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To un der stand the nu clear struc ture for most el e ments, it is es sen tial to in ves ti gate the nu clear 
ex ci ta tions by us ing high pre ci sion gamma-ray spec tros copy in which in ten sive mea sure ments 
should be car ried out. This is be com ing a new chal lenge for the ra di a tion sci en tific com mu -
nity now a days, where the in stru men ta tions and tech ni cal ad vances must be de vel oped to be
used in a wide range of ap pli ca tions. To dis cover the weak est nu clear re ac tion, the max i mum
prob a bil ity of the de tec tion sys tem of the to tal en ergy of any re leased in di vid ual pho ton must
be de ter mined. In this work, a new math e mat i cal method to cal cu late the ab so lute full-en ergy
peak ef fi ciency of asym met ri cal poly he dron ger ma nium de tec tor is pre sented. This type of de -
tec tor can be ar ranged in ar ray, form ing “com plex de tec tors of en cap su lated ger ma nium crys -
tals”, with the solid an gle reach ing 82 % of to tal solid an gle cov er age, i. e., with the high est
pos si ble ef fi ciency and with a good qual ity of spec tral re sponse. In ad di tion, the pho ton path
length was en closed in the math e mat i cal method to de ter mine its at ten u a tion through dif fer -
ent ma te ri als such as, the de tec tor ac tive me dium and any other ma te rial in-be tween
source-de tec tor sys tem dur ing the mea sur ing pro cess. The com par i son be tween the ef fi ciency 
cal cu lated in this work and that of the pub lished Monte Carlo sim u la tion showed a good
agree ment and a small vari a tion.  How ever, the method dis cussed in the cur rent work can be
use ful in nu clear safe guards, in over com ing the huge dif fi cul ties in iden ti fi ca tion of the en ergy 
range of ra dio ac tive iso topes and their quan ti ties in nu clear waste.
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INTRODUCTION 

Now a days, know ing and un der stand ing the dif -
fer ent nu clear ex ci ta tions pro cesses is one of the most
im por tant goals of nu clear for ma tion the ory. The most
sig nif i cant ap pa ra tus to ex am ine nu clear con fig u ra -
tion is high ac cu racy g-ray spec trom e ters in good ar -
range ment. Fu ture chal lenges for nu clear spec tros -
copy are com ing along with the next gen er a tion of
high-in ten sity ra dio ac tive ion beam fa cil i ties cur rently 
be ing de vel oped world wide. A new gen er a tion of
g-spec trom e ters will be the Ad vanced Gamma Track -
ing Ar ray AGATA [1, 2] in Eu rope and the GRETA ar -
ray in the U. S. [3, 4]. These fa cil i ties will make it pos -
si ble to study very short lived ex otic nu clei with
ex treme val ues of isospin, lo cated in the terra in cog -
nita far from the line of b sta bil ity. 

The pos si ble con fig u ra tions for 4p ar ray de tec -
tor were eval u ated through de tailed Monte Carlo sim -
u la tions of the full ar ray [5]. The sim u la tion code for 4 
de tec tor is based on the C++ classes of GEANT4 [5],
which sim u lates the in ter ac tion of g-rays in the de tec -
tors and al lows the in clu sion of re al is tic shapes and
pas sive ma te ri als [6, 7]. One of these con fig u ra tions is
A180 con fig u ra tion which con sists of 180 asym met ric 
hex ag o nal-shaped, ta pered, en cap su lated HPGe de -
tec tors. Three slightly dif fer ent asym met ric de tec tors
(Red, Blue and Green de tec tor) are com bined into a
tri ple clus ter cryo stats unit (60 iden ti cal cryo stats).
The de tec tor con fig u ra tion al lows a 0.09 m thick ger -
ma nium shell with up to 82 % of solid an gle cov er age
[8].

The re cent work es tab lished a new math e mat i cal 
method to de ter mine the ab so lute full-en ergy peak ef -
fi ciency of asym met ric poly gon ger ma nium de tec tor.
The core of this math e mat i cal method is based on the
ap proach which was given ear lier in [9-22], where the
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integrals and its lim i ta tions be came more com plex and
hard to ob tain re lated to the com plex source-to-de tec -
tor ge om e try. Show ing the ac cu racy of the pres ent
method and how it is valid in cal cu lat ing the ef fi ciency
of g-ray de tec tor was done by com par ing the re sults
with the pub lished Monte Carlo sim u la tions data [23].

