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This pa per deals with an ad vanced elec tro mag netic ra di a tion ap proach for an a lyz ing the
time-do main per for mance of ground ing sys tems un der pulse ex ci ta tion cur rents. The model
of the ground ing sys tems pre sented within this pa per is based on the ho mo ge neous
Pocklington integro-dif fer en tial equa tion for the cal cu la tion of the cur rent dis tri bu tion on
the ground ing sys tem and Lo rentz gauge con di tion which is used for the ground ing sys tem
tran sient volt age cal cu la tion. For the so lu tion of the Pocklington integro-dif fer en tial equa -
tion, the in di rect bound ary el e ment method and march ing on-in time method are used. Fur -
ther more, the so lu tion tech nique for the cal cu la tion of the ground ing sys tem tran sient volt -
age is pre sented. The nu mer i cal model for the cal cu la tion of the ground ing sys tem tran sients
was ver i fied by com par ing it with onsite mea sure ment re sults.
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IN TRO DUC TION

The pur pose of the ground ing sys tem is to en sure 
work ing char ac ter is tics of the power sys tem un der
nor mal op er at ing con di tions as well as to en sure the
safety of per son nel and power sys tem equip ment un -
der fault con di tions such as short cir cuits and light ning 
dis charges [1]. The per for mance of the ground ing sys -
tem un der low fre quency cur rent ex ci ta tion is well
cov ered in in ter na tional stan dards [2]. On the other
hand, the per for mance of the ground ing sys tem un der
tran sient cur rents such as light ning dis charge cur rents
is poorly cov ered by in ter na tional stan dards [3]. Re -
search ers have ex ten sively an a lyzed the ground ing
sys tem pulse char ac ter is tics trough the com plex ex -
per i men tal as well as com pu ta tional in ves ti ga tions.
Ex ci ta tion of the ground ing sys tem by tran sient cur -
rents is an im por tant pa ram e ter for the anal y sis of the
elec tro mag netic com pat i bil ity (EMC) stud ies as well
as light ning pro tec tion (LP) ef fi ciency study [4].
Ground ing sys tem im pulse char ac ter is tics de pend on
many in flu enc ing fac tors such as ground ing sys tem
pa ram e ters, sur round ing soil char ac ter is tics and ex ci -
ta tion cur rent shape and mag ni tude [5]. There fore, the
anal y sis and mod el ing of the ground ing sys tem un der
pulse cur rent ex ci ta tion rep re sent a chal leng ing task.

To date, nu mer ous mod els have been de vel oped
for the ground ing sys tem im pulse char ac ter is tic cal cu la -
tions. These mod els can be clas si fied as cir cuit the ory
mod els, trans mis sion line mod els and full-wave mod els
i. e. mod els based on an tenna the ory [6, 7]. An tenna the -
ory model of ground ing sys tem con sid ers both pro cesses
of wave prop a ga tion along the ground ing sys tem as well
as elec tro mag netic field ra di a tion [8] in sur round ing soil.
There fore, ground ing sys tem mod els based on an tenna
the ory are con sid ered as most rig or ous but math e mat i -
cally and computationally most de mand ing. Ac cord ing
to the an tenna the ory ap proach, cur rent dis tri bu tion on
the ground ing sys tem con duc tors can be cal cu lated by
solv ing the Pocklington integro-dif fer en tial equa tion.
The so lu tion to the ground ing sys tem's cur rent dis tri bu -
tion can be achieved by us ing an a lyt i cal or nu mer i cal
meth ods. For the ground ing sys tem, an tenna the ory
model an a lyt i cal so lu tion ex ists for sim ple ge om e tries
such as bur ied hor i zon tal wire [9, 10]. In most cases, real
ground ing sys tems are com posed of mul ti ple in ter con -
nected hor i zon tal and/or ver ti cal unisolated wires that
way form ing the com plex ge om e tries ground ing sys tems 
such as ground ing mesh with ver ti cal rods used for high
volt age sub sta tions, or mul ti ple in ter con nected rect an gu -
lar con tours used for the dis tri bu tion net work sub sta tions 
or ring-type con tour used for the wind tur bines, etc.
There fore it is suit able to use the nu mer i cal meth ods
since un like an a lyt i cal meth ods, nu mer i cal meth ods are
geo met ri cally in de pend ent. 
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The so lu tion of the tran sient cur rent and volt age
dis tri bu tion along the ground ing sys tem can be ob -
tained in fre quency or time do main. The fre -
quency-do main ap proach of ground ing sys tem im -
pulse char ac ter is tics cal cu la tion by an tenna the ory
ap proach is mostly used in the lit er a ture [11, 12]. By
us ing this ap proach, in verse fast Fou rier trans for ma -
tion (IFFT) must be ap plied to the ob tained re sults in
or der to ob tain cal cu la tion re sults in time-do main [12,
13]. On the other hand, a di rect time-do main ap proach
of ground ing sys tem im pulse char ac ter is tic mod el ing
pro vide better phys i cal in sight and eas ier im ple men ta -
tion of non lin ear phe nom e non such as soil ion iza tion
phe nom e non [9, 14]. Time-do main mod el ing has
some dis ad van tages in com par i son to the fre quency
do main mod el ing such as the ex is tence of the nu mer i -
cal os cil la tions due to the ex is tence of a de riv a tive op -
er a tor within the Pocklington integro-dif fer en tial
equa tion [15] and high com pu ta tional cost due to ex is -
tence of the con vo lu tion integrals in the cal cu la tion
model [16].

