M. A. Wasaye, et al.: The Hybrid Model for Sampling Multiple Elastic ...
Nuclear Technology & Radiation Protection: Year 2017, Vol. 32, No. 3, pp. 229-235

229

THE HYBRID MODEL FOR SAMPLING MULTIPLE
ELASTIC SCATTERING ANGULAR DEFLECTIONS
BASED ON GOUDSMIT-SAUNDERSON THEORY

by

Muhammad Abdul WASAYE 23, Hui WANG '*, Huaqing ZHENG,
Pengcheng LONG 2, and Hamza NAEEM 1.2.3

' Key Laboratory of Neutronics and Radiation Safety, Institute of Nuclear Energy Safety Technology, Chinese
Academy of Sciences, Hefei, Anhui, China
2 Collaborative Innovation Center of Radiation Medicine of Jiangsu Higher Education Institutions,
Su Zhou, China
®School of Nuclear Science and Technology, University of Science and Technology of China,
Hefei, Anhui, China

Scientific paper
http://doi.org/10.2298/NTRP1703229W

An algorithm for the Monte Carlo simulation of electron multiple elastic scattering based on
the framework of SuperMC (Super Monte Carlo simulation program for nuclear and radia-
tion process) is presented. This paper describes efficient and accurate methods by which the
multiple scattering angular deflections are sampled. The Goudsmit-Saunderson theory of
multiple scattering has been used for sampling angular deflections. Differential cross-sections
of electrons and positrons by neutral atoms have been calculated by using Dirac partial wave
program ELSEPA. The Legendre coefficients are accurately computed by using the
Gauss-Legendre integration method. Finally, a novel hybrid method for sampling angular
distribution has been developed. The model uses efficient rejection sampling method for low
energy electrons (<500 keV) and larger path lengths (>500 mean free paths). For small path
lengths, a simple, efficient and accurate analytical distribution function has been proposed.
The later uses adjustable parameters determined from the fitting of Goudsmith-Saunderson
angular distribution. A discussion of the sampling efficiency and accuracy of this newly devel-
oped algorithm is given. The efficiency of rejection sampling algorithm is at least 50 % for
electron kinetic energies less than 500 keV and longer path lengths (>500 mean free paths).
Monte Carlo Simulation results are then compared with measured angular distributions of
Ross et al. The comparison shows that our results are in good agreement with experimental

measurements.
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INTRODUCTION

During the passage of electron through the matter,
it experiences a large number of elastic collisions with
the atomic nuclei. This changes the electron's direction,
but does not significantly change its energy. The num-
ber of such collisions is so large that a detailed Monte
Carlo simulation of individual scattering events is al-
most impractical. The solution for incapacitating this
difficulty is provided by the Condensed-history tech-
nique [1], in which the electron is followed in a series of
steps, and a multiple scattering theory is used to group
individual elastic scattering events. An accurate and ef-
ficient treatment of multiple scattering angular distribu-
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tions is thus required in a general purpose Monte Carlo
code such as SuperMC [2].

SuperMC is a general purpose, easy-to-use
Monte Carlo simulation program, developed by FDS
Team [2-5], for modeling and simulation of nuclear fa-
cilities. The released version of SuperMC can perform
simulations for neutrons, photons and coupled neutron
and photon transport, while Monte Carlo simulation of
electron transport has been under development and
will be released soon. This research work is the part of
the development of electron transport. SuperMC has
been applied to fusion reactor FDS 1 [6], FDS 11 [7],
FDS I [8], ITER[9, 10] and other reactor studies [ 11,
12] and is also designed for the Monte Carlo based
dose calculation engine of KylinRay (Accurate Radio-
therapy System) [13].
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The multiple scattering probability distribution can
be calculated through one of the multiple scattering theo-
ries of Goudsmit-Saunderson [14], Moliere [15] or
Lewis [16]. Moliere's theory uses scaled angular variable
to describe the distribution function which makes it fairly
easy to sample angular deflections but the accuracy is
limited because it is based on small angle approximation
and also do not account the spin and relativistic effects. It
is used in GEANT3 [17] and EGS4 [18]. The theory of
Goudsmit-Saunderson (GS) [14] describes the “exact”
multiple scattering distributions for an arbitrary differen-
tial cross-section and the distribution function can be ap-
plied for much smaller path lengths. It accounts the spin
and relativistic effects and also differentiates between the
scattering of electrons and positrons. Most of the Monte
Carlo electron-photon transport codes such as ETRAN
[19], EGS5 [20], PENELOPE [21], GEANT4 [22] uses
Goudsmit-Saunderson theory or Lewis theory of Multi-
ple scattering. EGSnrc [23] use a modified form of the
Goudsmit-Saunderson theory that is based on the work
of Kawrakow [24].

