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This work ad dresses the prob lem of prop a gat ing un cer tainty from group-wise neu tron
cross-sec tions to the re sults of neutronics dif fu sion cal cu la tions. Au to matic dif fer en ti a tion
based on dual num ber arith me tic was ap plied to un cer tainty prop a ga tion in the frame work of
lo cal sen si tiv ity anal y sis. As an il lus tra tion, we con sider a two-group dif fu sion prob lem in an
in fi nite me dium, which has a so lu tion in a closed form. We em ploy au to matic dif fer en ti a tion
in con junc tion with the sand wich for mula for un cer tainty prop a ga tion in three ways. Firstly,
by eval u at ing the an a lyt i cal ex pres sion for the mul ti pli ca tion fac tor us ing dual num ber arith -
me tic. Then, by solv ing the dif fu sion prob lem with the power it er a tion al go rithm and the al -
ge bra of dual ma tri ces. Fi nally, au to matic dif fer en ti a tion is used to cal cu late the par tial de riv -
a tives of the pro duc tion and loss op er a tors in the per tur ba tion for mula from the adjoint-
weighted tech nique. The nu mer i cal so lu tion of the dif fu sion prob lem is ver i fied against the
an a lyt i cal for mu las and the re sults of the un cer tainty cal cu la tions are com pared with those
from the global sen si tiv ity anal y sis ap proach. The un cer tainty val ues ob tained in this work
dif fer from val ues given in the lit er a ture by less than 1×10–5.
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INTRODUCTION

Sen si tiv ity and un cer tainty anal y sis has be come
an im por tant topic in nu clear re ac tor mod el ling. Un -
cer tainty anal y sis meth ods are em ployed to quan tify
the ef fect that the un cer tain ties in the model in put have
on the un cer tainty of the model out put (prop a gate the
un cer tainty). Sen si tiv ity anal y sis is used to study how
the un cer tainty in the out put of a math e mat i cal model
can be al lo cated to dif fer ent sources of un cer tainty in
its in puts. Sen si tiv ity and un cer tainty anal y sis meth -
ods can be col lected into two fam i lies, re ferred to as lo -
cal and global sen si tiv ity anal y ses. Lo cal sen si tiv ity
anal y sis meth ods (the fo cus of this work) al low one to
ex am ine the be hav iour of the model out put in the vi -
cin ity of a cho sen point (point of in ter est). Global sen -
si tiv ity anal y sis meth ods al low one to ex plore the full
phase-space of in put pa ram e ters, and to take the
nonlinearity of the model into ac count. More de tail on
sen si tiv ity and un cer tainty anal y sis and their ap pli ca -
tion can be found, for in stance in [1].

Un cer tainty prop a ga tion in nu clear re ac tor cal -
cu la tions is typ i cally done us ing sam pling meth ods or
per tur ba tion the ory. In sam pling meth ods, a large
num ber of cross-sec tion sets (or li brar ies) are con -
structed by sam pling from an un der ly ing set of
cross-sec tions and their un cer tain ties. Cal cu la tions are 
run with all these li brar ies, and sta tis ti cal anal y sis can
be per formed on the com plete set of out put pa ram e ters
ob tained. Ex am ples of re ac tor sim u la tion codes that
use this ap proach are XSUSA [2] and Sam pler [3]. The 
per tur ba tion the ory ap proach in volves solv ing a gen -
er al ized adjoint equa tion for each re sponse of in ter est,
to cal cu late sen si tiv ity co ef fi cients. Un cer tainty in re -
sponses can then be cal cu lated us ing the so-called
sand wich for mula. Ex am ples of codes that use this ap -
proach are TSU NAMI [4] and CASMO-4 [5]. These
two meth ods are widely pub lished and not fur ther dis -
cussed in this work.

