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Surface roughness represents the measure of the irregularities on the surface contributing to
the local field enhancement. The traditional Fowler-Nordheim equation established for per-
fectly planar surfaces is not suitable for describing emission from rough surfaces. Instead, it is
more appropriate to use the equation that accounts for the field enhancement factor describ-
ing the effect of the surface morphology. In superconducting radio frequency cavities, field
emission may occur in the irises while the tips on the cavity surface may act as an emitter lead-
ing to the high electric field. For this study, calculations for hemispherical, cylindrical, and
conical tips have been performed using a Multiphysics software package COMSOL. The fo-
cus was put on the dependence of the field enhancement factor on the shape and the radius of
the protrusions. The electric field strength and the current density increase with increasing
the root mean square average of the profile heights due to field enhancement at the cavity
irises. The lowest value of the electric field has been achieved for the hemisphere. The calcu-
lated values for the field enhancement factors are consistent with the data from the literature,
in which case the protrusion may represent a small local bump on the surface of a supercon-
ducting cavity. Based on the fit of the results, presented here, the relation between the en-
hancement factor and the radius has been suggested. The accurate estimation of the field
emission may play a crucial role in the design of accelerators and other technological applica-
tions with requirements of extremely high precision.
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INTRODUCTION

The strong electric field at the irregularities on the
cavity surface enhances electron emission leading to
the field emission (FE) effect. Electron emission from
the sharp tips dueto FE isrecognized as one of the most
severe constraints in high-gradient accelerator struc-
tures [1-6]. The main cause of FE in superconducting
cavities is particulate contamination. Scratches or other
geometrical defects on the cavity surface operate as
field emitters creating a field emitted current and reduc-
ing the quality factor [7]. Superconducting cavities are
much more sensitive to FE as additional dissipation of
radio frequency (RF) power due to the electron loading
of'the cavity may cause significant and undesirable deg-
radation of the quality factor [8]. Thus, there is signifi-
cant interest in understanding the origin of FE in cavi-
ties with applications in superconducting radio
frequency (SRF) cavity design, construction, and oper-
ation.
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The FE represents the tunneling of electrons
through a barrier in the presence of a strong electric
field mathematically expressed via Fowler-Nordheim
(FN) equation [9, 10]. In accelerators, FE is responsi-
ble for unwanted effects such as absorption of RF
power, dark current, and possible breakdown. The tra-
ditional FN theory is shown to be a restricted case of a
generalized FN type equation in the limit of a perfectly
at the surface of a material with parabolic dispersion
[11,12]. When a simple quantitative test for lack of FE
has been conducted by applying the original FN equa-
tion to the data available in the literature, almost half
the examined data failed this test [13].

To solve this problem, many analytical or
semi-analytical works that address emissions from
specific geometry emitters have been performed [14,
15]. Some of them treat emission with no equation ap-
plicable to arbitrarily sharp nanoscopic tips [16].
Later, the sphere on a cone model has been developed
containing functions of two variables that have to be
evaluated numerically and thus are not easy to use
[17]. Zuber et al. [18] recognized the emission from



M. D. Radmilovi¢-Radjenovié, ef al.: Studies of Enhanced Field Emission ...
Nuclear Technology & Radiation Protection: Year 2021, Vol. 36, No. 1, pp. 18-24 19

hyperboloid surface element as FN type. From the first
principles, Kyritsakis and Xanthakis [19] derived a
generalized FN equation that involves the curvature of
a nanoscopic emitter. Geometrical effects can also be
considered by the field enhancement factor defined as
the ratio of the local electric field over the applied
field. In general, the field enhancement causes fields
about sharp points to be large.

In this paper, the enhancement of the field gener-
ated around hemispherical, cylindrical, and conical
protrusions has been studied using the software pack-
age COMSOL Multiphysics [20]. In COMSOL rough
surface is characterized by using a sum of trigonomet-
ric functions similar to a Fourier series expansion. The
role of the surface roughness on the enhancement of
the electric field and the current density has been ana-
lyzed. The enhancement factor for hemispherical, cy-
lindrical, and conical protrusions has been estimated
and compared. Based on the fit of the calculation re-
sults relationship between the enhancement factor, £,
and the radius, 7, has been suggested.

