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A novel polar angular quadrature set called the Kim-Jevremovic polar angular quadrature set
is derived for the method of characteristics. It is based on neutron anisotropic scattering
cross-sections in the Evaluated Nuclear Data File. This new set is implemented within the
state-of-the-art neutron transport code AGENT and tested in comparison to MCNP6 as well
as to other known quadrature sets for the UO, unit cells, the well-known C5G7 benchmark,
unreflected cylinders of uranyl-fluoride solutions in heavy water, and the University of Utah
100 kW, TRIGA MARK-I reactor core. These comparisons show that the newly proposed
polar angular quadrature set provides better agreements than other quadrature sets for the
lower order of anisotropic scattering expansions. This paper presents a complete derivation of
the Kim-Jevremovic polar angular quadrature set and the analysis for the mentioned bench-

mark examples.
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INTRODUCTION

The method of characteristics (MOC) is consid-
ered to be currently one of the most accurate 3-D deter-
ministic solutions to the neutron transport equation [1].
With the MOC, the heterogeneous geometries can be
described without approximations relying on a robust
ray tracing mimicking neutron motion along the 3-D
trajectories. The MOC therefore requires weighted azi-
muthal and polar angles to describe neutron motion in
3-D. The azimuthal angles are usually uniformly dis-
tributed in space while the polar angular quadrature set
consists of the selected polar angles and their associated
weights for optimizing the calculation time. The com-
mon quadrature sets are Gauss-Legendre (GL) [2],
CACTUS[3], Leonard and McDaniel (LM) [4], and the
recently developed Tabuchi-Yamamoto (TY) [5] dem-
onstrating a certain level of accuracy for various types
of reactor core complexities [4, 6, 7]. One method of
modeling the neutron anisotropic scattering as explic-
itly as doable within the MOC is based on the expansion
of the scattering source term using the Legendre poly-
nomials. The greater accuracy achieved with the
Legendre polynomials requires greater computational
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times because the higher (and more accurate) orders of
the Legendre polynomial expansion must be added in
the scattering source term to account for the anisotropy
of neutron scattering. Some of the most used MOC
codes that include anisotropic scattering approximation
based on Legendre polynomials are DRAGON [8],
NELAT [9] and AGENT [10, 11]. These codes include
one or more of the polar angle quadrature sets as GL,
CACTUS, and LM.

The Kim-Jevremovic (K-J) polar angle quadra-
ture set is developed to account for neutron anisotropic
scattering and provides required accuracy for the
lower orders of the Legendre polynomial expansion,
thus reducing computational time. It is used within the
AGENT code in synergism with other polar angle
quadrature sets. Namely, the K-J set is developed for
coolant regions containing hydrogen or deuterium us-
ing the ENDF-VII library data [12] for differential
elastic scattering of a neutron of various energies;
while, in the fuel region currently any other polar an-
gular quadrature set can be used. The K-J polar angu-
lar quadrature set derived for light and heavy water
uses the same polar angles as the LM scheme. The
same derivation is also provided for the K-J polar an-
gular quadrature set with the TY scheme for the light
water moderator.
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DERIVATION OF THE K-J POLAR
ANGLE QUADRATURE SET

The K-J polar angle quadrature set for
the light water coolant

The K-J polar angular quadrature set is a weight-
ing scheme that can be applied to other polar angular
quadrature sets. The K-J weighting function is derived
from differential cross-sections for elastic scattering
of neutrons with hydrogen ('H) for various incident
neutron energies; derivation is based on the
ENDF-VII library with the Legendre function of the
firstkind [13]. The 'H is the most dominant nucleus in
the coolant of Light Water Reactors (LWR). More-
over, neutron elastic scattering interactions are the
most dominant interactions with 'H, as shown in fig. 1.

Figure 2 shows differential cross-sections for
elastic neutron scattering, do,/dQ,, with 'H for various
neutron energies created using the Legendre expan-
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Figure 1. Total and elastic neutron scattering

cross-sections for hydrogen (1H) [12]
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Figure 2. Differential cross-section for neutron elastic
scattering on 'H in units of barn per steradian for various
neutron energies [12]

sion coefficient provided in the ENDF-VII library.
The Legendre polynomial coefficients can approxi-
mate a function with the orthogonality between [—1,
+1]. The series can be expressed as follows [14]

f(u,E,E')=§%al(E,E'>P,(u) (1)

where f(u, E, E') probability distribution as a function
of incident neutron energy E, energy E' of the emitted
neutron, and the cosine of the angle in which the neu-
tron is emitted p, NA is the maximum order of the
Legendre polynomial expansion, «; — the Legendre
expansion coefficient that is tabulated as a function of
incident neutron energy, and / — the Legendre expan-
sion coefficients.

Legendre functions of the first kind, also called
the Legendre polynomial, P, order, or zonal harmon-
ics, are a solution to the Legendre differential eq. (2)

2 2
(1-xH3 y—Zxdy+{n(n+l)— m
dx 1

e _xz}yzm)
The first few Legendre functions of the firstkind
are

Py ()= 1P (1) =Py (1) = (3¢ ~D).P ()=
:%(5x3 -3x)P, (x):é(35x4 —30x? +3),P5(x) =
=%(63x5 —70x% +15x)... 3)