We dis cuss an al ter na tive ap proach to un cer -
tainty prop a ga tion, based on dual num ber au to matic
dif fer en ti a tion and the sand wich for mula. Au to matic
dif fer en ti a tion pro vides a means for the ac cu rate eval -
u a tion of func tion de riv a tives in nu mer i cal cal cu la -
tions [6-8] by ex ploit ing the fact that de riv a tives of a
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func tion can be cal cu lated via el e men tary arith me tic
op er a tions (ad di tion, sub trac tion, mul ti pli ca tion, di vi -
sion) and el e men tary func tions (exp, log, sin, cos, etc.) 
by ap ply ing the chain rule re peat edly to these op er a -
tions [8]. Au to matic dif fer en ti a tion re quires a small
fac tor more arith me tic op er a tions than an al ter na tive
ap proach, such as fi nite dif fer ence or sym bolic dif fer -
en ti a tion, and is ac cu rate to work ing pre ci sion [9, 10].

In this work, dual num ber arith me tic is used to
im ple ment au to matic dif fer en ti a tion. There have been
a lim ited num ber of pa pers on the ap pli ca tion of au to -
matic dif fer en ti a tion in nu clear en gi neer ing, [11-14],
and this work is in tended to il lus trate some rel e vant
con cepts, whereas a more de tailed de scrip tion of au to -
matic dif fer en ti a tion can be found, for in stance in [13,
and ref er ences therein].

A com mon source of un cer tainty in re ac tor cal cu -
la tions is the ba sic nu clear data li brar ies and the ex per i -
men tal and mod el ling un cer tain ties that they in her ently
carry [15]. To ex plore the pos si bil ity of em ploy ing dual
num ber au to matic dif fer en ti a tion for un cer tainty prop a -
ga tion in re ac tor cal cu la tions, we study the prop a ga tion
of un cer tainty from broad-group neu tron cross-sec tions
to the re sults of neutronics dif fu sion cal cu la tions. In par -
tic u lar, we will cal cu late the un cer tainty in neu tron mul ti -
pli ca tion fac tor caused by the un cer tainty in broad -group 
cross-sec tion data.

We dem on strate the ap proach with a pre-ho mog -
e nized BWR fuel as sem bly in two broad en ergy
groups with re flec tive bound ary con di tions and as -
sume that cross-sec tion un cer tain ties have al ready
been prop a gated through a lat tice cal cu la tion to the
ho mo ge neous broad-group cross-sec tions. The two-
group dif fu sion prob lem in in fi nite me dium has a so lu -
tion in a closed form, that can be used for ver i fi ca tion
of re sults ob tained with the au to matic dif fer en ti a tion,
and is a good ex am ple on which to dem on strate the
con cepts in volved. Un cer tainty prop a ga tion re sults
for this prob lem have been pub lished and can be used
for ver i fi ca tion [16, 17].

THEORY

In this sec tion dual num ber arith me tic is de scribed
and au to matic dif fer en ti a tion within this method is dis -
cussed.

Dual number arithmetic

Dual num bers are an ex ten sion of real num bers
by a sec ond com po nent called the dual part. A dual
num ber can be rep re sented in the form [18, 9] 

$ ~x x x= + e (1)

where x and ~x are both real num bers and e – the dual
unit. The dual unit is anal o gous to the imag i nary unit,

i2 = –1, used in com plex num ber arith me tic but de fined 
as en = 0 for n ³ 2. Num bers x and ~x are re ferred to as
the real (or pri mal) and dual parts of $x, re spec tively.
Dual num ber arith me tic is de scribed with or di nary
arith me tic on the pri mal com po nent and first-or der
dif fer en ti a tion arith me tic on the dual part. Thus, the
ba sic arith me tic op er a tions are de fined as [18]

$ $ ( ~) ( ~) ( ) (~ ~)x y x x y y x y x y± = + ± + = + ± +e e e (2)
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Func tions of dual num bers are in tro duced via the 
cor re spond ing Tay lor se ries ex pan sions 
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in which all sec ond-or der and higher-or der terms van -
ish be cause en = 0  for n ³ 2 by the def i ni tion, thus
yield ing

f x x f x f x x( ~) ( ) ( ) ~+ = + ¢e e (6)