FIELD ENHANCEMENT

The FE emission from the surface of a material is
the extraction of electrons from a surface by tunneling
through the surface potential barrier. The FE current
density, jgg, is given by the expression [21]

4
Jre =e] n(8)D(S,E)ds (1)
0

where e is the electron charge, D —the transmission co-
efficient, 6 — the fraction of the electron's energy re-
lated to the component of momentum normal to the
surface, and E — the electric field. Originally, the FN
equation has been established for cold flat surfaces,
but in practice, no metal surface in an accelerator cav-
ity is perfectly flat.

Geometrical effects in the FN equation can be in-
troduced by the field enhancement factor defined as
the ratio of an electric field in the presence of a protru-
sion and the field in the absence of the protrusion. The
expression for the electron current density, jpg, has the
form [22]

2.2
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where E is the electric field, ¢ — the material work
function (expressed in eV), and  — the field enhance-
ment factor. Figure 1 contains calculated values of the
field enhancement factor for several geometries (a
sphere above a plane, a cylinder topped by a
semi-sphere, and an ellipsoid) characterized by the
height, 4, radius, p, and p = */h (for ellipsoid) [23].
An emission source with a greater field enhancement
factor can produce a larger field and enhance the elec-
tron emission. As can be seen from fig. 1, the largest

JFE =

10' 10
T T T T

Sphere E=pE,

-t
[=]
(=]

-
o
&
T T T
LNl

Tp\é

£ h

% 10° 7 :
£ ] Cylinder E=pE, ]
E - -
£ T ]
32 P h

o Z

w

EmEmEIEE ]
A ETE |

~lr=x

For ellipsoid p = %

TTTTTm

i ‘a
¥
AR

100 1 1 1 1 1 1 1 1
10* 10* 10* 10* 10" pp
L 1 i 1

10' 10" hiie

Figure 1. Calculated values for the field enhancement
factor vs. h/p (or h/k) for various microprotrusion
geometries [23]

electric field strength corresponds to a sphere above a
plane, while the smallest to a semi-sphere.
The enhancement is a dimensionless ratio of
fields and is a function of the geometry
E
P -
1
~E, 0. V(Z»Pﬁ 2=hyp=0=
=—a0, Ll(Z,p)‘z:ho,p:O 3)

where 4, is the height of the protrusion and 0,u(z, p) =1
for the protrusion-free case i. e., for 6 = 0.

In the case of the hemisphere on a plane, the sys-
tem is characterized by the rotational symmetry about
the z-axis and the potential can be expressed in terms
of the Legendre polynomials [24].

V(r0)= i(A,rl +]'?+1le1 (cos®) (@)
i=0 r

Far away from the hemisphere, r — 4, V(r,0) —
—Ez = —Er cos 0. Along the surface of the hemi-
sphere, the enhancement factor is

PO)=—0,V(r0),-, =3c0s0  (5)
E,

For a conical emitter in a background field £,
such that the ellipsoid is defined by 1 =1, and asymp-
totically, the potential is that of a constant background
field [24]

limV (n,v)=—E,z=—EyLcoshncosv  (6)
Ui

where the angles (17, U) A, cOS(Kmy- X + @) are related
to the cylindrical co-ordinates (z, p) according to
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p = Lsinh (1)sin (v) @)

z =Lcosh (n)cos (v) ®)

where L is a length scale. For Poisson's equation V27 =0,
and using ¥(n, v) = E,L U(n)W(v) [24]
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From the asymptotic behavior, W= cos v, while
U(n) = —cosh 1 + 4,0,(cosh 1), where

O, (cosn)=

2

coshn In coshn+1
coshn—1

j—l (10)

and A4, is determined by the boundary condition that on
the surface of the ellipsoid (17 = 77,), the potential van-
ishes.