Figure 3 shows the first few Legendre functions
of the first kind from P, to Ps. The differential
cross-sections for elastic neutron scattering (e. g. fig.
2) can be derived from the ENDF-VII library based on
the Legendre function of the first kind [13]. In the K-J
polar angular quadrature set, the weighting factor for a
given polar angle is defined as the ratio between the
chosen differential cross-section and the sum of all dif-
ferential cross-sections of a given energy, calculated
as follows
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Figure 3. Legendre functions of the first kind
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Figure 4. The K-J polar angle quadrature weighting
value per neutron energy of 'H for two polar angles with
(a) sin(@) = 0.27365, (b) sin(@) = 0.86571

The K-J quadrature set can also be described as a
fitting function of the weight of the polar angles and
incident neutron energy, as shown for N = 2 polar an-
gles (this is also shown in fig. 4)

w(E)=
023852+ 0.00045133- E-7%2 5in 6 = 0273658
0.76148+ 0.00045133- E2642 5in 0 = 0865714
6))

where w is the weight of the polar angle and E —the in-
cident neutron energy [MeV]

In the K-J polar angular quadrature set, selected
angles are weighted by the relative differential elastic
scattering cross-section for 'H, as shown in fig. 2. The
K-J polar angular quadrature set should only be uti-
lized in the regions where elastic scattering with 'H is
the most dominant interaction, such as the light water
moderator. Therefore, the K-J polar angular quadra-
ture set for differential elastic scattering with hydro-
gen cannot be applied to other moderators such as
graphite or heavy water.

The K-J polar angle quadrature set
for the heavy water coolant

Much like the K-J polar angular quadrature set
derived for 'H, the K-J weighting function for deute-

rium (*H) is derived using the differential cross-sec-
tions for the elastic scattering of neutrons with 2H at
various incident neutron energies. This derivation is
also based on the ENDF-VII library with the Legendre
function of the first kind [13]. Neutron elastic scatter-
ing interactions with ’H are the dominant one as shown
in fig. 5.

The differential cross-sections for elastic neutron
scattering (do/d2,) with 2H calculated using the
Legendre expansion coefficient for various neutron en-
ergies, as provided by the ENDF-VII library, is shown
in fig. 6. The differential cross-section for neutron elas-
tic scattering on a 2H is more isotropic at low incident
neutron energies than for 'H. Elastic scattering on 'H al-
ways demonstrates forward-bias anisotropic scattering
due to the equivalent mass between a 'H and a neutron,
making it less isotropic than the scattering on a >H. The
differential cross-section for neutron elastic scattering
at high incident neutron energies, however, shows
anisotropic scattering for both 'H and H.
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Figure 5. Total and elastic neutron scattering

cross-sections for “H based on the ENDDB-VII library
[12]
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Figure 6. Differential cross-section for neutron elastic
scattering on “H in units of barn per steradian for various
neutron energies [12]
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Figure 7. The K-J polar angle quadrature weighting
value per neutron energy of “H for two polar angles with
(a) sin(@) = 0.86571 and (b) sin(@) = 0.27365

Angles used in the K-J polar angular quadrature
set are weighted by the relative differential elastic
scattering cross-sections for >H, as shown in fig. 7.
Compared to the K-J polar angle quadrature weighting
value per neutron energy of 'H (0.75~0.76), the K-J
polar angle quadrature set of ?H shows greater fluctua-
tion (0.48~0.85) with incident neutron energy. This
difference is observed because the differential
cross-section for neutron elastic scattering on 'H al-
ways shows forward-bias anisotropic scattering, due
to the equivalent mass between a 'H and a neutron,
even at low incident energies.

The K-J polar angle quadrature set for
the light water coolant with ty polar angles

The K-Jpolar angular quadrature set for the light
water coolant with TY polar angles are based on the
differential cross-sections for elastic neutron scatter-
ing (e. g. fig. 2) derived from the ENDF-VII library
based on the Legendre function of the first kind [13].
In the K-J polar angular quadrature set, the weighting
factor for a given polar angle from the TY polar angle
quadrature set is defined as the ratio between the cho-
sen differential cross-section and the sum of all differ-
ential cross-sections of a given energy, eq. (4). The
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Figure 8. The K-J polar angle quadrature weighting
value per neutron energy of 'H for TY polar angles with
(a) sin(@) = 0.8999 and (b) sin(@) = 0.3639

K-J quadrature set can also be described for N=2
from the TY polar angles in fig. 8.

Comparisons of the polar angles quadrature
sets angles and their respective weights

Table 1 shows polar angles and their associated
weights for six different polar angle quadrature sets:
GL, CACTUS, LM, TY, K-J for 'H with LM angles,
K-J for 'H with TY angles, and K-J for >H with LM an-
gles. Theoretically, it is possible to use any set of polar
angles and weights, given that the sum of their weights
equals one. Figure 9 shows how K-J for 'H, 2H with LM
angles and K-J for 'H with TY angles compares to LM,
TY, GL, and CA polar angular quadrature sets for two
polar angles-values and their associated weights. Addi-
tionally, unlike the GL and CACTUS polar angle quad-
rature sets, the K-J polar angular quadrature set gives
greater weight to larger polar angles than to smaller po-
lar angles. This is achieved by weighting polar angles
by their relative differential cross-sections for elastic
scattering (illustrated in fig. 9). Compared to the LM
polar angular quadrature set, the K-J polar angular
quadrature set with both 'H and H uses the same polar
angles while applying less weight to larger polar angles
and greater weight to smaller polar angles.
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Table 1. Comparison of GL, CACTUS, LM, TY, K-J polar angular quadrature sets