As one may ob serve, the re sult on the right-hand
side of eq. (6) is a dual num ber, there fore the dual val -
ued func tion f x f x xf x( $ ) ( ) ~ ( )= + ¢e   may be as so ci ated
with it. Ap ply ing eq. (6) to an a lytic func tions pro vides
ex pres sions for the cor re spond ing func tions in dual
arith me tic. For ex am ple, the co sine of a dual ar gu ment
is de fined and eval u ated in the fol low ing way: 
cos ( $ ) cos ( ) ~sin ( )x x x x= -e . A non-com pre hen sive list 
of stan dard an a lytic func tions of a dual num ber ar gu -
ment can be found in [9, 10].

Equa tion (6) can be ex tended to func tions of sev -
eral vari ables. Re call that for a func tion h of a vec tor
ar gu ment, x, the first two terms of the Tay lor se ries ex -
pan sion in the vi cin ity of x = x0, are

h h h( ) ( ) ( ) ( )x x x x x» + Ñ × -0 0 0 (7)

There fore, a func tion h of a dual vec tor ar gu -
ment, $ ~x = x x+ e, is given by 

$( $ ) ( ) ( ) ~h h hx x x x= + Ñ × e (8)

where the dual part con tains the de riv a tive of the func -
tion in the di rec tion of the vec tor ~x.

In some ap pli ca tions, one may need to solve a
lin ear prob lem in volv ing dual num bers. A dual ver -
sion of ba sic op er a tions and al go rithms of lin ear al ge -
bra ex ists [18, 9, 10], and those that are used in this
study are briefly in tro duced in the para graphs that fol -
low.

A dual ma trix $A is a ma trix whose com po nents
are dual num bers. It can be split into a real part A and a
dual part 

~
A such that

$ ~
A A A= + e (9)
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The sum and the dif fer ence of two dual ma tri ces
are there fore given by

$ $ (
~ ~

)A B A B A B± = ± + ±e (10)

and the prod uct of two dual ma tri ces is de fined as

$ $ (
~ ~

)AB AB AB AB= + +e (11)

The in verse of a dual ma trix (un der the con ven -
tion $ $–A A I O1 = + e , where I and O are the real-val ued
iden tity and null ma tri ces, re spec tively) can be cal cu -
lated in the fol low ing way

$ ~
A A A AA- - - -= -1 1 1 1e (12)

The norm of dual num ber vec tors is given by 

$ $ $x x x
2

= T (13)

The de ter mi nant, the pseudoinverse, the QR-,
Cholesky- and sin gu lar value de com po si tions of a
dual ma trix, so lu tion of a sys tem of dual lin ear equa -
tions, eigenvalues, and eigenvectors of a dual ma trix
all are de fined and de tails about them can be found in
[18, 9, 10].

Automatic differentiation with
dual number arithmetic

It was al ready men tioned that dual num bers can
be used for au to matic dif fer en ti a tion. As per eq. (6),
the au to matic dif fer en ti a tion of a func tion f at x Î R is
per formed by eval u at ing f x x( ~ )+ e  us ing dual num ber
arith me tic and choos ing ~x = 1

f x f x f x( ) ( ) ( )+ = + ¢e e (14)

From eq. (14) we note that the real part of f (x + e)
con tains the func tion value at x, and the dual part con -
tains the first de riv a tive of the func tion, also eval u ated
at x. The same holds for a multivariate func tion. The i th

com po nent of  Ñf ( )x  at x RÎ n  is ob tained by eval u at -
ing f i( )x e+ e , where ei is the unit vec tor in the co or di -
nate di rec tion xi

f f
f

x
i

i
i( ) ( )x e x e+ = +e e

¶

¶
(15)

We note here that cal cu la tion of all com po nents
of the gra di ent vec tor re quires n func tion eval u a tions,
how ever, in many ap pli ca tions only a di rec tional de -
riv a tive is re quired and not the gra di ent, hence only
one func tion eval u a tion is needed. Fur ther more, au to -
matic dif fer en ti a tion us ing dual num ber arith me tic
leads to no trun ca tion er ror and no can cel la tion er ror as 
com pared to the fi nite-dif fer ence ap proach [6]. Dual
num ber au to matic dif fer en ti a tion cor re sponds to the
so-called for ward ac cu mu la tion (or for ward mode) au -
to matic dif fer en ti a tion [8, 13].