NUMERICAL METHOD

For this study, calculations were performed using
the software package COMSOL based on a multi-com-
ponent plasma fluid model solved by the finite element
method [20]. The COMSOL Multiphysics represents
an integrated software environment for creating phys-
ics-based models and simulation applications. In
COMSOL Multiphysics surface roughness can be rep-
resented as a sum of trigonometric functions similarto a
Fourier series expansion [25]. A rough surface f(x, y) is
composed of many elementary waves. Each constituent
wave component can be expressed in the form [25]

A o, cos(k X+ @) (1)

where @ is a phase angle and 4,,,, — the amplitude. For
an entirely random surface, the phase angle, ¢, lays in
the interval 0 to t or —1t/2 to 7/2. The final surface is a
sum over all wave components

J)= 2 Ay €08 (k py X+ ) (12)

m,n

To represent the rough surface that we generated
for our calculations, we used the double sum

M N
fp)= 2 2a(m,n)cos[2a(mx+ny)+p(m,n)]
m=—M n=—N (13)

where x and y are spatial co-ordinates, m and n are spa-
tial frequencies, a (m, n) are amplitudes, and @(m, n)
are phase angles.

RESULTS

A rough surface topography contributes to the
local field enhancement. Surface roughness represents
the measure of the irregularities on the surface that can
be characterized by the root mean square (RMS)
height defined as the root mean square average of the
profile heights over the evaluation length and labeled
by Sq [26]. Figure 2 shows (a) 3-D, and (b) 2-D, im-
ages of the rough surface obtained by COMSOL
Multiphysics. It can be noticed that these images are
similar to atomic force microscope (AFM) images
scanned over a surface area [27]. The RMS height was
calculated to be 0.25 m. The locations of the high elec-
tric field produced by the sharp-edge features are
painted red.

The effect of the RMS height on the electric field
strength is illustrated in fig. 3. For the RMS height of
0.50 m, the electric field is more than two and around
six times higher as compared to that for the RMS
height of 0.25 mand 0.10 m, respectively. The higher
RMS height leads to an emission increase due to local
field enhancement at the sharp point protruding from
the surface. For higher RMS height electric field may
reach the threshold value for field emission.

Figure 4 displays the FN current density for the
surface with various RMS heights. The current density
is the lowest for flat surfaces (red circles), while for
rough surfaces the current density increases with the
RMS height increasing. The higher the RMS height,
the higher the current density. Also, surface irregulari-
ties may become emitters if triggered by traces of im-
mersed impurities. Figure 5 displays the enhancement
factors calculated for fig. 5(a) RMS height of the pro-
trusions of the surface and fig. 5(b) emitter areas. As
expected, the enhancement factor increases with the
RMS height increasing. The emission current of the
various emitters can be determined from the modified
FN equation [28]
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where ¢ is the work function and 4 — the emitting area.
The emission of electrons at low electric fields occurs
from the sharp tip of the emitter resulting in a smaller
emitting area with a greater field enhancement factor.
At high electric fields, however, a large area of the
emitter enhances electron emission, thereby reducing
factor 3. Assuming linearity of In(Z/V?) with 1/¥ the
slope and intercept on the FN plot is sufficient to deter-
mine field enhancement and emission area 4.
Besides the height, the shape of the protrusion
also affects the field enhancement factor. Calculated
values of the enhancement factor of the field generated
around are depicted in fig. 6(a) hemisphere, fig. 6(b)
cylinder, and fig. 6(c) cone. The electric fields formed
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Figure 2. (a) 3-D and (b) 2-D
images of rough surfaces
characterized by the RMS
height of 0.25 m
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Figure 3. The electric field
generated at the rough surface
characterized by the RMS height:
(a) 0.10 pm, (b) 0.25 pm, and (c)
0.50 pm

10-I
10" ]
]
- 1
IE 4
[*]
<
e
g
]
] -, -
4 @ |RMS height
{.® .' C) @0
P e
i = %, m 0.10pm
] ) ¢ 025pm
100-I - ° A 0.50pm
1 E[10°vm™

Figure 4. The Fowler-Nordheim current density for
surfaces with the RMS height of 0 m (circles),

0.10 pm (squares), 0.25 pm (diamonds),

and 0.50 pm (up triangles)

around conical and cylindrical tips are similar and
higher than those around the hemisphere conforming
to the calculated values of the enhancement factor
shown in fig. 1.