Number of pol |
Method Parameter Hmber o potar angies
1 2 3
Sin@® | 0.577350 | 0.339981,0.861136 | 0.238619, 0.661209, 0.932469
Gauss-Legendre
w 1.0 0.652145,0.347854 | 0.467913, 0.360761, 0.171324
CACTUS Sin6 0.618990 | 0.416984,0.873287 | 0.291366, 0.698869, 0.941120
w 1.0 0.707106, 0.292893 | 0.500000, 0.366025, 0.133974
) Sind 0.752244 | 0.273658,0.865714 | 0.103840, 0.430723, 0.905435
Leonard and McDaniel
w 1.0 0.139473, 0.860527 | 0.020530, 0.219161, 0.760309
. Sin6 0.798184 | 0.363900, 0.899900 | 0.166648, 0.537707, 0.932954
Tabuchi and Yamamoto
w 1.0 0.212854, 0.787146 | 0.046233,0.283619, 0.670148
Kim and Jevremovic for 'H with Sinf 0.752244 | 0.273658,0.865714 | 0.103840, 0.430723, 0.905435
Leonard and McDaniel angles w® 1.0 0.241178, 0.758813 | 0.136076, 0.280513, 0.583393
Kim and Jevremovic for 'H with Sind 0.798184 | 0.363900, 0.899900 | 0.166648, 0.537707, 0.932954
Tabuchi and Yamamoto angles w® 1.0 0.290278, 0.709722 | 0.124334, 0.322057, 0.553609
Kim and Jevremovic for 2H with Sind 0.752244 | 0.273658,0.865714 | 0.103840, 0.430723, 0.905435
Leonard and McDaniel angles w® 1.0 0.264997, 0.735002 | 0.168732, 0.226883, 0.604384

@ angle (0) is the polar angle measured from the z-axis, ©

energy-averaged weighting factor (w) for the K-J polar angular quadrature set
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Figure 9. Comparison of K-J, LM, TY, GL, an

VERIFICATION OF THE K-J POLAR
ANGULAR QUADRATURE SET

The K-J polar angular quadrature set is compared
to two other polar angular quadrature sets available in
AGENT (LM and TY) for the four different benchmark
examples: square unit cell, 2-D C5G7 benchmark, unre-
flected cylinders of uranyl-fluoride solutions in heavy
water, and 3-D University of Utah TRIGA MARK-I re-
actor (3-D UUTR benchmark). The AGENT based anal-
ysis for each benchmark example is based on the TY and
LM polar angular quadrature set for all material regions
except the K-J polar angular quadrature which is used in
the moderator region.

The 2-D square unit cell

The 2-D square unit cell is based on the Venus-2
unit cell benchmark [15]; data are provided in tab. 2

(=7

CA polar angles and their associated weights

and the unit cell geometry is shown in fig. 10. The
AGENT model includes LM, TY, and K-J polar angu-
lar quadrature sets with two polar angles and 44 energy
group cross-sections derived from SCALE 6.2.1. The
number of azimuthal angles, ray separation, sub-mesh
option, and the number of boundary edges are shown
intab. 3, from where also it can be seen that the K-J po-
lar angular quadrature set has the best agreement with
the MCNP6. With the P, order increased, the percent
difference compared to MCNP6 reduces. Computa-
tion times among the four polar angular quadrature
sets (K-J, LM, and TY) are comparable, with no polar
angular quadrature set demonstrating superior compu-
tational efficiency. The difference between the
MCNP6 reference and AGENT calculation for P2
with the K-J polar angular quadrature set (0.06 %) pro-
vides comparable agreement than P, with the LM
(0.04 %) and TY (0.05 %) polar angular quadrature
set. All differences between the MCNPG6 reference and
AGENT calculations are below 1 %.
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Table 2.. Material compositions of the unit cell E‘_ RO 1060 0M  sesssasessens .:
shown in fig. 10 : .
Unit cell region Element Number density [cm ]
2y 6.74213-10"
25y 7.65322:10" Moderater
>y 3.68820-10"°
Fuel >y 2.20912:10” Clad
o] 4.57338-10%
98 3.64042:10"7 sl Fuel
''B 1.46531:10"
Cr 7.69688-10"
Fe 1.43323:10°
Cladding Sn 4.75354-10%
o] 3.00167-10%
Zr 4.30680-10
H 6.68559-10%
Moderator >
o 3.34279-10 Figure 10. Unit cell geometry [15]
Table 3. AGENT £k;,; values for the 3.3 wt. % enriched UO,
Method Py Py Py Py Py Ps
King 1.378728 | 1.378727 | 1.385419 | 1.385418 | 1.386361 | 1.386495
AGENT with LM CPU time [s] 49 67 72 78 84 101
Difference [%)] 0.60 0.61 0.12 0.12 0.05 0.05
Kint 1.378505 | 1.378504 | 1.385251 | 1.385209 | 1.386152 | 1.386287
AGENT with TY CPU time [s] 50 69 73 80 85 100
Difference [%] 0.62 0.62 0.13 0.14 0.07 0.06
. N | J Kint 1.379407 | 1.379406 | 1.386005 | 1.386004 | 1.386942 | 1.387075
AGENT for K-J with LM angles in moderator :
region and LM in fuel/cladding region CPU time 5] 34 72 ) 82 88 100
Difference [%] 0.56 0.56 0.08 0.08 0.01 0.00
) ) King 1.378862 | 1.378862 | 1.385517 | 1.385517 | 1.386458 | 1.386592
AGENT for K-J with TY angles in moderator CPU time [s] 57 68 76 30 38 105
region and TY in fuel/cladding region
Difference [%)] 0.60 0.60 0.12 0.12 0.05 0.04
kinr (reference . +0.
MCNP6 i ( _ ) 1.38712 £ 0.00002
CPU time [s] 3280
AGENT resolution parameters: 48 azimuthal angles, 2 polar angles, AGENT sub-meshing of the unit cell:
0.004 cm ray separation, 12 boundary edges per side
AGENT converging criteria: for flux 10, for eigenvalue 10~
Boundary condition: reflective boundary condition
MCNP6 parameters: 100,000 particles, 110 histories, ENF/B-VIL.O
Difference (%) = absolute (100 x (kinf (MCNP6) — kinr (AGENT)) / (kinf (MCNP6)))
Computer: Intel Xeon x5660 processor, 2.8 Ghz speed

