and an RMS width in the x-z plane,  

q
RMS
plane y, , are or thogo nal to the z di rec tion, so it can be

de rived as fol lows

( ) ( ) ( ), ,q q q
RMS
space

RMS
plane x

RMS
plane y2 2 2= + (9)

From there we ob tain q q0 2=
RMS
space /  [33].

Based on the Gaussi an func tion, the MCS is de -
rived to es ti mate the root mean square (RMS) width of
an an gu lar dis tri bu tion. The dis tri bu tion can be es ti -
mated as a zero mean Gaussi an for the cen tral 98 % of
the an gles [4]. The MCS for mula for muons is:

q0
0

136
@

. MeV/c

p

x

X
(10)

where 13.6 MeV/c is cal cu lated by con sid er ing a dis -
tri bu tion of the cen tral 98 % of the an gles, p[MeV/c] is
the muon mo men tum, q0 [ra dian] is RMS of a scat ter -
ing an gle width, x [cm] is the ma te rial thick ness, and
X0 [cm] is the ra di a tion length, which rep re sents an av -
er age trav el ling dis tance in a given ma te rial [4] de -
fined with

     X
A

N Z Z r ZA e

0 2 1 3

2

4 1 183
=

+ -a ( ) ln( )
[ ]

.

–gcm  (11)

where Z and A are the atomic num ber and mass num ber 
of a ma te rial, re spec tively, and the con stant of 183 rep -
re sents an ap prox i mated parameterization of the
Thomas-Fermi po ten tial4 [34]. The sim pli fied form of
this equa tion is as fol lows [34] 

X
A

Z Z Z
0

7164

1 287
=

+

.

( ) ln( / )r
(12)

where r (g/cm3) is the den sity of in ter act ing ma te rial.
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4 The Thoms-Fermi po ten tial is a the o ret i cal ap proach to cal cu late 
...the ef fects of elec tric field screen ing by elec trons



Equa tions (10) and (12) in tro duce a cor re la tion
be tween the scat ter ing an gle and the atomic num ber,
Z. The MCS sen si tiv ity to Z pro vides an un der stand ing 
of the dis crim i na tion be tween dif fer ent ma te ri als of
sim i lar den si ties. The ra di a tion length de creases with
the charge den sity of a ma te rial. A high-Z ma te rial
with high den sity has a shorter ra di a tion length; there -
fore, muons will be de flected by a larger an gle in a
high-Z ma te rial [35]. For ex am ple, a 10 cm thick ma te -
rial will scat ter a 3 GeV muon with an an gle of 2.3
milliradians in wa ter, 11 milliradians in iron and 20
milliradians in lead [1]. The scat ter ing an gle, there -
fore, in creases with in creas ing-Z ma te rial. By track ing 
the scat ter ing an gles of in di vid ual muons, high-Z ma -
te ri als can be dis tin guished from low- or me dium-Z
ma te ri als. This prin ci ple is ap plied to cargo scan ning
to iden tify shield ing ma te ri als, as de scribed in the fol -
low ing sec tions.

STA TIS TI CAL FIL TER ING METH ODS AS
AP PLIED TO COS MIC MUON TO MOG RA PHY
IM AGES

Point of clos est ap proach to re con struct
muon to mog ra phy im ages

The mag ni tude of the muon scat ter ing an gle is
de ter mined by the in ter act ing ma te rial den sity and
atomic num ber as de fined with eq. (10). In or der to
con struct a to mog ra phy im age from muon in ter ac -
tions, scat ter ing an gle and in ter ac tion po si tions are re -
quired. In this pa per we pres ent a re con struc tion al go -
rithm, de vel oped to ob tain scat ter ing an gles and
in ter ac tion po si tions [36]. The Point of Clos est Ap -
proach (PoCA) [20] is se lected as a method for re con -
struct ing the im ages. The PoCA re con struc tion
method is based on a geo met ri cal method for find ing a
muon in ter ac tion point and a scat ter ing an gle be tween
the in ci dent and scat tered muon. This method de ter -
mines the clos est point of two lin ear muon tracks to es -
ti mate a fi nal scat ter ing an gle be tween them; this is il -
lus trated in fig. 3.