Mathematical view point 

The va lid ity of the pres ent work is pre sented by
com par ing the ob tained re sults with the pub lished
Monte Carlo sim u la tion [23]. The full-en ergy peak ef -
fi ciency for an ax ial ra di at ing point source placed at
any dis tance from the poly he dron de sign de tec tor can
be rep re sented by the fol low ing equa tion based on
[18] 
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where q and j are the po lar and az i muthal an gles, re -
spec tively. mp is the peak at ten u a tion co ef fi cient of the
de tec tor's ac tive me dium, which rep re sents the part
con trib ut ing  to  the   photopeak  only.  It  is  given  by mp

= t0 + fms0 + gnkno where,  t0, s0 and kno are the pho to -
elec tric, in co her ent (Compton) and pair pro duc tion (in 
the nu clear field) co ef fi cients cor re spond ing to the en -
ergy of the in ci dent pho ton Eg, re spec tively, the fac tors
fm and gn give the frac tions of the in co her ent and pair
pro duc tion lead ing to the photopeak, re spec tively
[24]. The ef fec tive rays pass ing through the de tec tor
crys tal ac tive vol ume tra verse a dis tance d un til it
emerges from the de tec tor crys tal. The fac tor fatt de -
ter min ing the pho ton at ten u a tion by the source con -
tainer and the de tec tor hous ing ma te ri als, and is ex -
pressed as
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where mq is the co ef fi cient of at ten u a tion per unit
length of the qth ab sorber for gamma-ray en ergy Eg, dq

is the dis tance trav eled in the ma te rial of the qth ab -
sorber, and Q de notes the num ber of ab sorb ers be -
tween the source and the crys tal ac tive ma te rial. The
full-en ergy peak ef fi ciency for 4p asym met ric ar ray
de tec tors et is given by, 
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where ei is the full en ergy peak ef fi ciency of ith crys tal
(i = 0 for red, i = 1 for blue and i = 2 for green). To find
out ei we con sider a poly he dron crys tal in ter sected by a 
cyl in der of ra dius Rc = 0.04 m and length = 0.09 m
with a back hole of ra dius rh = 0.005 m at length =
=.0.013 m, as shown in figs. 1 and 2, where Rij is the
vari able-ra dii  of  the  ith crys tal be tween two jth and (j +
+.1)th suc ces sive ver ti ces (j is the ver tex num ber and
takes val ues from 0 to 5) along L depth which is re -
stricted to have val ues less than or equal to the cyl in der 
ra dius due to the in ter sec tion.

The po lar an gle q  be tween the two faces at depth 
L and az i muthal an gle change ac cord ing to this equa -
tion, as shown in fig. 1

q j
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where L takes val ues from 0 to c.
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Fig ure 1. The po lar an gle  q, az i muthal  an gle j and the
vari able ra dius Ri,j (j, L) for the ith crys tal be tween Vj and 
Vj + 1 ver ti ces

Fig ure 2.  The poly he dron crys tal in ter sected by a
cyl in der with a back hole. The sche matic view of the four
pos si ble path lengths through the ac tive vol ume of the
crys tal for the limit of the po lar an gle

 qi,j,1(j, 0) > qi,j,2 (j, 0) > q3 > q4,
ir ra di ated by pho tons of point source