Figures 11 and 12 compare the P, angular neu-
tron flux distributions between the K-/ and LM polar
angular quadrature sets in selected locations within the
moderator and fuel regions for different neutron en-
ergy groups. There are four selected locations in the
moderator region and five selected locations in the
fuel region. The fast neutron energy group is repre-
sented by the energy range 1.85 MeV < E < 2.354
MeV, and the thermal neutron energy group is repre-
sented by the energy range 10 2eV <E<2.53-102eV.

Figure 11 shows a comparison of the P, angular
neutron flux distributions between the K-Jand LM po-
lar angular quadrature sets for the thermal energy
group. The thermal angular neutron flux distribution
with the K-J polar angular quadrature set in both the
moderator and fuel regions match closely. The thermal

angular neutron flux with the K-J polar angular quad-
rature set is larger compared to the LM polar angular
quadrature set. Figure 12 shows a comparison of the
P, angular neutron flux distributions between the K-J
and LM polar angular quadrature sets for the fast en-
ergy group. The fast angular neutron flux distribution
of the K-J polar angular quadrature set in both the
moderator and fuel regions also match closely. Differ-
ences in the magnitudes of the normalized fast angular
neutron flux between the K-J and LM polar angular
quadrature sets are approximately 107, with the K-J
polar angular quadrature set again being smaller. The
largest differences between the K-J and LM polar an-
gular quadrature sets are observed in the four locations
within the moderator region, as expected. Further-
more, because the K-/ and LM polar angular quadra-
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Figure 11. The Py angular neutron flux distributions of the K-J and LM polar angular quadrature sets in the 3.3 wt. % en-
riched UO; unit cell for thermal energy group (107 eV < E < 2.53-107 eV)

Figure 12. The P, angular neutron flux distributions of the K-J and LM polar angular quadrature sets in the 3.3 wt. % en-
riched UO; unit cell for fast energy group (1.85 MeV < E <2.354 MeV)
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Figure 13. The 2-D C5G7 Benchmark geometry (a) core description (b) fuel assemblies (c) fuel pin [16]

Table 4. The AGENT k. values for the 2-D C5G7 benchmark

Method Py P, P, P; Py Ps
ket 1.21784 1.21777 1.21814 1.21814 1.21820 1.21822
AGENT with LM Difference [%] 3.41 3.40 343 343 3.44 3.44
CPU time (hrs) 6 6.5 7.5 9 10 11
Fefr 1.17504 | 1.17489 1.17527 1.17528 1.17533 1.17535
AGENT with TY Difference [%)] 0.23 0.24 0.21 0.21 0.20 0.20
CPU time (hrs) 6 6.5 7.5 9 10 11
FKefr 1.17673 1.17659 1.17696 1.17696 1.17702 1.17704
AGENT with K-/ in moderator region and ' b ference [5] | 0.08 0.09 0.06 0.06 0.06 0.06
in fuel/cladding region
CPU time (hrs) 6 6.5 7.5 9 10 11
MCNP6 Kint (ref.erence) 1.17771 £ 0.00003
CPU time [s] 18.5
AGENT resolution parameters: 48 azimuthal angles, 2 polar angles, 0.01 cm ray AGENT sub-meshing of the unit cells:
separation, 204 boundary edges per side
AGENT converging criteria: for flux 1076, for eigenvalue 10°° Boundary condition:
reflective & vacuum boundary condition
MCNP6 parameters: 1.000.000 particles, 600 histories, ENF/B-VIIL.O
Difference (%) = absolute (100 X (kjpr (MCNPO6) — kins (AGENT)) / (kinr (MCNP6)))
Computer: Intel Xeon x5660 processor, 2.8 Ghz speed

ture sets use the same polar angles, the observed dif-
ferences in the moderator region are due to the
different weightings for these polar angles.

0.54 cm representing homogenized fuel-clad mixtures
or guide tubes and water moderator, as shown in fig.
13(c); the same water composition is used for the mod-
erator surrounding the fuel assemblies.

The AGENT calculations model of the 2-D
C5G7 benchmark compares LM, TY, and K-J polar
angular quadrature sets with two polar angles and

The 2-D C5G7

The 2-D C5G7 benchmark example [16] is a
2 x 2 MOX and UQ, fuel assembly core surrounded
with the reflector region. The overall dimensions, as
shown in fig. 13(a), are 64.26 cm x 64.26 cm. The vac-
uum boundary conditions are applied to the right side
and the bottom of the core while the reflective bound-
ary conditions are applied to the top and left side of the
core. Figure 13(b) shows dimensions of four fuel as-
semblies that are each21.42 cm x 21.42 cm and consist
of 17 x 17 lattices of square pin cells. The unit cell
pitch is 1.26 cm and consists of a cylinder of radius

seven energy group cross-sections [16]. The K-J polar
angular quadrature sets with LM angles is are selected.
Table 4 summarizes the AGENT kinf values for P, ~
P for all three polar angular quadrature sets, as well as
the MCNP6 reference values. It can be seen that the
K-J polar angular quadrature set provides the best
agreement compared to MCNPG6 for all P, orders (P, ~
Ps). Also, the K-J polar angular quadrature set with
higher P, order shows best agreement with the
MCNP6. All differences between the MCNP6 and
AGENT are below 3.4 %, and differences between the
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Figure 14. The AGENT normalized Ps scalar flux distri-
bution for the 2-D C5G7 benchmark: (a) thermal neu-
tron energy group (10~ ~ 0.125 eV) (b) fast neutron
energy group (1.356-10° ~ 2.107 eV)