In sum mary, we see that au to matic dif fer en ti a -
tion pro vides a means for an ac cu rate eval u a tion of
func tion de riv a tives in nu mer i cal cal cu la tions.

UNCERTAINTY PROPAGATION
THROUGH AUTOMATIC
DIFFERENTIATION

It is rap idly be com ing the norm to use the best es -
ti mate plus un cer tainty cal cu la tions for nu clear re ac tor
anal y sis. Sen si tiv ity and un cer tainty anal y sis can pro -
vide use ful in for ma tion on the ac cu racy and ro bust ness
of a model or ex per i men tal mea sure ment. There are
sev eral meth ods for sen si tiv ity and un cer tainty anal y -
sis. This sec tion fo cuses on the ap pli ca tion of dual num -
ber au to matic dif fer en ti a tion to un cer tainty prop a ga tion 
in the frame work of lo cal sen si tiv ity anal y sis.

Uncertainty propagation in the
context of local sensitivity analysis

Con sider a math e mat i cal model de scribed by a
func tion Rn ® R

y y y x xn= =( ) ( , , )x 1 K (16)

and let x0 = (x0,1,…, x0,n) be a spe cific point of in ter est.
Linearising the re sponse in the vi cin ity of x0 yields

y y
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where the par tial de riv a tive of the re sponse y with re -
spect to the in put xi (where i = 1, ..., n) 

s
y

x
i

i

=
=

¶

¶
x x0

(18)

can be in ter preted as the math e mat i cal def i ni tion of the
sen si tiv ity of y with re spect to xi at x0. By col lect ing sen si -
tiv i ties si to a sen si tiv ity vec tor, s x= Ñ =y s sn( ) ( , , )0 1 K ,
eq. (17) can be writ ten in a vec tor form

y y y

y

( ) ( ) ( ) ( )

( ) ( )

x x x x x

x s x x

» + Ñ × - =

= + × -
0 0 0

0 0

(19)

Now, let us as sume that x is a ran dom vec tor with 
a known mean, m = E [x] = (m1,…, mn), and un cer tainty
de scribed by the covariance ma trix C = E [(x – m)(x –
-.m)T], where the sym bol “T” de notes the ma trix trans -
pose. The un cer tainty of the re sponse is char ac ter ized
by its vari ance and can be com puted for the linearised
re sponse by ap ply ing the so-called sand wich rule [1] 

var[ ]y T= s Cs (20)

In prac tice, one can as sume that the covariance
ma trix C is given, and the chal lenge is to cal cu late the
sen si tiv ity vec tor s.

Application of dual number
automatic differentiation

We will use dual num ber arith me tic to cal cu late
the un cer tainty of func tion y. Con sider, as be fore, a
func tion (given an a lyt i cally or as a com pu ta tional al -
go rithm)
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y f= ( )x (21)

Ex plicit use of sand wich for mula. The sim plest,
and most straight for ward ap proach to un cer tainty
prop a ga tion would be to first cal cu late all the com po -
nents of the sen si tiv ity vec tor, si, by ap ply ing eq. (15) n 
times. The un cer tainty is then ob tained via the ma trix
mul ti pli ca tion in the sand wich for mula, eq. (20). This
ap proach re quires, there fore, n eval u a tions of dual-
val ued func tion f ( $ )x , as well as one ma trix-vec tor and
one vec tor-vec tor mul ti pli ca tion.