It is found that there are two prob a bil i ties for the
pho ton path lengths d trav eled through out the crys tal
ac tive vol ume ac cord ing the source-in ner face dis -
tance, h, which has been ob tained by solv ing this equa -
tion q j q ji j i j c, , , ,( , ) ( , )1 20 ³ , where q ji j, , ( , )1 0  is the
max i mum po lar an gle for pho tons to en ter the de tec tor
from its up per sur face and q ji j c, , ( , )2  is the max i mum
po lar an gle for pho tons to leave the de tec tor from its
bot tom
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Then we have two dif fer ent for mu las for the
full-en ergy peak ef fi ciency for each crys tal be tween
two suc ces sive ver ti ces jth and (j + 1)th along L depth
ac cord ing to the source-in ner face dis tance.
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As shown in figs. 2 and 3 there are four prob a bil -
i ties that should be con sid ered for the pho ton path
lengths d that trav eled through out the crys tal ac tive
vol ume:
 – The ef fec tive rays may en ter the in ner face of the

crys tal and emerge from the outer face of the crys -
tal be tween po lar an gles q3 and qi,j,2 (j, c) in case
a, and be tween po lar an gles q3 and qi,j,1 (j, 0) in
case b

d c
c

c
i j, , ( , , )

cos[ ( , )]
1 q j

q j
= (6)

– The ef fec tive rays may en ter the in ner face of the
crys tal and emerge from the crys tal lat eral face,
be tween po lar an gles qi,j,2 (j, c) and qi,j,1 (j, 0) in
case a
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– or the ef fec tive rays may en ter the crys tal lat eral face
and emerge from the outer face of the crys tal be -
tween po lar an gles qi,j,1(j, 0) and qi,j,2(j, c) in case b
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– The ef fec tive rays may en ter from the face of the
crys tal and emerge from the face of the hole then
con tinue to en ter from the hole side and emerge
from the bot tom of the crys tal be tween po lar an -
gles q4 and q3 in two cases
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– En ters from the face of the crys tal and emerges
from face of the hole be tween po lar an gles 0 and  
in two cases

d
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The po lar an gles q3 and q4 take the fol low ing
cor re spond ing val ues
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where q4 < q3.

The full-en ergy peak ef fi ciency for the ith crys tal
is given by
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where J [qi,j(j, L), L] is the Jacobian of qi,j(j, L), with
re spect to L, and
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where eij is full-en ergy peak ef fi ciency for ith crys tal
be tween two suc ces sive ver ti ces jth and (j + 1)th (j = 0 to 
5) along L depth, for case a, it is given by
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where L0 = c and LN + 1 = 0
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Fig ure 3. Sche matic view of the four pos si ble path
lengths through the ac tive vol ume of the crys tal for the
limit of the po lar an gle (qi,j,2(j, c) > qi,j,1 (j, 0) > q3 > q4,),
ir ra di ated by pho tons of point source
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for case b, it is given by
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where L0 = 0 and LN + 1 = c
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Table 1. The azimuthal angle ji,j (L) as a function of x-co-ordinate xi,j (L) and y-co-ordinate  yi,j (L) at length  L from the
inner face of each polyhedron crystal for each lateral edge, where  xi,j,a,  xi,j,b, yi,j,a and yi,j,b are the x and y-co-ordinates of
inner and outer face of ith crystal and jth vertex

xi,j (L) yi,j (L) ji,j (L)

x00 (L) = x00a + (x00b – x00a) L/c y00 (L) = y00b L/c j00 (L) = 2p – tan–1 y L

x L
00

00

( )

( )

x01 (L) = x01a + (x01b – x01a) L/c y01 (L) = y01a + (y01b – y01a) L/c j01 (L) = tan–1 y L

x L
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Table 2. The cross-sectional variable-radius Ri,j (j, L) of the hexagonal crystal as a function of  ji,j (L) for any point lies on
one of lateral faces at length L from the inner face of each polyhedron crystal for each lateral edge

Ri,j (j, L) di,j (L) yi,j ( L)
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where  J (qi,j (j, L), L) is the Jacobian of (qi,j (j, L) with
re spect to L, and
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The  re la tion be tween x, y, and z co or di nates (x, y, 
and z co or di nates are given in ref. [25]) with the
bound aries of the az i muthal ji,j (L) an gles, and the
cross-sec tional vari able-ra dius Ri,j (j, L) of the hex ag -
o nal crys tal as a func tion of ji,j (L) for any point lies on
one of lat eral faces at length L from the in ner face of
each poly he dron crys tal for each lat eral edge are given
in tab. 1 and tab. 2.