It is shown that the radius plays a key role in the
field enhancement. The dependence of the enhance-
ment factor on the radius is represented in fig. 7(a)
hemisphere, fig. 7(b) cylinder, and fig. 7(c) cone. The
enhancement factor increases with the radius decreas-
ing. It was reported in the literature that the relationship
between the enhancement factor f and the radius » can
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Figure 5. The dependence of the enhancement factor on:
(a) RMS height Sq of the surface roughness and
(b) emitter area 4
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Figure 6. The calculated enhancement factor for (a) hemisphere, (b) cylinder, and (c) cone of the equal radius

Figure 7. The effect of the radius on (a) hemispherical, (b) cylindrical, and (c¢) conical protrusions on the enhancement
factor
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Mapuja . PAIMNJIOBUHh-PABEHOBHh,
Kemka 1. HUKUTOBWh, bpanucias M. PABEHOBHUh

INPOYYABAIBE EMUCHNIE YCIE JAKOT ITIO/BbA KO
CYIIEPIIPOBOIHUX PAINOPPEKBEHIIMIJEHUX YPEDHAJA

XpamnaBocT NOBPLINHE NpecTaBba MEPY HENPABMIIHOCTH OBPIIKHE KOja MOXKe Jia JOIpuHece
nojayamwy JIOKajgHOr mnosba. Tpagunuonanna Paynep-HoppaxajMoBa jefHaumHa YyclocTaB/beHa 3a
CaBPILICHO PaBHE MOBPIINHE HUjE MOTO/IHA 32 ONUCHBAKE EMUCHjE Ca XpalaBUX HENPAaBIUIIHUX NTOBPIINHA.
YMecTO ’be MHOIO je IOrOfiHMj€ KOPUCTUTH je[lHaYUHy Koja yKibyuyje (pakTop Hojadarba 110Jba KOjU
yKIbyuyje edexrte Mopdonoruje noBpmuHa. Koj cyneprnpoBogHuX paano@peKBEeHINjeHNX IIyIbUHA
eMHCHja yCIIell jakor ToJba JIelllaBa ce Ha OTBOpMMA (MpUCHMMa) W M300YMHE HA MOBPIIMHAMA CE MOTY
CMaTpaTH eMHTEepUMa KOju MOTY fla EMUTY]y YECTHIIE yClIef] jaKoT MoJba. 3a OBO MPOyUaBamke, IPOPAUyHH
3a U3004MHE NONYyC(EPHUX, IMITUHAPUYHUX U KOHYCHUX OOJIMKa U3BPLIEHH Cy KOpUllTheleM cO(PTBEPCKOT
rakeTa 3aCHOBAHOI Ha METOJly KOHayHuX eneMeHarTa. POKycupaau cMO ce Ha 3aBHUCHOCT (pakTopa
nojayamwa off o0nmMka u pagujyca n300ouynHa. JaumHa eNeKTPUYHOr M0Jba W TYCTHHA CTpyje pacry ca
MOPacTOM Cpefilbe KBafpaTHE BHCHHE Npo(umia HAa OTBOpUMA INyIJbMHA. M3paduyHaTe BPESHOCTH 3a
¢akTOp mojavama y carllaCHOCTH Cy ca mofanuma m3 jureparype. duryjyhum gobmjene pesyarare,
TIpefIOKeHa je pealyja Koja moBesyje (hakTop nmojavyama u paaujyc. Tauna mporeHa epekara ycies jakor
0Jba MMa BEOMa BaxKHY yJIOTY y IU3ajHY akleJepaTopa 1 JPYruX TEXHOJOUIKUX IPUMEHA KOje 3aXTeBajy
BEOMa BUCOKY IMPEIU3HOCT.

Kwyune pewu: akyeaepaitiop, wiyilwuna, xasapujcko 3ayciuasmare, COMSOL