MCNP6 and the K-J polar angular quadrature set are
<0.09 %. All three polar angular quadrature sets show
similar computation time for all P, orders (P, ~ Ps).
The difference between the MCNP6 reference and
AGENT for P, with the K-J polar angular quadrature
set (0.09 %) provides better agreement than Ps with
the LM (3.4 %) and TY (0.2 %) polar angular quadra-
ture set. These results demonstrate that the accuracy of
the MOC methods can be improved with the K-J quad-
rature set and with shortening the computational time
to half.

Figures 14(a) and 14(b) show P scalar neutron
flux for the K-J polar angular quadrature set for ther-
mal (1073 ~0.125 eV) and fast (1.356-10°~2:107 eV)
energy groups, respectively. Within the fuel assem-
blies, the thermal scalar neutron flux fig. 14(a) is high-
est in the guide tube and the moderator-filled intersti-
tial spacing between fuel rods due to elastic scattering
interactions with the 'H. The thermal scalar neutron
flux is lowest in the fuel rods due to neutron absorp-
tions, such as fission and radiative capture, in the fuel.
The thermal scalar neutron flux is larger in both UO,
fuel assemblies than in the MOX fuel assemblies, with

the highest thermal scalar neutron flux values in the
upper-left UO, fuel assembly. In the moderator exter-
nal to the C5G7 core, a greater thermal scalar neutron
flux with a local maximum occurs immediately be-
yond the core boundary. The increased thermal scalar
neutron flux observed at the boundary of the core ta-
pers from maximum values along the reflective
boundaries (top and left-hand side of the geometry) to
smaller values at the bottom right corner of the C5G7
core. Beyond the local maximum, the thermal scalar
neutron flux decreases in the directions of the vacuum
boundaries (bottom and right-hand side of the problem
geometry). As expected, the thermal scalar neutron
flux generally decreases with distance from the up-
per-left corner of the C5G7 core where the fuel assem-
blies are located, and the top and left-hand side reflec-
tive boundary conditions meet.

The fast neutron scalar flux fig. 14(b) is greatest
within the fuel assemblies, with the highest values in
the fuel rods, where fast neutrons are born from fis-
sion. Within the fuel assemblies, the magnitude of the
fast scalar neutron flux is smaller in the empty guide
tube positions and the moderator-filled interstitial
spacing between fuel rods, where elastic scattering in-
teractions with the moderator thermalize neutrons.
Furthermore, the fast neutron scalar flux within the
fuel assemblies decreases with distance from the re-
flective boundary conditions (top and left-hand side of
the problem geometry) towards the vacuum boundary
conditions (bottom and right-hand side of the problem
geometry). A steep gradient in the fast neutron scalar
flux is observed at the boundary between the C5G7
core and the moderator region external to the C5G7
core. Within the moderator region external to the
C5G7 core, the fast neutron scalar flux remains at a
minimum because no fast neutrons are produced in the
moderator.

Unreflected cylinders of uranyl-fluoride
solutions in heavy water

The unreflected cylinders of uranyl-fluoride so-
lutions in heavy water [17] are selected to verify the
K-J polar angular quadrature set for the regions with
’H. This benchmark example was developed by the
Los Alamos Scientific Laboratory to investigate criti-
cal parameters of enriched uranyl-fluoride (UO,F,)
heavy-water solutions for a fixed *H-to->3°U atomic
ratio. The benchmark consists of heavy water reflected
cylinders of uranyl fluoride in which the atomic ratio
of 2H to 2*°U is 210. Outside of the wall, the model as-
sumes vacuum boundary conditions. The overall di-
mensions of the unreflected cylinders of uranyl-fluo-
ride solutions in heavy water are shown in fig. 15. The
material compositions are shown in tab. 5.

The AGENT model of the unreflected cylinders
of uranyl-fluoride solutions in heavy water is devel-
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Figure 15. Unreflected cylinders of uranyl-fluoride
solutions in heavy water

oped to compare the LM, TY, and K-J polar angular
quadrature sets using two polar angles and seven en-
ergy group cross-sections [16]. Table 6 summarizes
the AGENT k¢ values for P, ~ P; for all three polar
angular quadrature sets, compared to the MCNP6 ref-
erence. The K-J polar angular quadrature set provides
the best agreement with MCNP®6 for all P, orders (P~
Ps); the best agreement with the reference is also
found for higher P, orders. The differences observed
between the MCNPG6 reference and AGENT calcula-
tions are <8.67 %, and differences between the
MCNP6 and the K-J polar angular quadrature set are
<0.35 %. All three polar angular quadrature sets have
the same computation time for all P, orders (P ~ Ps).
The difference between the MCNP6 reference and
AGENT calculation for P, with the K-J polar angular
quadrature set (0.35 %) provides better agreement
than Ps with the LM (8.52 %) and TY (8.67 %) polar
angular quadrature set. These results show the accu-
racy of the MOC neutron transport codes that reduce
computation time by half.