However, the random sampling from Goud-
smit-Saunderson distribution function is complicated
because it is based on the Legendre expansion of single
scattering law. Therefore, previously, a huge database
of pre-computed angular distributions for a set of
pre-selected path lengths has been used for random
sampling in many Monte Carlo codes, such as ETRAN
[19], GEANT4 [22], and PENELOPE [21]. EGS5 [20]
uses a Wentzel shape analytical function with adjust-
able parameters determined from the fitting of the GS
distribution function, but the method is still computa-
tional extensive as it requires the calculation of GS dis-
tribution function at many angle points (~287 points).

In this paper, an efficient and accurate hybrid
method for sampling angular distribution has been pre-
sented and it is based on Goudsmit-Saunderson theory
of multiple scattering. Differential cross-sections
(DCS) for electron and positron with kinetic energy
range 1eV to 100 MeV and for Z= 1-95 have been cal-
culated using Dirac partial wave program ELSEPA
[25]. The Legendre coefficients in the single scattering
distribution are accurately computed by using
Gauss-Legendre integration method.

ELECTRON MULTIPLE
ELASTIC SCATTERING

A brief review of Goudsmit-Saunderson theory
of multiple elastic scattering [14] is presented in this
section. We consider the multiple elastic scattering of
electrons and positrons moving in an infinite homoge-
neous medium with kinetic energy E with N scattering
centers per unit volume. The differential cross-section
is assumed to be symmetric about the incident electron
direction (i. e. depends on polar angle ).

Angular distribution

The Goudsmit-Saunderson distribution of mul-
tiple scattering for arbitrarily large angles has the form

Fas(50)= Z(zl”]e“@ Pi(cosd) (1)
1=0 4

where 6 is the angle between the initial and the final di-

rection. The P;'s are Legendre polynomials, s is the path

length (in gem ?). G, 's are Legendre coefficients, also

called transport coefficients and can be calculated as

1
G, :E [1-P, (cosQ)]id—Gd(cos 0) (2
e odQ

where do/dQ2 is the elastic differential cross-section as
a function of polar angle for given £ and Z. A is the

mean free path (mfp) and given as
N,
A7 =No :ALPG 3)

w
where o is the total elastic cross-section for given Z
and E. N, is the Avogadro's number, p —the mass den-
sity, and Ay — the atomic weight of the material.

The number of terms needed to make the
Goudsmit-Saunderson series converge in eq. (1) in-
creases as the path length decreases. However, the
convergence of the series can be improved for smaller
path lengths by separating the contribution from elec-
trons that have experienced no collision [26]

FGS(S,9)=5(COSO_1)G_SM N

> 20+1 G " . (4)
+> = [e ™% —e™* 1P (cos0)
1= 47

The first term of eq. (4) represents unscattered
electrons.

Differential cross-sections database

Differential cross sections (DCS) for electron
and positron with kinetic energy range 100 eV to
100 MeV and for Z = 1-95 have been calculated using
Dirac partial wave program ELSEPA [25]. These dif-
ferential cross sections account for screening, finite
nuclear size, spin and relativistic effects. For given Z,
electron and positron elastic DCS data is presented in
tabulated form using a logarithmic grid of 91 kinetic
energies E;. For each energy in the grid, DCS is tabu-
lated for 606 scattering angle points with a nearly loga-
rithmic spacing near @ = 0 which allows cubic spline
interpolation of In(do/dQ?) in In £ and 6. Figure 1
shows the DCS for elastic scattering of electrons inci-
dent on lead and aluminum with various kinetic ener-
gies calculated by using ELSEPA [25].

MONTE CARLO SIMULATION

In this section, the Monte Carlo simulation of
multiple elastic scattering is presented. In order to
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sample the angular deflections, one needs to accu-
rately calculate the Goudsmit-Saunderson distribution
function for given material (Z), electron kinetic energy
(E) and path length (s).