MATH E MAT I CAL MODEL

The math e mat i cal model given within this pa per
is com posed of two stages. The first stage is a so lu tion
of the Pocklington integro-dif fer en tial equa tion with
the pur pose to cal cu late the cur rent dis tri bu tion on the
ground ing sys tem con duc tors. The sec ond stage is a
so lu tion of the integro-dif fer en tial equa tion de rived
from the Lo rentz gauge to cal cu late tran sient volt age
on the ground ing sys tem. The so lu tion of the sec ond
stage is based on the re sults ob tained in the first stage i. 
e. on the so lu tion of the cur rent dis tri bu tion on ground -
ing sys tem con duc tors.

The fol low ing as sump tions and ap prox i ma tions
have been used in the pre sented model:
– Thin wire ap prox i ma tion can be ap plied on the

ground ing sys tem con duc tors.
– Soil can be treated as half-in fi nite lossy me dia.
– Soil – air bound ary can be con sid ered by the mod i -

fied im age the ory re flec tion co ef fi cient.
– The in ter nal im ped ance of the ground ing sys tem

con duc tor can be ne glected. and
– Soil ion iza tion phe nom e non is not taken into ac -

count. 
The first ap prox i ma tion is valid in most prac ti cal 

cases as the length of the ground ing sys tem con duc tor
is much higher than the con duc tor´s di am e ter. By ap -
ply ing thin wire ap prox i ma tion, in te gral or der in the
model is re duced from sur face in te gral to line in te gral.
This fur ther re duces both the com plex ity and com pu -
ta tional time of the math e mat i cal model. 

Ground ing sys tems are in most prac ti cal cases
bur ied on depth on which in flu ence of the bound ary
air-soil can not be ne glected. There fore, sur round ing
soil must be treated as half-in fi nite lossy me dia. The

in flu ence of the bound ary soil-air can be con sid ered
by Somerfield's integrals [17, 18] or by re flec tion co -
ef fi cients [19]. Somerfield's integrals ap proach is con -
sid ered more rig or ous but it is math e mat i cally more
com plex and computationally more time-con sum ing
in com par i son to the re flec tion co ef fi cient ap proach.
Fur ther more, Somerfield's integrals do not have
closed-form ex pres sion in time do main mean ing that
their use would re quire cal cu la tions in the fre quency
do main and the ap pli ca tion of IFFT. On the other hand, 
the mod i fied im age the ory re flec tion co ef fi cient does
have a closed-form ex pres sion in time-do main [9] and
has the sim ple math e mat i cal for mu la tion.