Table 5. Material compositions of the unreflected
cylinders of uranyl-fluoride solutions in heavy water [17]

Unit cell region Element |Number density [cm’]
By 3.0660-10"
By 2.8030-10%°
By 1.5751-10*
Fuel solution (UO,F,-D,0) F 5.9823 -10%
0 3.2832:10%
’H 6.3823-10%
'H 6.4468-10%°
Fe 5.9355.10%
Cr 1.6511-10*
Wall (type 321 stainless steel)|  Ni 7.7203-10"
Mn 1.7363-10"
Si 1.6982-10"
Dry air N, 3.2269-10"
0, 8.6569-10"

University of Utah TRIGA Research
Reactor (UUTR) Benchmark

The University of Utah 100 kWth TRIGA
MARK-I reactor (UUTR) is a pool-type research reac-
tor, cooled by natural convection. The UUTR operates
for research, training, and educational purposes includ-
ing irradiation of materials, neutron activation analysis,
and reactor operator training. The UUTR is selected to
verify the K-J polar angular quadrature set for the re-
gions predominantly occupied by 'H (light water) and
’H (heavy water) at the same time. In the prior research,
the UUTR was also chosen as a final benchmark to ver-
ify the accuracy of the higher order neutron anisotropic
scattering in the AGENT neutronics code system; this is
because the UUTR is a very heterogeneous reactor of
varied geometry and material composition [11]. Specif-
ically, the UUTR has a hexagonal core that consists of
38 stainless steel and 23 aluminum clad uranium-zirco-

Table 6. The k. of the unreflected cylinders of uranyl-fluoride solutions in heavy water benchmark

Method Po P] Pz P3 P4 P5
Kefr 1.05031 1.05030 1.05109 1.05109 1.05113 1.05108
AGENT with LM Difference [%] 8.59 8.59 8.52 8.52 8.52 8.52
CPU time (hrs) 0.4 0.5 0.6 0.6 0.7 0.7
Fefr 1.04861 1.04860 1.04939 1.04939 1.04943 1.04939
AGENT with TY Difference [%)] 8.74 8.74 8.67 8.67 8.67 8.67
CPU time (hrs) 0.4 0.5 0.6 0.6 0.7 0.7
) ) ) ) ket 1.14500 1.14499 1.14586 1.14586 1.14592 1.14587
AGENT with K-/ in solution region ™ pee o oo oy 035 035 0.28 0.28 027 0.28
and LM in wall/air region
CPU time (hrs) 0.4 0.5 0.6 0.6 0.7 0.7
MCNP6 kinf (rf:ference) 1.14903 + 0.00005
CPU time (hrs) 4.5
AGENT resolution parameters: 48 azimuthal angles, 2 polar angles, 0.02 cm ray AGENT sub-meshing of the unit cells:
separation, 40 boundary edges per side
AGENT converging criteria: flux 10°°, eigenvalue 107
Boundary condition: reflective & vacuum boundary condition
MCNP6: 1.000.000 particles, 600 histories, ENF/B-VII.O
Difference (%) = absolute (100 % (kinf (MCNP6) — king (AGENT)) / (King
(MCNPO6)))
Computer: Intel Xeon x 5660 processor, 2.8 Ghz speed
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Figure 16. The 3-D UUTR core geometry [11]

nium-hydride fuel rods (8.5 wt. % uranium with <20 %
enrichment), 12 graphite rods, 12 heavy water rods, and
three control rods (safety, shim, and regulating control
rods) made of powder boron carbide and housed in alu-
minum cladding [ 18]. The UUTR core has an in-core ir-
radiation facility located in the central fuel position, the
central irradiator (CI). The UUTR core also has two
in-reflector irradiators that are external to the UUTR
core: the thermal irradiator (TI) and the fast neutron ir-
radiation facility (FNIF). The 3-D UUTR benchmark
models the aforementioned features of the UUTR
TRIGA MARK-I reactor with the control rods fully
withdrawn. Figure 16 shows the UUTR core geometry.
The 3-D AGENT model of the UUTR includes
the LM, TY, and K-J polar angular quadrature sets
with two polar angles and seven energy group
cross-sections calculated by SCALE 6.2.1. In the first
and second cases of the UUTR benchmark, the LM
and TY polar angular quadrature sets are applied to the
whole UUTR region. The third case uses the K-J polar
angular quadrature set with 'H in the light water re-
gion, and LM in the other region. The fourth case uses
the K-J polar angular quadrature set with 'H in the

light water regions, the K-J polar angle quadrature set
with 2H in the heavy water regions, and LM in the
other regions.

Table 7 summarizes the AGENT kg for P, ~ Ps.
Table 7 shows that the K-J polar angular quadrature
set, with 'H in the light water and >H in the heavy water
region for lower P, orders (P, P,), is in better agree-
ment with the reference MCNP6 calculations than for
other quadrature sets (LM and TY)) for all P, orders (P,
~ Ps). Additionally, the K-J polar angular quadrature
set, with 'H in the light water and >H in the heavy water
region with higher P, order (Ps), provides the best
agreement with the reference (0.001%). Computation
times among the three polar angular quadrature sets
(K-J, LM, and TY) are comparable, with no polar an-
gular quadrature set demonstrating superior computa-
tional efficiency. All differences between the MCNP6
reference and AGENT calculations are less than 0.1
%, and differences between the MCNP6 and the K-J
polar angular quadrature set with 'H in the light water
and H in the heavy water region are <0.005 %. The
difference between the MOCNP6 reference and
AGENT calculation for P with the K-J polar angular
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Table 7. The AGENT Kkeff values for the 3-D UUTR benchmark