The pri mary as sump tion in ap ply ing PoCA is
that the MCS is ne glected by as sum ing one scat ter ing
in ter ac tion be tween the ini tial and fi nal muon tracks.

There fore, the an gle be tween the in ci dent vec tor and
scat tered vec tor is con sid ered as the scat ter ing an gle,
and the me dium po si tion of the point of clos est ap -
proach is re lated to the po si tion of in ter ac tion [37]. In
the 2-D plane, if two lines are not par al lel, they al ways
in ter sect. How ever, the two lines may not in ter sect in
3-D space, even though they are not par al lel. The
PoCA re con struc tion method may be used to find the
clos est point of the two vec tors, in or der to ob tain the
scat ter ing in ter ac tion po si tion, as fol lows

r r r r r r
T P V and T P V1 1 1 2 2 2= + = +i i (13)

where  
r
T1and 

r
T2  are the po si tion vec tors of the in ci dent 

and scat tered muon tracks, 
r
P1  and 

r
P2  are the ini tial and

fi nal po si tion vec tors, 
r
V1  and 

r
V2  are the mo men tum

vec tors, and i rep re sents the ith po si tion of the muon
track. Hence, when 

r
T1and 

r
T2have the min i mum dis -

tance of their ith po si tions, the mid dle point be tween
those two po si tions is taken as the in ter ac tion po si tion.

In a typ i cal muon to mog ra phy sys tem, gas elec -
tron mul ti plier (GEM) de tec tors de tect the po si tions
and di rec tions of in ci dent and scat tered muons us ing a
co in ci dence count ing method [38]. In this pa per,
GEANT4 is used to gen er ate these po si tions and di rec -
tions for var i ous muon en er gies and ma te ri als.
GEANT4 is a toolkit used to sim u late the trans port of
var i ous sub atomic par ti cles, in clud ing muons,
through mat ter [39]. The code in cludes muon
cross-sec tion data, and can there fore be used to track
muon in ter ac tions. The GEANT4 model pre sented
here con sists of a 40 cm × 40 cm × 40 cm iron box with
0.5 cm thick ness, as sketched in fig. 4. In side this iron
box, there are three 4 cm ´ 4 cm ´ 4 cm cubes of var i -
ous ma te ri als, such as lead and ura nium. Since it is a
first val i da tion test, we used a sim ple model to de velop 
a pre lim i nary  im age-fil ter ing  meth od ol ogy.  Other
sim i lar stud ies ap plied sim pli fied ge om e tries as well,
such as 100 cm × 20 cm × 25 cm [35], 30 cm × 30 cm ×
´ 30 cm [40], and 60 cm × 60 cm × 30 cm [41]. The
GEANT4 model, sketched in fig. 4, in cludes four de -
tec tors used to re cord the muon tracks, pro vid ing in -
for ma tion about the po si tions and momenta of both the 
in ci dent and scat tered muons. The two de tec tors at the
top re cord the ini tial po si tions and vec tors of the in ci -
dent muons, while the two at the bot tom re cord fi nal
po si tions and vec tors of the scat tered muons.

The GEANT4 sim u lated muon momenta are
con verted into muon scat ter ing an gles, qspace, us ing
the PoCA re con struc tion ap proach based on the prin ci -
ple of arccosine [33], as fol lows

qspace q
=

æ

è

ç
ç

ö

ø

÷
÷

arccos

r r
r

p q
(14)

where 
r
p is the vec tor of an in ci dent muon, and 

r
q is the

vec tor of a scat tered muon. This GEANT4 model is
run with100,000 his to ries to ob serve one hour of ex -
po sure time. The up per area is 1,600 cm2 and the muon
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Fig ure 3. Il lus tra tion of the point of clos est ap proach
(PoCA)