Even though in ter nal im ped ance of the ground -
ing sys tem con duc tor has an im pact on the cal cu la tion
re sults in most prac ti cal cases the sur round ing soil has
sig nif i cantly higher re sis tiv ity com pared to the
ground ing sys tem ma te rial al low ing to ne glect the in -
flu ence of the in ter nal im ped ance. By ne glect ing the
in flu ence of the ground ing con duc tor in ter nal im ped -
ance, the Pocklington integro-dif fer en tial equa tion
has ho mog e nous form. This fur ther re duces the math e -
mat i cal com plex ity of the model and com pu ta tional
time. 

Gen er ally, the elec tro mag netic field in sur round -
ing soil is a non-ion iza tion ra di a tion field when the
ground ing sys tem is ex cited by lower mag ni tude cur -
rents. The ion iza tion pro cess oc curs when an elec tric
field caused by pulse cur rents flow through ground ing
sys tem con duc tors is higher than soil break down elec -
tric field strength [20]. Con sid er ing that in this pa per
low mag ni tude tran sient cur rents have been an a lyzed,
this phe nom e non is ne glected.

Tran sient cur rent dis tri bu tion
cal cu la tion model

Pocklington integro-dif fer en tial equa tion can be
de rived from Maxwell´s equa tions. This pro ce dure
can be found else where [21]. Within this pa per, the
Pocklington integro-dif fer en tial equa tion is de rived
un der the as sump tion that the ex ci ta tion elec tric field
along ground ing sys tem con duc tors does not ex ist
[22]. Tak ing into ac count pre vi ously listed ap prox i ma -
tion, tran sient cur rent dis tri bu tion on the ground ing
sys tem con duc tors can be cal cu lated from the fol low -
ing ho mog e nous Pocklington integro-dif fer en tial eq.
[21]
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where R is the dis tance be tween source point r¢ and ob -
ser va tion point r, R* – the dis tance be tween the im age
of  the  source point r* and ob ser va tion point r, fig. 1, s
– the soil elec tric con duc tiv ity, e – the soil permittivity
m – the soil per me abil ity, c – the wave prop a ga tion
speed in the soil, I (r¢, t-R/c) is un known cur rent dis tri -
bu tion, and g (r, r¢, t) is Green func tion for lossy me dia
de fined by
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where d is Dirac delta func tion and tg – the time con -
stant of the me dia de fined by

t
e

s
g =

2
(3)

The im pact of the bound ary soil-air in this pa per
is treated by us ing a mod i fied im age the ory re flec tion
co ef fi cient. The used re flec tion co ef fi cient is de fined
by the fol low ing equa tion [9, 21, 22]
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where er is the rel a tive di elec tric permittivity of the soil 
and e0 – the di elec tric permittivity of free space.

By solv ing eq. (1) the tran sient cur rent in duced
on the bur ied wire can be cal cu lated. To ob tain a
unique so lu tion, ad e quate ini tial and bound ary con di -
tions must be ap plied. As stated ear lier, the bound ary
be tween soil and air has been treated by the mod i fied
im age the ory re flec tion co ef fi cient. On cur rent in -
jected point, fol low ing bound ary con di tion is in tro -
duced [21]

I r t I ti g( , ) ( )¢ = (5)

where r¢i is the cur rent in jec tion point on the ground ing 
sys tem and Ig – the cur rent in jected in the ground ing
sys tem. 

Tran sient po ten tial dis tri bu tion
cal cu la tion model

In or der to cal cu late the sca lar elec tric po ten tial
on the sur face of the bur ied ground ing wire caused by
the flow of the tran sient cur rent, the Lorenz gauge con -
di tion can be used. Lorenz gauge con di tion is de fined
by [23]
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where j(r, t) is sca lar elec tric po ten tial and 
r
A r t( , ) is a

mag netic vec tor po ten tial which is for an a lyzed case
de fined by [21]
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By com bin ing eqs. (6) and (7) the po ten tial ho -
mog e nous integro-dif fer en tial equa tion can be ob -
tained
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Us ing Green's sym met ric prop erty the po ten tial
integro-dif fer en tial equa tion takes the fol low ing form
[23]
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By solv ing eq. (9) tran sient po ten tial on the
ground ing wires in the time do main can be ob tained.