Method P() P] Pz P3 P4 P5
Kint 1.00883 | 1.00883 1.00883 1.00892 1.00892 1.00892
AGENT with LM Difference [%)] 0.008 0.008 0.008 0.017 0.017 0.017
CPU time [hrs] 9 12 14 16 18 20
Kint 1.00970 1.00970 1.00970 1.00976 1.00976 1.00976
AGENT with TY Difference [%)] 0.094 0.094 0.094 0.1 0.1 0.1
CPU time [hrs] 9 12 14 16 18 20
) o ) King 1.00868 | 1.00868 1.00868 1.00874 1.00874 1.00874
AGENT with K-/ in light water region and LM "nyiee on oo roe1 | 0,007 | 0007 | 0.007 0.001 0.001 0.001
in other region . . : : . :
CPU time [hrs] 9 12 14 16 18 20
N N King 1.00870 | 1.00870 1.00870 1.00875 1.00875 1.00875
AGENT with K-J in light water region, K-Jin [ .
heavy water region and LM in other region Difference [%)] 0.005 0.005 0.005 0.001 0.001 0.001
CPU time [hrs] 9 12 14 16 18 20
MCNP6 King (ref.erence) 1.00875 + 0.00002
CPU time [s] 24.5
AGENT resolution parameters: 24 azimuthal angles, 2 polar angles, 0.05 cm ray AGENT sub-meshing of the unit cell:
separation, 264 boundary edges per axial plane, 26 axial planes
AGENT converging criteria: flux 10°°, eigenvalue 107
Boundary condition: Vacuum boundary condition
MCNP6: 1.000.000 particles, 600 histories, ENF/B-VII
Difference (%) = absolute (100 x (ki (MCNP6) — ke (AGENT)) / (ketr (MCNPO6)))
Computer: Intel Xeon xx5660 processor, 2.8 Ghz speed, OPENMP
(multi-threading)

quadrature set with 'H in the light water and ?H in the
heavy water region (0.005 %) provides better agree-
ment than P with the LM (0.017 %) and TY (0.10 %)
polar angular quadrature set. These results demon-
strate that the accuracy of the MOC neutron transport
codes can be improved with the K-J quadrature set.

However, the difference between the AGENT
calculation for P, with the K-/ polar angular quadra-
ture set with 'H in the light water only and with the K-J
polar angular quadrature set with 'H in the light water
and H in the heavy water region are just 0.002 %. This
is because the difference in polar angular quadrature
set weighting factors between the K-J polar angular
quadrature set with 'H and ?H is small (see tab. 1). Ad-
ditionally, the heavy water region (TI) applied by the
K-J polar angular quadrature set with >H has a limited
area compared with the whole core area to give have a
high impact.

Figures 17 and 18 show the Py scalar neutron
flux distributions of the K-J polar angular quadrature
set for the 3-D UUTR for the thermal (10> eV~ 0.125
eV) and fast (1.356-10° eV~2-107 eV) energy groups,
respectively. The Py scalar neutron flux distributions
for the 3-D UUTR are split axially into four planes:
(a), top plane with graphite and heavy water; (b), up-
per core plane with uranium-zirconium-hydride fuel
rods; (c), lower core plane with uranium-zirco-
nium-hydride fuel rods; and (d), bottom plane with
graphite and heavy water. The thermal scalar neutron
flux, fig. 17, is higher in the vacant fuel positions, cen-
tral irradiator CI, the three fully withdrawn control rod
locations, and the heavy water/graphite reflectors on
the border of the core because the elastic scattering in-
teractions with 'H and ?H thermalize the neutrons.

The CI shows the highest thermal scalar flux be-
cause the CI is fully surrounded by stainless steel clad
fuel and is thus thermalizing more neutrons than any-
where else in the core. In the TI, the thermal scalar neu-
tron flux is larger due to elastic scattering interactions
with the row of graphite reflectors in front of the TI as
well as the heavy water inside the TI thermalizing the
neutrons. In contrast, the FNIF has a lower thermal
scalar neutron flux because there are no reflectors sep-
arating the FINF from the core, and thus the neutrons
from the core have less opportunity to undergo elastic
scattering. The thermal scalar neutron flux is smallest
in the fuel rods due to neutron absorption interactions,
such as fission and radiative capture, by fuel materials.

The fast scalar neutron flux, fig. 18, is greatest
within the fuel rods where fast neutrons are born from
fission. Within the core, the magnitude of the fast sca-
lar neutron flux is smaller in the empty water slot posi-
tions and the moderator-filled interstitial spacing be-
tween fuel rods due to elastic scattering interactions
that thermalize the fast neutrons. The fast scalar neu-
tron flux is also lower in the vacant fuel positions, CI,
the three fully withdrawn control rod locations, and
the heavy water/graphite reflectors on the border of
the core because of both the elastic scattering interac-
tions with 'H and ?H and the lack of fissile material to
generate fast neutrons. The fast scalar neutron flux is
larger in the FNIF because there are no graphite and
heavy water reflectors in between the fuel rods and the
FNIF, therefore the fast neutrons born from fission in
the core travel directly to the FNIF with fewer chances
to be elastically scattered. In contrast, there is a row of
graphite reflectors in between the TI and the core, and
thus fast neutrons will undergo elastic scattering be-
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Figure 17. The AGENT 3-D UUTR Ps scalar neutron flux distributions per axial plane with the K-J polar angular quadra-
ture set with 'H in the light water and *H in the heavy water region: Thermal energy group (10~ eV~ 0.125 eV)