flux is counted at the rate of 1 muon/cm2/min at sea
level [5]. The pur pose of this model was to de velop the
fil ter ing meth od ol ogy; in this case, an ex po sure time
of one hour is con sid ered suf fi cient. Out of 100,000
muons, 2,400 muons scat tered out of the ge om e try
bound ary; the re main ing 97,600 muons pro vided the
in for ma tion re quired for the cal cu la tion of the in ter ac -
tion po si tions and scat ter ing an gles, based on eqs. (13)
and (14), re spec tively. Fig ure 5 shows the PoCA re -
con structed to mog ra phy im age for the ge om e try il lus -
trated in fig. 4. The high level of noise, pro duced as a
re sult of var ied cos mic muon en er gies, as de scribed in
the section Muon char ac ter is tics, is clearly ob served
in fig. 5. Var i ous fil ter ing meth ods are re quired to re -
duce this noise [7]. Here we pres ent the sta tis ti cal fil -
ter ing meth ods of the me dian, the mean and the
Gaussi an smooth ing tech niques used to se lect the most 
ef fi cient fil ter ing method.

Sta tis ti cal fil ter ing meth ods 

Me dian fil ter ing: In sig nal pro cess ing, fil ter ing
re duces noise by em pha siz ing or sup press ing struc -
tural sig nals in an im age [42]. The me dian fil ter is a
sta tis ti cal fil ter ing pro cess used to re con struct im ages;
it is typ i cally used to re move noise by find ing a me dian 
value among se lected pix els in 2-D or among voxels in 

3-D [42]. The me dian fil ter con sid ers each pixel or
voxel as a cer tain ma trix, and it re places the val ues of
each pixel or voxel to the rep re sen ta tive me dian value
as il lus trated in fig. 6.

For this fil ter ing method, a voxel ma trix is de ter -
mined with each voxel size of 2 cm × 2 cm × 2 cm. Po -
si tions for each voxel are de fined as fol lows

  Position  voxelth( ) ( ) ( )p l NM m N n= - + - +1 1 (15)

where the x-axis has a grid num ber ing of 1, 2, ... n ... N;
the y-axis is de fined with the grid num ber ing of 1, 2,  ...
m ... M; and the z-axis is de fined with the grid of 1, 2, ...
l ... L. 

Mean fil ter ing. Mean fil ter ing is an other sim ple
smooth ing method used to re duce the noise in gen er -
ated im ages. When noise var ies ran domly above and
be low a nom i nal bright ness value, it can be re duced by
av er ag ing neigh bor ing val ues [42].

The idea of mean fil ter ing is sim ply to re place
each pixel/voxel value with the av er age value of its
neigh bors, in clud ing its own value as shown in fig. 7.
The orig i nal ma trix has the same value as the one
shown in fig. 6. It can be seen that the re sult ing mean
fil ter ing ef fect is dif fer ent from the me dian fil ter ing.
The mean fil ter ing method elim i nates pixel/voxel val -
ues that are un rep re sen ta tive to their sur round ings,
such as salt and pep per noise. There fore, the mean fil -
ter ing method is gen er ally used to pro duce a better es -
ti mate of the val ues, when the av er age is taken over a
ho mo ge neous area [43]. This mean fil ter is ap plied
with the same size voxel of the me dian fil ter for the
com par i son to noise re duc tion. The av er age scat ter ing
an gle in the pth voxel is de fined as fol lows
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Fig ure 4. Geo met ric de sign for a GEANT4 model for
gen er at ing muon to mog ra phy im age

Fig ure 5. PoCA re con structed muon to mog ra phy im age
gen er ated with GEANT4 model of the cube shown in fig.
4 (in this fig ure three small cubes made of lead are placed
in side a large iron hol low box)

Fig ure 6. Me dian fil ter ing re places each en try with the
me dian value of the neigh bor ing en tries in a ma trix, thus
re duc ing the noise

Fig ure 7. Mean fil ter ing re places each en try with the
mean value of the neigh bor ing en tries in a ma trix thus
re duc ing the noise
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where N is to tal num ber of scat ter ing an gles in the pth

voxel.
Maxwell Boltzmann shift of mean val ues. Ac -

cord ing to Mo liere's the ory, the an gu lar dis tri bu tion of
Cou lomb scat tered muons fol lows a Gaussi an dis tri -
bu tion. It is as sumed that an av er age an gle from the
mean fil ter is the same as the mean of the Gaussi an dis -
tri bu tion [44]. How ever, the sim u lated scat ter ing an -
gle dis tri bu tions show a sta tis ti cal sim i lar ity with the
Maxwell-Boltzmann dis tri bu tion rather than with the
Gaussi an dis tri bu tion.