SO LU TION TECH NIQUE

In the pre vi ous sec tion, integro-dif fer en tial
equa tions for the tran sient cur rent and po ten tial dis tri -
bu tion are de rived. In this sec tion of the pa per so lu tion
tech niques of the eqs. (1) and (9) are pre sented. Tran -
sient cur rent dis tri bu tion and tran sient po ten tial dis tri -
bu tion are cal cu lated sep a rately. The so lu tion of eq.
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Fig ure 1. Ground ing wire bur ied in lossy half in fi nite
me dia



(9) is based on the so lu tions ob tained by solv ing eq.
(1).

So lu tion tech nique for
tran sient cur rent dis tri bu tion

By solv ing ho mo ge neous Pocklington integro-dif -
fer en tial, eq. (1), tran sient cur rent dis tri bu tion along the
ground ing sys tem con duc tor can be cal cu lated. Within
this pa per, the march ing-on-in time (MOT) nu mer i cal
so lu tion tech nique is used for cal cu la tion of the tran sient
cur rent dis tri bu tion cal cu la tion. The first step in this pro -
ce dure is space-time discretization. The space-time
discretization is con ducted ac cord ing to Cou -
rant-Friedrichs-Lewy con di tion

c t

l

D

D
= 1 (10)

where Dt is a time step size and Dl is a space el e ment
length.

To solve eq. (1), af ter space-time discretization,
it is nec es sary to ap prox i mate the cur rent for each seg -
ment, by the fol low ing se ries
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where Ii,j are un known co ef fi cients, N(r´) – the space
shape func tion, and T t R c j t[ ( / ) ]- - D  – the time
shape func tion. In this pa per, lin ear ba sis func tion has
been used for space shape func tions and qua dratic
Lagrange func tions for time shape func tions. 

Fi nally, by ap ply ing Galerkin-Bubnov pro ce -
dure  in  space  and  point-march ing pro ce dure in time
i. e. by choos ing shape func tion as weight func tion for
space and Dirac delta func tion as weight func tion in a
time do main and in te grat ing equa tions over both space 
and time [24], fol low ing dif fer en tial ma trix equa tion is 
ob tained
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where {I(t´)} is vec tor ma trix of un known co ef fi cients
Ii,j and [M], [C], and [K] are square co ef fi cient ma trix
whose el e ments are cal cu lated by the fol low ing equa -
tions
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where D is a space de riv a tive of the shape func tion, T –
the ma trix trans pose op er a tor and n – the time step se -
quence num ber. 

Space part of in te gral eqs. (13)-(15) is solved by
us ing Gauss-Legendre quad ra ture for mu las and time
parts are solved by ap ply ing Trap e zoidal rule for each
time step.

Fi nally, by ap ply ing the MOT pro ce dure on dif -
fer en tial ma trix, eq. (12), takes the fol low ing form
[25]
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Pa ram e ters g = 1/2 and b = 1/4 are se lected. By
solv ing ma trix, eq. (16), the so lu tion of the cur rent dis -
tri bu tion along ground ing sys tem con duc tors is
achieved.

So lu tion tech nique for the
tran sient po ten tial equa tion

Af ter the in duced tran sient cur rent is cal cu lated
for all an a lyzed time steps, the tran sient po ten tial on
the ground ing wire con duc tor can be cal cu lated by us -
ing eq. (9).  By as sum ing that the sca lar elec tric po ten -
tial at re mote soil is equal to zero, the  sca lar elec tric
po ten tial of ground ing wire can be treated as tran sient
ground ing volt age. By ap ply ing Galerkin-Bubnov
pro ce dure in space and point-march ing pro ce dure in
time on the eq. (9), fol low ing ma trix equa tion can be
writ ten
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where ma trix [A], [B], [E], and [F] are square co ef fi -
cient ma tri ces, {I(t´)} – the vec tor ma trix of co ef fi -
cients Ii,j cal cu lated in pre vi ous stage, and {j(t´)} – the
vec tor ma trix of un known sca lar elec tric po ten tial co -
ef fi cients ji,j.