fore entering the TI. A steep gradient in the fast scalar UUTR core, and the fast scalar neutron flux remains at
neutron flux is observed at the boundary between the a minimum because no neutrons are produced in the
UUTR core and the moderator region external to the moderator.
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Figure 18. The AGENT 3-D UUTR Psscalar neutron flux distributions per axial plane with the K-J yolar angular quadra-

ture set with 'H in the light water and ’H in the heavy water region: Fast energy group (1.356-10° eV~ 210" eV)
Uncertainty analysis of the K-J polar based on the uncertainties of the cross-sections for
angular quadrature set elastic neutron scattering derived from the
ENDEF-VIIIL.O library that provides intrinsic certainty
The uncertainty analysis of the K-J polar angular values, as illustrated with figs. 19 and 20. The sug-

quadrature remains for future work, and are is to be gested method for analyzing uncertainty of the K-J po-
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Figure 19. Elastic neutron scattering cross-sections with
uncertainty for 'H based on the ENDF-VII library:
(15.0 MeV ~20.0 MeV)
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Figure 20. Elastic neutron scattering cross-sections with
uncertainty for 'H based on the ENDF-VIII library:
(1.0-10" MeV~ 110" MeV)

lar angular quadrature set is the Monte Carlo sampling
algorithm coupled with the AGENT system. The sug-
gested algorithm is shown in fig. 21.

CONCLUSIONS

A novel polar angular quadrature set for the
MOC- the Kim-Jevremovic polar angular quadrature
set- is derived using the Evaluated Nuclear Data File
(ENDF-VII) library [12], introduced into the
state-of-the-art AGENT code, and then compared
against the well-known Leonard and McDaniel and
Tabuchi and Yamamoto polar angular quadrature sets
for four different benchmark problems: square unit
cell, the 2-D C5G7 benchmark, the unreflected cylin-
ders of uranyl-fluoride solutions in heavy water, and
the 3-D UUTR benchmark. Eigenvalues for the UO,
unit cell, 2-D C5G7, the unreflected cylinders of ura-
nyl-fluoride solutions in heavy water, and 3-D UUTR
benchmarks show that the Kim-Jevremovic polar an-
gular quadrature set provides the greatest agreement
with the MCNP6 reference calculation for all P, or-
ders (P~ Ps). Kim-Jevremovic polar angular quadra-

output parameters (¢, ¢, ¢z ... )

Calculate the mean and the standard
deviation of the output parameter

(9. o)

Figure 21. Monte Carlo sampling algorithm coupled
with the AGENT code system

ture set with higher P, order (Ps) shows best agree-
ment with the reference for these benchmark prob-
lems. Finally, the Kim-Jevremovic polar angular
quadrature set with P, order shows improved agree-
ment with the MCNPG6 reference calculations for all
benchmark problems. These results demonstrate that,
by using the Kim-Jevremovic polar angular quadra-
ture set coupled with the MOC neutron transport
codes, computation time can be greatly reduced.
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Honrxyn KM, Jlykac U. OIBPAJT, bputau JI. CAEH3, Tatjana JEBPEMOBHNh

HOBA K-J OIITUMN30BAHA PACIIOAEJIA IIOJAPHUX YIJNIOBA 3A METOOAY
KAPAKTEPUCTUKA 3ACHOBAHA HA HEYTPOHCKUM MHTEPAKIIMJAMA

HoBa ontumm3oBana pacmojena mojapHux yrioBa Ha3BaHa K-/ (Kwm-JeBpemonuh) je
cnenuIHO pa3BHjeHa 32 KOpullthemhe y HeyTPOHCKO] METOAU KapaKTepucTruka. Pacrosiena je 3acHoBaHa
Ha aHM3OTPONHOM pacejalby HEYTpOHa 4YHje Cy BPENHOCTH mNpeceKa eBamynpane mnpema ENDF-VII
6mOIMoTEeN HEYTPOHCKUX Tpeceka. OBa HOBa pacrojiesia MoJapHUX YIJIOBa TECTUPaHA je KopulthemeM
no3Haror Hymepuukor kopga AGENT u y nopebemwy ca MCNP6 Ha cnegehum reomerpujama: henuja ca
ropuBoM of UO,, moszHatu C5G7 OGeHuMapK, HepedeKTOBAaHH IMIUHAAD HCIYHEH pPacTBOPOM
ypaHWI-(IyOpHUAa Y TEIIKOj BOAM, U PEaKTOPCKO je3rpo UCTPAKUBAUKOT PeaKTopa Ha YHUBEP3UTETY Y
JyTn, 100 kW tepmuukunx TRIGA MARK-1. OBa nopehema mokasyjy ia HoBa pacrojiesia moJiapHuX yrioBa
naje 6obe crnarame pesyiarata ca MCNP6 Hero ipyre 1o cajga KopulitheHe pacnojiesie NoJapHUX YIoBa 3a
HHU3aK peJ] pa3Boja aHU3OTPOIHOT pacejarkba Y bonMaHOBOj jefHaYnHU HEYTPOHCKOT TpaHcnopTra. OBaj
pan yKIbydyje KOMIUIETHO u3Bohewme K-J pacrojiese moJapHUX yriioBa M aHAJIN3y TOMEHYTUX OeHIMapK
TECTOBa.

Kwyune peuu: AGENT nymepuuru apozpam, meiiood Kapakiepuciiuka, HeypoHCcKo aHU30mpOuHO
pacejarse, pactiooeaa toaapHux yaaoea, C5G7 6enumapk, TRIGA