Sev eral cases are eval u ated for muon mul ti ple
Cou lomb scatterings, us ing 100,000 his to ries (or, one
hour of ex po sure) in GEANT4; these cases are de scribed
in tab. 2. These cases are de ter mined to ob serve muon
scat ter ing an gles with low-Z (alu mi num), me dium-Z
(iron), and high-Z (lead and ura nium) ma te ri als for two
dif fer ent muon en er gies, 0.3 GeV for me dium en ergy
and 3 GeV for high en ergy. A solid box com posed of alu -
mi num, iron, lead or ura nium is mod eled for muon in ter -
ac tions. Fig ure 8 shows a GEANT4 model of muon scat -
ter ing in ter ac tions with an alu mi num, iron, lead or
ura nium box. Scat tered an gles of muons are cal cu lated in 
3-D space, us ing an in ner prod uct of arccosine given
with eq. (14). Sim u lated scat ter ing an gle dis tri bu tions are 
fit ted with the Maxwell-Boltzmann dis tri bu tion [45]
based on eq. (17). For the ideal fit ting, one ad di tional pa -
ram e ter k is in cluded in the gen eral equa tion of the
Maxwell-Boltzmann dis tri bu tion, as fol lows

f x
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where qspace  is the spa tial scat ter ing an gle, and a and k
are co ef fi cients of the dis tri bu tion.

Fig ure 9 shows the fit ting curves with the mod i fied 
Maxwell-Boltzmann dis tri bu tion, pro cessed with the
GEANT4 mod eled scat ter ing an gle dis tri bu tions. Fig ure
9 shows only one case, how ever the fit ting pro cesses are
done for twelve cases of tab.2 to cal cu late the co ef fi -
cients. In ad di tion to these co ef fi cients, the chi-square
val ues es ti mated in tab. 2 are very small, in di cat ing a
well-fit ting curve. The mode, which is the most fre -
quently oc cur ring value, has the same value with the
mean in the Gaussi an dis tri bu tion due to the sym met ri cal
shape of the plot; how ever, the mode is not equal to the
mean in the Maxwell-Boltzmann dis tri bu tion [46]. The
mode of the mod i fied Maxwell-Boltzmann dis tri bu tion
is as fol lows

mode = - + +
1

2
8 2 2( )k a k (18)

Ta ble 2 in tro duces the cal cu lated mode from eq.
(18) and the mean from eq. (19) of each muon scat ter -
ing dis tri bu tion as shown in fig. 9. The mean of the dis -
crete prob a bil ity dis tri bu tion is cal cu lated us ing the
fol low ing for mula

mean =
å

å

x p x

p x

i i
i

N

i
i

N

( )

( )

(19)

where xi de notes the nu mer i cally cal cu lated muon
scat ter ing an gles, and p(xi) is the prob a bil ity of the  
scat ter ing an gle. These es ti mated means and modes
are plot ted in fig. 10, show ing that they have a lin ear
cor re la tion.

The cor re la tion of fig. 10 re sults in the fol low ing
lin ear for mula

mode mean= ´ +088744 000098. . (20)
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Ta ble 2. Cal cu lated root mean square (RMS) widths
us ing eq. (10), as well as mode from eq. (18) and mean
from eq. (19) for twelve scat ter ing dis tri bu tions