Im plicit use of sand wich for mula. Al ter na tively,
one may ob serve that in eq. (20) the dot prod uct of the
sen si tiv ity vec tor with any row of the covariance ma -
trix (or col umn, due to the sym me try of covariance
ma tri ces) is the de riv a tive in the di rec tion de fined by
this row (or col umn). Let ci be the ith row of the
covariance ma trix of in puts, C, where i = 1,…,n. We
use the dual num ber arith me tic to eval u ate n aux il iary
quan ti ties at given x0

$ ( )z fi i
T= +x c0 e (22)

with the pri mal and dual parts given by

z f z fi i i= = ×Ñ( ) ~ ( )x c x0 0and (23)

re spec tively. Af ter n steps we ob tain ~z Cs=  as the dual
part of the aux il iary vec tor $z. As the fi nal step, we cal -
cu late

$ ( ~)y f= +x z0 e (24)

in which the func tion value, y.(x0), is given by the real
part of the re sult, and un cer tainty is given by its dual
part

y f y y T= = =( ) var[ ] ~ ~x s z0 and (25)

This ap proach re quires (n + 1) eval u a tions of
dual-func tion f ( $ )x  for the un cer tainty prop a ga tion. It
will be em ployed in our study, even though it is not the
usual way of uti liz ing the sand wich for mula.

APPLICATION TO THE MULTI-GROUP
DIFFUSION EQUATION

When prop a gat ing un cer tain ties to a full core
dif fu sion so lu tion, two prob lems need to be solved.
The first is the multi-group dif fu sion equa tion it self,
and the sec ond is the prop a ga tion of un cer tain ties to
this so lu tion.

In the spe cial case of an in fi nite two-group re ac -
tor, the dif fu sion equa tion has an an a lyt i cal so lu tion.
The two-group steady-state dif fu sion prob lem in an
in fi nite me dium can be for mu lated as
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In eq. (26), we as sume no fis sion neu trons in the
ther mal group (c1 = 1, c2 = 0) and no up-scat ter ing 
( )å =

®s2 1
0 . Un der these as sump tions, the well-known 

an a lyt i cal so lu tion to this prob lem is [19, 20]

k
v

v

4 =
å

å + å
+

+
å å

å å + å
=

å

å

®

®

®

f

a s

f s

a a s

a

s

1

1 1 2

2 1 2

2 1 1 2

2

1
( )

, f
1 2

2

®

f (27)

Sim i larly, the so lu tion of the adjoint prob lem can 
be ob tained in a closed form
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It er a tive nu mer i cal al go rithms may be re quired
in more com pli cated cases, such as prob lems with
more than two en ergy groups, as dis cussed in [13].

We se lect the two-group dif fu sion prob lem, eq. (26),
as our test prob lem and the mul ti pli ca tion fac tor, k4, as our
re sponse of in ter est. Our ob jec tive is, there fore, to prop a -
gate the un cer tain ties in the cross-sec tion val ues to k4 for
few-group dif fu sion cal cu la tions.

Three vari ants of un cer tainty prop a ga tion will
be ex plored, and will be dis cussed in the rest of this
sec tion in the fol low ing or der:
– For the closed-form an a lyt i cal so lu tion of the prob -

lem, dual num ber arith me tic is used to eval u ate both
the func tion and the un cer tainty in the so lu tion.

– Solv ing the prob lem with the power it er a tion al -
go rithm. The al ge bra of dual ma tri ces is em ployed 
in this pro cess.

– Solv ing the prob lem with the adjoint-weighted
tech nique. Au to matic dif fer en ti a tion is used to fa -
cil i tate the cal cu la tion of the par tial de riv a tives in
the per tur ba tion for mula. 

Equa tions (27) and (28) will be eval u ated us ing
con ven tional real num ber arith me tic to ob tain ref er -
ence val ues of the mul ti pli ca tion fac tor and the group-
wise for ward and adjoint fluxes.