RESULTS AND DISCUSSION

The full-en ergy peak (photopeak) ef fi cien cies
for A180 con fig u ra tion 4  ar ray de tec tors, in the en -
ergy range 100-2700 keV, have been cal cu lated and
com pared with the pub lished Monte Carlo sim u la tions 
[23], as shown in fig. 4. Also, the dis crep an cies be -
tween the pres ent the o ret i cal meth ods with sim u lated
re sults are tab u lated in tab. 3. The ob tained re sults

were found to be in a good agree ment, the max i mum
de vi a tion be tween the pres ent the o ret i cal meth ods and 
the pub lished re sults were found to be less than 3 %.

The photopeak at ten u a tion co ef fi cient (cm–1) at
en ergy range 100 to 2700 keV and the fit ted val ues us -
ing eq. (22) were pre sented as shown in fig. 5. The
photopeak at ten u a tion co ef fi cient de creases rap idly at
lower en er gies and ap prox i mately lev els at high en er -
gies about 0.05 cm–1. The sharp de crease in full-en -
ergy peak ef fi ciency is re flected in the sub stan tial
change of the ef fi ciency at low en er gies. The fit ting
equa tion is given by

m mp e e= + +
- -

0 1 2
1 2A A

E

t

E

t (22)
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Fig ure 4. Com par i son of   Monte Carlo [23] and the
pres ent work of the full-en ergy peak ef fi cien cies of 4p
A180 ar ray de tec tor for en ergy range 10-2700 keV at
source to in ner-face dis tance h = 0.235 m
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where 0.0424 ± 0.0004, A1 = 0.3467 ± 0.0032, t1 =
=.174.78 ± 1.72,  A2 = 0.1538 ± 0.0013, and t2 =
=.1066.28 ± 7.21. The dis crep an cies be tween the pres -
ent and fit ted photopeak at ten u a tion co ef fi cient val ues
are tab u lated in tab. 4. The max i mum de vi a tion be -
tween the pres ent and fit ted val ues were found to be
less than 1.1 %.

CONCLUSION

In the pres ent work, a new math e mat i cal ap -
proach was es tab lished to cal cu late the ab so lute
full-en ergy peak ef fi ciency of asym met ri cal poly he -
dron ger ma nium de tec tor with a closed cy lin dri cal
back hole. This ap proach was achieved an a lyt i cally
and solved nu mer i cally based on the huge amount of
num bers and the dif fi culty of solv ing such integrals.
This group of integrable equa tions in clude the prob a -
bil ity to de tect the to tal en ergy of any emit ted pho ton
in di vid u ally for both low and high en ergy re gions, also 
the ef fect of the source-to-de tec tor dis tance, de tec tor
end cap ma te rial and the ma te ri als that were in serted
and were pres ent in the source-de tec tor sys tem dur ing
the mea sure ments.
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Table 4. Shows the discrepancies between present and
fitted photopeak attenuation coefficient values

Energy
[keV]

Photopeak attenuation
coefficient [cm–1] Discrepancies

[%]
Present Fitted value

87.84 0.39361 0.390627714 0.76

168.92 0.30511 0.303450812 0.54

263.51 0.23965 0.237919449 0.72

351.35 0.19826 0.198502616 0.12

439.19 0.17133 0.171654433 0.19

533.78 0.15241 0.151418947 0.65

621.62 0.13874 0.137672630 0.77

709.46 0.12770 0.127026913 0.53

804.05 0.11658 0.117845488 1.09

891.89 0.11137 0.110765330 0.54

979.73 0.10355 0.104673953 1.09

1074.32 0.09979 0.098938115 0.85

1162.16 0.09356 0.094207450 0.69

1256.76 0.08929 0.089631047 0.38

1337.84 0.08600 0.086069602 0.08

1432.43 0.08220 0.082277990 0.09

1520.27 0.07960 0.079066260 0.67

1614.86 0.07656 0.075904131 0.86

1702.70 0.07310 0.073215742 0.16

1783.78 0.07070 0.070927048 0.32

1878.38 0.06790 0.068470399 0.84

1972.97 0.06610 0.066224300 0.19

2060.81 0.06442 0.064310512 0.17

2155.41 0.06220 0.062418938 0.35

2236.49 0.06106 0.060926331 0.22

2331.08 0.05972 0.059322774 0.67

2418.92 0.05779 0.057955920 0.29

2506.76 0.05650 0.056697222 0.35

2601.35 0.05580 0.055452918 0.62

2689.19 0.05395 0.054392220 0.82

Fig ure 5. The photopeak at ten u a tion co ef fi cient (cm–1) at
en ergy range 10 to 2700 keV and its fit ted val ues