Al Fe Pb U

Thickness:
10 cm /
Muon

en ergy:
0.3 GeV

Mean 0.052 0.143 0.294 0.476

Mode 0.047 0.132 0.265 0.422

a 0.076 0.215 0.431 0.686

k 0.202 0.571 1.143 1.809

Chi-square 1.19×10–4 4.85×10–5 3.22×10–5 2.98×10–5

Thickness:
10 cm /
Muon

en ergy:
3 GeV

Mean 0.006 0.015 0.029 0.042

Mode 0.005 0.013 0.027 0.038

a 0.008 0.022 0.043 0.061

k 0.022 0.057 0.115 0.163

Chi-square 2.58×10–4 5.72×10–4 2.10×10–4 1.35×10–4

Thickness:
5 cm /
Muon
en ergy

 0.3 GeV

Mean 0.034 0.09 0.182 0.269

Mode 0.031 0.081 0.162 0.239

a 0.05 0.133 0.265 0.39

k 0.134 0.353 0.704 1.035

Chi-square 2.04×10–4 7.36×10–5 4.27×10–5 3.86×10–5

Fig ure 8. GEANT4 model of muon scat ter ing
in ter ac tions: The model uti lizes an alu mi num, iron, lead
or ura nium box (the thick ness of each in di vid ual box is
5 cm or 10 cm as shown in tab. 2)

Fig ure 9. GEANT4 mod eled muon scat ter ing an gle
dis tri bu tion and fit ted Maxwell-Boltzmann dis tri bu tion: 
Dis tri bu tions are from mod el ing for lead (10 cm) with
0.3 GeV muon shown in tab. 2



Mean fil tered to mog ra phy data are trans ferred
into the Maxwell-Boltzmann shift de fined with eq.
(20), since it is as sumed that the mode, which is the
most fre quently oc cur ring an gle, is the best value to
rep re sent the ac tual muon scat ter ing an gle. These
shifted re sults are dis cussed in the section Val i da tion
of the in te grated sta tis ti cal fil ter ing method.

In te grated fil ter ing al go rithm with
Gaussi an smooth ing

The in te grated fil ter ing al go rithm is de vel oped
to re fine the PoCA re con structed to mog ra phy im age
by fus ing stat ics fil ter ing meth ods. The al go rithm fol -
lows three main steps: mean fil ter ing, Maxwell
Boltzmann shift, and Gaussi an smooth ing. Gaussi an
smooth ing is sim i lar to the mean fil ter; how ever, it re -
duces the weight of the in put value with in creas ing dis -
tance from the cen ter value, rather than weigh ing all
in put val ues equally from the mean fil ter ing [42].
Gaussi an smooth ing ef fec tively iden ti fies con cen -
trated points [47] and is suit able for find ing dense
points, such as high-Z ma te ri als, in a muon to mog ra -
phy im age. This fea ture is used to cre ate blurred im -
ages and re move noise by ap ply ing the fol low ing
equa tion [47]

G x yl

x y

( , ) =

+
1

2 2
2

2 2

2

ps
pse (21)

where s is the stan dard de vi a tion and x and  y give the
lo ca tion on a plane. This for mula may be ap plied only
to the 2-D plane; to mog ra phy re quires 3-D im ag ing.
There fore, eq. (21) is ap plied to gen er ate re fined im -
ages of x-y planes along the z-axis for the 3-D ap pli ca -
tion. This Gaussi an smooth ing is used in the in te grated 
fil ter ing al go rithm as shown in fig. 11. Mean fil tered
data is adopted as the first fil ter ing step in the al go -
rithm in stead of me dian fil ter ing, since the
Maxwell-Boltzmann shift de fined with eq. (20) ex -
ploits mean val ues to cal cu late the mode of the muon
scat ter ing an gle dis tri bu tion. Af ter that, the
Maxwell-Boltzmann shifted data is re fined in the
Gaussi an smooth ing fil ter us ing eq. (21). By an a lyz ing 
the cu mu la tive scat ter ing an gle ra tio, the thresh old of
the scat ter ing an gle is set at 56 milliradians, which has

about a 95 % cu mu la tive scat ter ing an gle ra tio. There -
fore, if a scat ter ing an gle is less than 56 milliradians,
the an gle is con sid ered noise and the al go rithm cuts off 
the val ues to re fine the to mog ra phy im age.

Thus, the fol low ing ad van tages can be ex pected
by us ing the in te grated fil ter ing al go rithm:
– The com bined sta tis ti cal fil ter ing meth ods re duce

ran dom noise caused by cos mic muons.
– The al go rithm de creases the un cer tainty of es ti -

mated scat ter ing an gles to iden tify high-Z ma te ri -
als.

– The thresh old of the scat ter ing an gle al lows for the 
sim u la tion to dis tin guish high-Z ma te ri als.