Numerical calculation of GS
distribution function

For the calculation of GS distribution function
we started from the calculation of Legendre coeffi-
cients as described in eq. (2) for a given material (2)
and electron kinetic energy (£). Let u = cos 0, eq. (2)
becomes

1 do

G, =2 [11-p () L 9% 4
1= luadQﬂ

-1

)

Integrals in eq. (5) can be evaluated to very high
accuracy with Gauss-Legendre quadrature formula.
The n point Gauss-Legendre quadrature has the form

b b—a n b-a b+a
dx~ . 4+ =
{f(x) Xx— iZIW,f( St jwz
2

T-E P

where £; are the n-zeros of the n™ order Legendre poly-
nomial. We have used two points Gauss-Legendre
quadrature to evaluate the integral in eq. (5) with &, , =
=+1/3"2 and w; = w» = 1. The maximum number of co-
efficients that can be obtained from our code are
20,000.

After the calculation of Legendre coefficients, the
GS distribution of multiple scattering has been evalu-
ated according to the eq. (1). We have used up to 1000
terms of the Goudsmit-Saunderson series and found
that, for lead and aluminum, the convergence of the se-
ries can be achieved for pathlengths as low as 10 mfp at
1 MeV and for pathlengths as low as 5 mfp at 100 keV.
Figure 2 shows the calculated multiple scattering angu-
lar distribution for 100 keV and 1 MeV electrons with
various pathlengths incident on aluminum.

(6)
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Hybrid sampling method

Unfortunately, sampling directly from GS distri-
bution of multiple scattering is computationally exten-
sive and previously very large pre-computed data ta-
bles have been used [19, 21, 22] with a limited
accuracy due to the numerical integration and interpo-
lation being used for sampling angular distributions.
EGSS5 [20] uses a Wentzel shape analytical function
with adjustable parameters determined from the fitting
of the GS distribution function, but this method is,
however, still computationally extensive as it requires
the calculation of GS distribution function at 287 an-
gle points [20].

In this study, an efficient and accurate hybrid
sampling method has been developed which uses effi-
cient rejection sampling method for larger path lengths
(~500 mfp and above) and for low electron energies
(<500 keV) while for small path lengths, a simple, effi-
cient and accurate analytical distribution function has
been proposed. The later uses adjustable parameters
determined from the fitting of Goudsmit-Saunderson
angular distribution and requires less number of terms
(~100 terms) for fitting as compared to EGS5 [20].

Rejection sampling, for low
energy and longer path lengths

For low energy and longer path lengths (s > 500 mfp
and E<500keV), a composite approach for direct and re-
jection sampling has been used. The multiple scattering
angular distribution function F{(s, 8) for a given £ and Z is

F(s5,0)=sin 0F(s,0) )

As can be seen from fig. 2, F;5 (s, 0) is relatively
flat over the interval [0, ] for longer path lengths and
low electron kinetic energy and, therefore, can be used
for rejection sampling while direct sampling (in-
verse-transform) method has been used to sample 6
from the distribution sin € in the interval [0, 7].

Analytical function

Except for s > 500 mfp and £ <500 keV, the an-
gular distribution is sampled from a fairly simple and
accurate analytical function with adjustable parame-

ters determined from the fitting of GS distribution. For
given s, £, and Z, the analytical function G (0) has the
form

5 <100mfp
s>100mtp ®

a9e’ﬂ9,

GO)= oo,

E

_B-0
n

where 6 is the polar angle and can take values from 0 to
7. @, B,and n) are adjustable parameters determined by
fitting to the GS distribution function for given E, Z,
and s. To achieve good accuracy we divided the polar
angle range into 100 steps between 0 and © with a
higher density near 0 because the distribution is
heavily forward peaked. The fits are accurate enough
for sampling angular distribution of multiple scatter-
ing. Comparisons between the analytical function de-
termined by eq. (8) and the original GS distribution
function are plotted in fig. 3.

The uniqueness of the proposed analytical form
is that G(0) has analytical integral and the correspond-
ing cumulative probability distribution function has
analytical inverse for both cases, and therefore direct
sampling procedure (inverse transform method) was
applied to sample 6.

The polar angle is then sampled as

_In(rr)

0' = ,if 0 <m, s <100 mfp
0= . s )
n
B-nln|1-In C++e1—c , 5>100mfp
an

where 71 and r, are random numbers uniformly distrib-
uted over [0, 1]. Cis normalization constant and can be
calculated analytically. This algorithm requires either
one log or one Log-Log and two exponential calcula-
tions in eq. (9). Besides this, the algorithm is efficient
because the direct sampling method is used.