Uncertainty propagation applied
to the analytical formula

Since data for the cap ture and fis sion cross-sec -
tions are of ten pro vided sep a rately, we make the sub -
sti tu tion å = å + åa c fg g g

(where g = 1, 2 are en ergy
group in di ces) into eqs. (26)-(28). The an a lyt i cal ex -
pres sion for k4 in eq. (27) can then be writ ten as a func -
tion of a vec tor ar gu ment

f
x

x x x
x x

x x x x x
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( )( )

x =
+ +

+

+
+ + +

5

1 3 7

6 7

2 4 1 3 7

(29)
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where the newly in tro duced in de pend ent vari ables xi

with i = 1, 2, …,7 rep re sent the mac ro scopic cross-sec -
tions in the fol low ing or der: x1 – the fast cap ture, x2 –
the ther mal cap ture, x3 – the fast fis sion, x4 – the ther -
mal fis sion, x5 – the fast neu tron pro duc tion, x6 – the
ther mal neu tron pro duc tion, and x7 – the fast re moval.
One may also ob serve that the func tion in eq. (29) is
mildly non-lin ear. If un cer tainty in for ma tion is avail -
able for the in put vari ables, the pro ce dure de scribed in
the pre vi ous sec tion may be ap plied di rectly to eq. (29) 
to cal cu late the un cer tainty in the out put quan ti ties.

The power iteration method

For an ar bi trary num ber of en ergy groups, G, the
an a lyt i cal so lu tion of the dif fu sion prob lem may not be 
avail able, and one looks for a nu mer i cal so lu tion of the 
eigenvalue prob lem. The power it er a tion method is a
stan dard method used in nu clear re ac tor crit i cal ity cal -
cu la tions. Al though its de scrip tion may be found in the 
nu clear en gi neer ing text books (for in stance, in [19-
21]), we sum ma rize it here for the sake of dem on strat -
ing its link with the al ge bra of dual ma tri ces, as em -
ployed in our study. To this end, let us pres ent the
multi-group neu tron dif fu sion equa tion in ma trix form 

M FF F=
1

k
(30)

where the stan dard multi-group neu tron dif fu sion no -
ta tions are uti lized: the flux F vec tor con tains group
fluxes as its com po nents; M – the mi gra tion and loss
op er a tor (in an in fi nite me dium it re duces to a ma trix 
M = å - åt s

T , where St is a di ag o nal ma trix con tain -
ing group-wise to tal cross-sec tions and Ss – the scat -
ter ing ma trix), and F is the fis sion op er a tor, de fined as 
F = åc( )v f

T , where c and vSf are col umn ma tri ces
con tain ing the fis sion spec trum and group-wise
nu-fis sion cross-sec tions, re spec tively. The adjoint
prob lem is de fined as

M F† †F F=
1

k†

† † (31)

where for the prob lem con sid ered in this study, M† =
=.MT. The multi-group dif fu sion equa tion in an in fi -
nite me dium can be pre sented in the form of the stan -
dard eigenproblem of lin ear al ge bra. By in tro duc ing
the so-called fis sion source, v = FF, one ob tains the
eigenvalue prob lem 

Av v= l (32)

where A = FM–1 and l º k. The adjoint prob lem can be
pre sented in a sim i lar way

A v v† † † †= l (33)

where A F M† ( )= -T T1 , see [20].

We as sume that ma trix A has a unique larg est
eigenvalue, l1, which means that l l l1 2 0> ³ ³ ³L G .

A nu mer i cal so lu tion for the larg est eigenvalue and a cor re -
spond ing eigenvector, v1, can be found by us ing the power
it er a tion, given in Al go rithm 1, the nu mer i cal sta bil ity of
which is en hanced by en sur ing that vec tor v

1
( )l (where l is

the it er a tion in dex) is al ways of unit length [22]. Once the
eigenvalue prob lems (32) and (33) are solved, the
multi-group flux is cal cu lated based on eqs. (30) and (31) as

F F= =- -1 11
1

1

1
1l l

M v M vand †

†

†( )T (34)

re spec tively, where l l
1 1
† .=

Al go rithm 1. The en hanced power it er a tion [22]

Ini tial ize v(0) with an ar bi trary vec tor such that v( )0

2
1=

for k = 1,2, … do

w Av

v w w

v Av( )

=

=

=

-( )

( )

( ) ( )

/

[ ]

l

l

l l l

1

2

l T

end for

One can ob serve from eq. (34) and Al go rithm 1,
that the so lu tion pro ce dure in volves dual ma trix and
sca lar mul ti pli ca tions, ad di tions (sub trac tions), and
in ver sion of dual ma tri ces, which can be cal cu lated us -
ing eqs. (10) to (12).