Af ter some math e mat i cal ma nip u la tion ma trix,
eq. (17), takes the fol low ing form

{ ( ' )} ([ ] [ ]) ([ ] [ ]){ ( ' )}j t I t= + --E F B A1 (18)

El e ments of the co ef fi cient ma trix are cal cu lated
by the fol low ing eqs.
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If the same space-time discretization scheme is
used, tran sient cur rent and sca lar elec tric po ten tial dis -
tri bu tion can be se quen tially cal cu lated at each time
step.

CASE STUDY 

In or der to ver ify the pre vi ously pre sented math -
e mat i cal model an ex per i men tal in ves ti ga tion on the
spa tially pre pared ver ti cal ground ing elec trode, fig.
2(a), has been con ducted. The mea sure ments have
been con ducted ac cord ing to the elec tri cal scheme
given in fig. 2(b). 

The ver ti cal ground ing elec trode has been ex -
cited by four-stage 300 kV im pulse gen er a tors. Tran -
sient cur rent and volt age wave forms have been mea -
sured by a low-re sis tive shunt re sis tor and re sis tive
volt age di vider, re spec tively. The wave form of the
cur rent volt age has been reg is tered by two dig i tal stor -
age os cil lo scopes. The de tailed spec i fi ca tion of the
used mea sur ing equip ment can be found in the lit er a -
ture [26, 27] as the same mea sur ing equip ment has
been used for the ex per i men tal in ves ti ga tion.

Three ex per i ments on ver ti cal ground ing elec -
trode were per formed with dif fer ent tran sient cur rent
peak value and dif fer ent front rise time. On all reg is -
tered cur rent and volt age wave forms, high fre quency
in ter fer ences were noted. Mea sured pa ram e ters' un -
cer tainty can be caused by dif fer ent low and high fre -
quency in ter fer ence sources [28-30]. It was as sumed
that the prox im ity be tween mea sur ing equip ment and
im pulse gen er a tor was the cause of the high-fre quency 
in ter fer ences [26, 27]. To set-up an ad e quate in jec tion
cur rent model and cal cu late the ground ing sys tem
tran sient char ac ter is tics, it is nec es sary to re move

these un wonted high fre quency os cil la tions i. e. to fil -
ter the sig nals. Within this pa per, for the re moval of the 
high fre quency os cil la tions dis crete wave let trans for -
ma tion (DWT) has been used, as sug gested in [27]. In
fig. 3 the com par i son be tween mea sured and fil tered
cur rent wave form is given. 

In or der to model the tran sient char ac ter is tics of
the ground ing sys tem by the pre sented math e mat i cal
model, it is nec es sary to rep re sent the in jected cur rent
by ap pro pri ate math e mat i cal func tion in the time do -
main. Within this pa per the in jected cur rent has been
mod eled by two ex po nen tial terms as given by

i t I It t( ) = -- -
01 02e ea b (23)

where I01, I02, a, and b are model pa ram e ters and t – the
time. For each an a lyzed case, fil tered cur rent data points
have been used to eval u ate the pa ram e ters of the in jected
cur rent model. For the eval u a tion of the un known cur rent 
model pa ram e ters, the Levenberg-Marquardt non-lin ear
re gres sion has been used. The eval u ated in jected cur rent
pa ram e ters for all three cases are given in tab. 1.

In fig. 4 the com par i son of the fil tered cur rent
wave form and mod eled cur rent wave forms for all
three an a lyzed cases are given.

Mod eled in jected cur rents have been fur ther
used to cal cu late the tran sient volt age at the in jec tion
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Fig ure 2. Tested ver ti cal 
ground ing elec trode (a)
ge om e try, (b) the
elec tri cal scheme of
mea sur ing cir cuit [26]

Fig ure 3. Com par i son of the mea sured cur rent
wave form and fil tered cur rent wave form

Ta ble 1. Pa ram e ters of the in jected cur rent model

Case I01 a I02 b

1st case 428,4514 0.1989 415,2060 2.1262

2nd case 322,9921 0.1562 315,0524 2.4846

3rd case 184,4458 0.1017 175,7460 2.6569



point of the ground ing sys tem by the pre vi ously pre -
sented math e mat i cal model. Soil re sis tiv ity was mea -
sured by Wenner four-probe method and it was es tab -
lished that mean soil re sis tiv ity is 274.85 Wm. 