– The po si tion iden ti fi ca tion method has the ben e fit
of de ter min ing the lo ca tion of in ter ac tion.

De spite the fact that the to mog ra phy im ages are
fil tered in the three steps of the mean fil ter, the
Maxwell-Boltzmann shift, and the Gaussi an smooth -
ing, the in te grated al go rithm pre sented in fig. 11 re -
quires a thresh old to elim i nate the noise scat ter ing an -
gles. The thresh old is de ter mined by mod el ing a
scat ter ing an gle dis tri bu tion of an empty box, which
re sults in scat ter ing in ter ac tions with only air. These
sim u lated scat ter ing an gles are plot ted in fig. 12.

VAL I DA TION OF THE IN TE GRATED
STA TIS TI CAL FIL TER ING METHOD

Verification for noise re duc tion

The fea si bil ity of the in te grated fil ter ing al go -
rithm is tested by re fin ing the sim u lated to mog ra phy
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Fig ure 10. Mode of eq. (18) vs. mean of eq. (17):
The mode and mean have a lin ear cor re la tion to
each value

Fig ure 11. Sche mat ics di a gram of the in te grated fil ter ing 
method; this al go rithm is ap plied to fully re fine
a GEANT4 gen er ated muon to mog ra phy im age



im ages. High-, me dium- and low-Z ma te ri als were
mod eled to check the ap pli ca tion for var i ous con di -
tions. The aim of this ver i fi ca tion is to dis tin guish only
high-Z and not me dium- or low-Z ma te ri als. PoCA re -
con structed im ages are used as in put data for the fil ter -
ing al go rithm sketched in fig. 12. The voxel size for
the  sta tis ti cal  fil ter ing  meth ods  is  de fined  as  2 cm ×
´.2 cm × 2 cm. The re con structed 3-D to mog ra phy im -
ages are com pared to find the best per formed fil ter ing
method. Fig ure 13 shows fil tered im ages of three lead
cubes in side a con tainer, and the re sults show that the
im age from the in te grated fil ter ing al go rithm is the
best for noise re duc tion.

A stan dard de vi a tion of 0.7 is se lected for the
Gaussi an fil ter ing method, as this value max i mizes
pre ci sion. The fil ter ing re sults for tung sten and ura -
nium cubes are shown in figs. 14 and 15, re spec tively.
The true lo ca tion of these three cubes is in di cated with
lined cubes in the plots.

Fig ures 13, 14, and 15 show the suc cess ful iden -
ti fi ca tion of high-Z ma te ri als. The fil ter ing method is
not ex pected to rec og nize me dium-Z ma te ri als like
iron or low-Z ma te ri als like alu mi num; be cause of this, 
false iden ti fi ca tion of high-Z ma te ri als may be
avoided. Fig ure 16 shows the fil tered to mog ra phy im -
ages for alu mi num and lead cubes in side con tain ers,
and it does not dis tin guish these ma te ri als. Al though
there is a small amount of ran dom noise in fig. 16 (b),
the in te grated al go rithm rec og nized no high-Z ma te ri -
als. The in te grated al go rithm is proven ef fec tive for
noise re duc tion and the ac cu rate dis crim i na tion of
high-Z ma te ri als ex clu sively.

Pre ci sion im prove ment based
on the in te grated fil ter ing al go rithm

Ver i fi ca tion of noise re duc tion us ing the in te -
grated fil ter ing al go rithm is de scribed in the section
Ver i fi ca tion for noise re duc tion; this ver i fi ca tion,
how ever, is not suf fi cient to con firm that the in te grated 
fil ter ing al go rithm is the most ef fec tive one. For better
eval u a tion in quan ti fy ing the de tec tion per for mance
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Fig ure 12. Cu mu la tive scat ter ing an gle dis tri bu tion of
the MCS in ter ac tion with air: air (a low-den sity ma te -
rial) has that 95 % of the cu mu la tive scat ter ing an gle is
be low 56 milliradians (based on the eqs. (10) and (12)); a
sat u ra tion is thus for an gles larger than 56 milliradians)