Sampling algorithm

Assembling all the sampling procedures, the al-
gorithm for sampling angular deflections from GS dis-
tribution of multiple scattering for given £, Z, and s has
the following compact form.

(1) Input: Electron energy (E), Material (Z), Path
lengths (s).
(2) Output: Polar angle 6.

(a)
Z=82, E=1MeV, s=3002

25
2.0
1.5
1.0
0.5
0.0

Angular distribution
Angular distribution

Z=82, E=50keV,

(b) Figure 3. Comparisons of
multiple scattering angular
distribution of (a) 1 MeV and (b)
50 keV electrons incident on
lead, obtained with GS
distribution and analytical
function (eq. 8). All plots are
normalized to unity

102 01 1 10
0 [rad]
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(3) If E<500keV and s > 500 mfp, use rejection sam-
pling method as below.
(a) Calculate Fg(max) = £10, 5).
(b) Generate two random numbers r; and r,
over the interval [0, 1].
(c) Sample 6 from the distribution sin 6 as
0 =cos (1-2r)
(d) If r, < Fs (0, 8)/Fasmax) accept 0, else, go to
step ii.
Else: Sample 6 from eq. (9)
Efficiency and accuracy of this sampling algo-
rithm is discussed in the following section.

RESULTS AND DISCUSSION
Sampling accuracy

This section concerns the verification that the
angular sampling algorithms work as expected. The
verification is performed by comparing the Monte
Carlo sampled angular distribution with the theoreti-
cal expressions. In fig. 4, the sampled angular distribu-
tions from rejection sampling are plotted with the the-
oretical expression given in eq. (7). The accuracy of
angular sampling using analytical function, eq. (8),
which is determined by fitting GS distribution has also
been checked and the comparison is plotted in fig. 5.
The smooth curves in figs. 4-5 are from theoretical ex-
pressions and histograms present sampled angular dis-
tribution from Monte Carlo simulation. All plots are
normalized.

Sampling efficiency

The sampling efficiency of the angular sam-
pling, based on the rejection sampling algorithm is

plotted in fig. 6. The sampling efficiency is defined as
the ratio of the accepted sampled values to the total
number of trials. We have calculated the efficiency in
terms of pathlengths (s) for 100 keV, 300 keV, and
500 keV electrons incident on aluminum and lead.

One can realize that the sampling efficiency
based on rejection sampling method is generally very
good for low energy electrons with longer pathlengths
(>500 mfp) incident on lead. The sampling efficiency
for aluminum decreases, at most, to 8 % at 500 keV
electrons, when s = 500 mfp and then increases 35 %
up to 3000 mfp. For 100 keV electrons incident on
aluminum the sampling efficiency is at least 50 % for s
>500 mfp. It can be seen from fig. 6 that the rejection
sampling technique employed here is very efficient for
electron kinetic energies less than 500 keV and
pathlengths greater than 500 mfp.

Experimental verification

The multiple scattering angular distributions of
20 MeV electrons incident on aluminum have been
compared with the measurements of Ross et al. [27].
The 1/e widths of the distributions (0,,) obtained
with 20 MeV electrons incidents on Al foils of thick-
ness 70.1 mgem 2, 140 mgem 2, 274 mgem 2, and 414
mgem 2 are given in tab. 1. In general, the calculated
distributions are narrower than the measured distribu-
tions. The maximum difference between the calcu-
lated and the measured distribution is 3.9 % .

The difference was calculated as the ratio of the
difference between the calculated and measured val-
ues and the measured values. The difference shows
that our calculated GS distribution is very much com-

S 06  B: (®)
3 05 Z=13, E;ozjgo kev, | 304
B 04 S 0.3
Figure 4. Multiple scattering © g 3 © Z= 85’_E5305? keV,
angular distributions, for (a) < 0'2 = 0.2 B .
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incident on lead 00 05 10 15 20 25 30 00 05 10 15 20 25 30
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s Z=13,E=500keV, | 2  _ Z=82 E=10MeV,
ER s=10%7 & s—10%2
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Table 1. Comparison of the characteristic angle
measured by Ross e al. [27] with the values calculated in

this study
Thickness Calculated Measured Difference
[mgem 7] [degrees] [degrees] [%]
70.1 2.551 2.653 -3.8
140 3.345 3.484 -39
274 4.668 4.777 -2.3
414 5.703 5.865 2.7

0 r T T T T
5002 10002 15004 20001 25004 30002

parable with the measured distributions of Ross et al.
[27]. Hence, the Sampling of angular distributions is
fully consistent with the experimental measurements.