A com par i son be tween mea sured (and fil tered)
re sults and cal cu lated re sults is given in fig. 5. A good
ar gu ment be tween mea sured and cal cu lated volt age
wave forms.

In tab. 2 peak val ues of the tran sient cur rent,
volt age, and im ped ance, based on mea sured and cal -
cu lated value are given. As can be noted from the
given re sults, the math e mat i cal model pre sented
within this pa per gives sat is fac tory re sults. 

CON CLU SIONS

This pa per pres ents the ad vanced math e mat i cal
model for the cal cu la tion of the ground ing sys tem char -
ac ter is tics un der pulse cur rent ex ci ta tion. Tran sient cur -
rent dis tri bu tion on the ground ing sys tem is based on
the integro-dif fer en tial equa tions of the Pocklington
type. Due to the high com plex ity of the pre sented math -
e mat i cal model, the so lu tion is achieved by us ing the
com bi na tion of the nu mer i cal pro ce dures. The in di rect
bound ary el e ment method has been used for the so lu -
tion of the space in te gral part of the equa tion, the trap e -
zoidal rule has been used for the so lu tion of the time in -
te gral part of the equa tion. The de riv a tive part of the
equa tion has been solved by us ing the MOT pro ce dure.
Ground ing sys tem tran sient volt age has been cal cu lated 
based on a tran sient cur rent dis tri bu tion cal cu la tion re -
sults and Lo rentz gauge con di tion. For the cal cu la tion
of the ground ing sys tem tran sient volt age Galerkin -
Bubnov pro ce dure in space and point-march ing pro ce -
dure in time was used. 

Fi nally, the pre sented math e mat i cal model has
been val i dated by com par ing the cal cu la tion re sults
with the ex per i men tal re sults con ducted on a spa tially
pre pared ver ti cal ground ing elec trode.  

AU THORS' CON TRI BU TIONS

Both au thors have con trib uted equally to the ex -
per i men tal in ves ti ga tion and mea sure ment re sults pro -
cess ing and anal y sis. N. Dautbaši} has de vel oped a
math e mat i cal model for the ground ing sys tem char ac -
ter is tics cal cu la tions in the time do main. Both au thors
par tic i pated in writ ing, ed it ing and re vis ing of the
manu script. 
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Nedis J. DAUTBA[I], Adnan Z. MUJEZINOVI]

RE[AVAWE  ELEKTROMAGNETNOG  MODELA  ZRA^EWA  UZEMQIVA^KOG
SISTEMA  POBU\ENOG  IMPULSNOM  STRUJOM  U  VREMENSKOM  DOMENU

U radu je opisan napredni pristup za analizu performansi uzemqiva~kih sistema pri
impulsnim pobudnim strujama. Model uzemqiva~kog sistema prezentiran unutar rada je baziran na
homogenoj Poklingtonovoj integro-diferencijalnoj jedna~ini za prora~un raspodele struje i
Lorencovom ba`darnom uslovu koji je kori{}en za prora~un tranzijentnog napona uzemqiva~kog
sistema. Za re{avawe Poklingtonove integro-diferencijalne jedna~ine kori{}ena je indi-
rektna metoda grani~nih elemenata i metoda mar{irawa u vremenu. Nadaqe, tehnika za prora~un
tranzijentnog napona uzemqiva~kog sistema je prezentirana. Numeri~ka metoda za prora~un
tranzijentnih karakteristika uzemqiva~kih sistema je verifikovana pore|ewem sa terenskim
merewima.

Kqu~ne re~i: uzemqiva~ki sistem, tranzijentna struja, tranzijentni napon,
.........................Poklingtonova integro-diferencijalna jedna~ina, Lorencov ba`darni uslov