Fig ure 13. Re fined cos mic muon to mog ra phy im ages of
three lead cubes us ing (a) me dian fil ter ing, (b) mean fil -
ter ing, (c) mean fil ter ing with Maxwell Boltzmann shift,
and (d) in te grated fil ter ing al go rithm
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Fig ure 14. Re fined cos mic muon to mog ra phy im ages of
three tung sten cubes us ing (a) me dian fil ter ing, (b) mean
fil ter ing, (c) mean fil ter ing with Maxwell Boltzmann
shift, and (d) in te grated fil ter ing al go rithm

Fig ure 15. Re fined cos mic muon to mog ra phy im ages of
three ura nium cubes us ing (a) me dian fil ter ing, (b) mean
fil ter ing, (c) mean fil ter ing with Maxwell Boltzmann
shift, and (d) in te grated fil ter ing al go rithm



in di ca tors, a nu mer i cal anal y sis from the sta tis ti cal hy -
poth e sis test ing is adopted and the pre ci sion ra tios are
ob tained based on:

Pre ci sion ra tio = (Rec og nized in the cor rect po si tion)/
(Rec og nized in the cor rect po si tion and the wrong po -
si tion)

Pre ci sion ra tio val ues for each of the an a lyzed sta -
tis ti cal fil ter ing meth ods are shown in tabs. 3, 4, and 5.

The in te grated al go rithm with the stan dard de vi -
a tion, s, equal to 1 in eq. (21), shows the best pre ci sion 
value; how ever only one scat ter ing an gle has a higher
value than the thresh old to de tect three lead cubes as
pre sented in tab. 3. This means that the other two lead
cubes are not rec og nized as be ing made of high-Z ma -
te rial. There fore, the stan dard de vi a tion, s, of 0.7, as
de fined in eq. (21), is se lected as an ad e quate stan dard
de vi a tion for the fil ter ing method. The av er age pre ci -
sion from the PoCA re con struc tion is 13 %; from the
in te grated method, 88 %.This method re sults in a
seven-fold im prove ment in pre ci sion anal y sis, on av -
er age.

Ta ble 6 pres ents close to 97,700 scat ter ing an gle
val ues ob tained with the PoCA re con struc tion method
and 5,832 scat ter ing an gle val ues ob tained with the in -
te grated fil ter ing al go rithm. Fewer scat ter ing an gle

val ues were ob tained with the in te grated fil ter ing al -
go rithm, dem on strat ing its abil ity to re duce the
num ber of data points needed for anal y sis. The in -
crease in pre ci sion, ac com pa nied by the re duc tion of
nec es sary data, al lows for shorter in spec tion time;
which is an im por tant fac tor for cargo mon i tor ing.
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Ta ble 4. Pre ci sion ra tios of each sta tis ti cal fil tered
 to mog ra phy im age for tung sten cubes

Pre ci sion ra tio Pre ci sion ra tio in [%]

PoCA 936/6567 14 %

Me dian fil ter ing 24/46 52 %

Mean fil ter ing 61/128 48 %

a* 58/111 52 %

b*(s = 0.5) 56/83 67 %

b*(s = 0.7) 49/56 88 %

b*(s = 1) 25/25 100 %

b*(s = 1.5) 0/0 –

Ta ble 5. Pre ci sion ra tios of each sta tis ti cal fil tered
 to mog ra phy im age for ura nium cubes

Pre ci sion ra tio Pre ci sion ra tio in [%]

PoCA 866/6458 13 %

Me dian fil ter ing 19/36 53 %

Mean fil ter ing 60/133 45 %

a* 57/113 50 %

b*(s = 0.5) 52/79 66 %

b*(s = 0.7) 43/52 83 %

b*(s = 1) 1/1 100 %

b*(s = 1.5) 0/0 –

Ta ble 6. Com par i son of the to tal num ber of scat ter ing
an gles ob tained with PoCA re con struc tion method and
in te grated fil ter ing al go rithm

Ma te rial Data from the PoCA
re con struc tion

Data from the
in te grated fil ter ing

al go rithm

Lead 97668 5832

Tung sten 97694 5832

Ura nium 97673 5832

Ta ble 3. Pre ci sion ra tios of each sta tis ti cal fil tered
to mog ra phy im age for lead cubes