CONCLUSIONS

It can be concluded that the proposed algorithm
provides accurate and efficient methods for sampling
multiple scattering angular deflections based on GS dis-
tribution function. The hybrid method provides very ac-
curate treatment of photon angular distribution by low as
well as high energy incident electrons. Figure 6 shows
that the rejection sampling is very efficient for low elec-
tron kinetic energies (<500 keV and pathlengths longer
than 500 mfp). The parameterization of the GS distribu-
tion function given by eq. (8) provides a very accurate fit
as shown in fig. 3. Therefore, the simulated angular dis-
tribution is fully consistent with the most accurate and re-
liable theory at present. The sampling algorithm based on
this method is relatively faster than previously developed
approaches [20]. The experimental verification of our
calculated GS distribution is very much comparable with
the measured distributions of Ross ef al. [27] and hence
the Sampling of angular distributions based on this
model is very accurate.

It is worth mentioning that the proposed algo-
rithm for sampling multiple scattering angular distri-
butions can be used for a wide range of incident elec-
tron energies and materials and hence suitable for
general purpose Monte Carlo simulations.
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Myxamapn Aoxyn BACAIJE, Xyej BAHI', Xyahunr IIEHT, Ilenruyenr JIYHT, Xam3a HAUM

XNBPUIHN MOJEI 3A Y30PKOBAILE YITAOHOI CKPETAIbA
BUIIECTPYKOTI EJJACTUYHOI' PACEJAIbA 3ACHOBAH HA
TAYACMUT-CAYHAEPCOHOBOJ TEOPUIN

IIpukazan je anroputam 3a MonTte Kapno cuMynanujy eneKTPOHCKOT BHIIECTPYKOT
€JIAaCTHYHOT pacejama 3acHOBaHOT Yy okBHpPY SuperMC nporpama (Cynep MonTe Kapio cumynanuonu nmpo-
rpaMm 3a HyKJIeapHH 1 pajidjanuoHu npouec). OBaj paj onucyje epukacHe ¥ Ta4He MeTOjie NoMohy KOjux ce
y30pKYje YraoOHO CKpeTame P BUIIECTPYKOM pacejamy npu dyemy ce kopuctu ['oynemut-CayHuepconoBa
TeopHja BUIIECTPYKOT pacejama. [udepeHnujasny npecek eJeKTpPOoHa W MO3UTPOHA HA HEYTPATHUM
aToMuMa n3pauyHar je nomohy nporpama ELSEPA koju je 3acHOBaH Ha [IlupakoBOM NaplujaIHOM Tanacy, a
JlexxaHnpoBu KoquI/IIII/I]eHTI/I MPEU3HO cy u3padyHaT nomohy metofe I"ayc-JleaxkanapoBe uHTErpanmje.
Ha xpajy, pa3BujeHa je HOBa XuOpuAHA METOAA 3a y30pKOBame yraowe pacroperne. Mogen KopucTu
eukacHy MeTOy Of0aIrBama y3opaka 3a Hucke enepruje ejekrpona (<500 keV) u Behe ayxune nmyresa
(>500 cpemmpux cIOOOTHAX MyKUHA). 3a Malle Ay>KUHE, MPEITIOKEHA je jeTHOCTaBHA, e(pUKacHa W TavyHa,
aHanuTUYKa (yHKIHEja paclojiesie Koja KOPUCTH IapaMmeTpe NojellaBama oapebeHe ¢uroBameM
T'aypcmuT-CayHaepcoHOBe yraoHe pacnofiesie U IpuKa3aHa je AUCKycHja O e(DUKACHOCTH Y30PKOBamba 1
TAYHOCTH HOBO pa3BujeHor anroputma. EukacHocT anroputMma ogdanuBama y30paka W3HOCH HajMame
50 % 3a eJeKTpoHE ca KHHETHYKUM eHeprujama MamuM off 500 keV u Behum myskunama mytesa (>500
CpenbuX CNoO6OaHUX nyKuHA). Pesynratu MonTe Kapio cumynanuje ynopeheHun cy ca MepeHIM YraOHUM
pacniofienama Poca u capagauka (2008) 1 moka3aHa je moGpa cariiacHOCT.

Kwyune pewu: Monitie Kapao, suwecitipyko pacejarse, I'ayocmuini-Cayrnoepcon, SupieMC,
ougeperyujaanu tipecex 3a cyoap, yzaouna paciiooeaa, ELSEPA