Table 3. Discrepancies between Monte Carlo [23] and
theoretical method results

Energy
[keV]

Photopeak efficiency [%]
Discrepancies

[%]
Monte Carlo
simulation

[23]

Theoretical
method

(present work)

87.84 77.08 77.25 0.22

168.92 74.43 73.48 –1.29

263.51 70.19 69.43 –1.10

351.35 65.96 65.99 0.05

439.19 62.25 62.83 0.92

533.78 59.07 59.71 1.08

621.62 56.42 57.06 1.14

709.46 54.02 54.63 1.11

804.05 51.37 52.23 1.65

891.89 50.03 50.18 0.31

979.73 47.90 48.31 0.85

1074.32 46.82 46.46 –0.78

1162.16 44.96 44.89 –0.16

1256.76 43.62 43.33 –0.65

1337.84 42.28 42.11 –0.40

1432.43 41.20 40.80 –0.98

1520.27 40.39 39.69 –1.76

1614.86 39.31 38.59 –1.87

1702.70 38.50 37.66 –2.24

1783.78 37.16 36.86 –0.81

1878.38 36.08 36.01 –0.20

1972.97 35.27 35.23 –0.10

2060.81 34.72 34.57 –0.43

2155.41 34.43 33.92 –1.51

2236.49 33.36 33.41 0.15

2331.08 32.81 32.86 0.16

2418.92 32.00 32.39 1.22

2506.76 31.45 31.96 1.61

2601.35 31.16 31.54 1.20

2689.19 30.35 31.18 2.67



sions dur ing all phases of its elab o ra tion. The manu -
script was con ceived and writ ten by all au thors. The
per formed data elab o ra tion and graph i cal rep re sen ta -
tion of re sults were made by all au thors.
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ENERGETSKA  EFIKASNOST  ASIMETRI^NOG
POLIHEDRONSKOG  GERMANIJUMSKOG  DETEKTORA

Kako bi se razumela struktura ve}ine elemenata, potrebno je ispitati pobu|ivawa jezgra 
intenzivnim merewima primenom spektrometrije gama zra~ewa visoke preciznosti. Ovo pred-
stavqa izazov nau~noj zajednici dana{wice jer je potrebno obezbediti instrumentaciju i omo-
gu}iti tehnolo{ki napredak za {iroku primenu. Da bi se odredila najslabija nuklearna reakcija,
mora se odrediti maksimalna verovatno}a sistema detekcije ukupne energije bilo kog oslobo|enog
pojedina~nog fotona. U ovom radu prikazan je novi matemati~ki model za prora~un energetske
efikasnosti polihedronskog germanijumskog detektora. Ova vrsta detektora mo`e se rasporediti
u red, ~ime se oblikuje kompleksni detektor oko germanijumskog kristala sa prostornim uglom
koji pokriva 82 % punog prostornog ugla, to jest, sa najvi{om mogu}om efikasno{}u i dobrim spek-
tralnim odzivom. Matemati~ki model je obuhvatio i prora~un du`ine putawe fotona kako bi se
odredilo slabqewe kroz razli~ite materijale, kao {to su aktivna oblast detektora ili bilo koji
drugi materijal koji je postavqen izme|u izvora i detektora tokom procesa merewa. Pore|ewe
izra~unate efikasnosti u ovom radu i publikovanih rezultata dobijenih Monte Karlo simu-
lacijama pokazuju dobro slagawe i malu varijaciju. [tavi{e, prikazana metoda mo`e biti upo-
trebqiva u nuklearnoj sigurnosti pri savladavawu pote{ko}a u identifikovawu energetskog
opsega radioaktivnih izotopa i wihove koli~ine u radioaktivnom otpadu.

Kqu~ne re~i: polihedronski detektor, efikasnost u piku energije, gama zra~ewe