Pre ci sion ra tio Pre ci sion ra tio in [%]

PoCA 687/6381 11 %

Me dian fil ter ing 6/18 33 %

Mean fil ter ing 46/83 55 %

a* 39/71 55 %

b*(s = 0.5) 31/51 61 %

b*(s = 0.7) 16/17 94 %

b*(s = 1) 1/1 100 %

b*(s =1.5) 0/0 –

a* mean fil ter ing with Maxwell Boltzmann shift
b* integrated fil ter ing al go rithm

Fig ure 16. Re fined cos mic muon to mog ra phy im ages;
(a) three alu mi num cubes and (b) three iron cubes us ing
the in te grated fil ter



CON CLU SIONS

Cos mic muon to mog ra phy is an emerg ing tech -
nol ogy em ployed to de tect high-Z ma te ri als in cargo
[48]. How ever, cos mic muons scat ter off to non-uni -
formed scat ter ing an gles, pro duc ing noise in the to -
mog ra phy im age. Hence, if cos mic muon to mog ra phy
uses only the PoCA re con struc tion method, its clar ity
and pre ci sion are lim ited.

To re solve this lim i ta tion, an in te grated fil ter ing
al go rithm, which is mainly com posed of three sta tis ti -
cal fil ter ing meth ods, is in tro duced. The al go rithm was 
tested to dis tin guish be tween high-Z, low-Z, and me -
dium-Z ma te ri als. The in te grated fil ter ing al go rithm
shows seven times better im prove ment in the pre ci sion 
than the PoCA method. An ad di tional ad van tage to the
in te grated fil ter ing method is data re duc tion; this ul ti -
mately re duces the in spec tion time.

For fu ture work, the ap pli ca tion of muon to mog -
ra phy can also be ex tended to the real-time mon i tor ing
of nu clear fa cil i ties and in ven to ries for the pur pose of
nu clear non-pro lif er a tion and re ac tor safety. How ever,
in these ap pli ca tions, the ran dom scat ter ing an gles be -
tween cos mic muons and nu clear fu els will pro duce
noise in gen er ated muon to mog ra phy im ages. There -
fore, the de vel oped in te grated fil ter ing method may be
used to re duce noise and to in crease de tec tion pre ci sion.
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NOVI  ALGORITAM  ZA  PRECIZNU  I  EFIKASNU
ANALIZU  MIONSKE  TOMOGRAFIJE

U ovom radu prikazujemo novi algoritam sa pove}anom precizno{}u i efikasno{}u
mionske tomografije, sa primenama u detekciji nuklearnh materijala. Kosmi~ka mionska
tomografija je tehnika ispitivawa koja se posledwih decenija sve vi{e koristi za detekciju
te{kih materijala prisutnih u odre|enoj zapremini. Tehnika mionske tomografije zasniva se na
uglovima rasejawa miona na osnovu kojih se zapravo generi{e slika ispitivane geometrije. Uglovi
rasejawa miona posle interakcija nisu uniformni zato {to mioni imaju spektar energija.
Neuniformna raspodela uglova rasejawa miona pove}ava nejasno}u prikazane slike. GEANT4 je
kori{}en da se numeri~kim putem generi{u podaci o mionskom rasejawu (uglovi i pozicije) u
geometriji unapred definisanoj, sa sadr`ajem materijala visokog Z. Generisani imixi su onda
procesirani metodom "clos est ap proach" (PoCA); statisti~ki fil ter ing metod je zatim razvijen sa
ciqem da se rekonstrui{e PoCA slika. Tako isprocesuirana slika pokazuje pove}anu jasno}u,
precizinija je u odre|ivawu prisutnosti raznih materijala, {to ovaj metod ~ini  efikasnijim u
pore|ewu sa PoCA metodom. Pove}ana preciznost dosti`e 88 % u pore|ewu sa PoCA precizno{}u
od samo 13 % u detekciji nuklearnih i drugih te{kih materijala.

Kqu~ne re~i: mionska tomografija, vi{estruko kulonovsko rasejawe, GEANT-4, nuklearni
..........................materijal