The perturbation method

An other typ i cal ap proach to sen si tiv ity anal y sis
is the Adjoint-Weighted Tech nique [23, 24]. In this ap -
proach, the un cer tainty of the re sponse is still cal cu -
lated by the sand wich rule, eq. (20), and sen si tiv i ties
are cal cu lated by ap ply ing for mu las from the per tur ba -
tion the ory. For in stance, the sen si tiv ity of the neu tron
mul ti pli ca tion fac tor, k, with re spect to a cross-sec tion, 
xi, is given by

s
k

x

x k x

k

i
i

i i

= =

= -

-
æ

è
ç
ç

ö

ø
÷
÷

¶

¶

¶

¶

¶

¶
F F

F F

†

†

M F

F

1

1
2

(35)

where the brack ets in di cate in te gra tion (sum ma tion) over
space and en ergy. The par tial de riv a tives in eq. (35) still
have to be eval u ated in some way. To this end, we again
use the au to matic dif fer en ti a tion based on dual num ber
arith me tic. There fore, if n sto chas tic vari ables are in -
volved in the def i ni tion of mi gra tion and loss op er a tor, M,
and fis sion op er a tor, F, these op er a tors have to be eval u -
ated for i = 1,…, n and that is achieved by ap ply ing eq.
(15).

RESULTS AND DISCUSSION

This sec tion de scribes the nu mer i cal ex am ple
and anal y sis of the re sults.

P. M. Bokov, et al.: Dual Num ber Au to matic Dif fer en ti a tion as Ap plied to ...
Nu clear Tech nol ogy & Ra di a tion Pro tec tion: Year 2021, Vol. 36, No. 2, pp. 107-115 111



Description of the numerical example

The three de scribed ap proaches will be il lus -
trated with a sim ple ex am ple prob lem, in this case, a
pre-ho mog e nized fuel as sem bly with cross-sec tions in 
two broad en ergy groups and re flec tive bound ary con -
di tions. Pa ram e ter val ues were taken from [16, 17],
where rel e vant un cer tainty data is also pro vided. The
se lec tion of this ex am ple can be sup ported by the fol -
low ing con sid er ations. First, its lo cal sen si tiv ity anal -
y sis so lu tion can be ob tained an a lyt i cally. Sec ond, the
un cer tainty prop a ga tion prob lem has been solved in
the afore men tioned ref er ences by ap ply ing the global
sen si tiv ity anal y sis meth ods. It is of in ter est to com -
pare re sults ob tained in these works to those ob tained
in this study.

We group, as be fore in eq. (29), the rel e vant
cross-sec tions into a vec tor in the or der

x = å å å å å å å
®

[ ]c c f f f f s1 2 1 2 1 2 1 2
v v T

(36)

The test prob lem de pends, there fore, on seven
sto chas tic quan ti ties (in puts). Their mean val ues are

m = ´

´

-10 2

0 5336 2 693 019124 2 8438 0 4920 6 929 2 063[ ]. . . . . . . T

(37)

and the covariance ma trix is

In eqs. (37) and (38) cross-sec tions are given in
cm–1 and the vari ances are given in cm–2.

Analysis

The an a lyt i cal so lu tion of the con sid ered dif fu -
sion prob lem, eqs. (27) and (28), was cal cu lated with
real num ber arith me tic and ref er ence val ues were ob -
tained for the mul ti pli ca tion fac tor, as well as the nor -
mal ized for ward and adjoint fluxes 

k k4 4= =

= =

† .

[ . , . ] [ . , . ]

110255

10 037260 088102 10F Fand †
(39)

These val ues were then used to ver ify the so lu -
tions ob tained in the first two ap pli ca tions (namely,

an a lyt i cal dual func tion eval u a tion and dual power it -
er a tion so lu tion), as well as in the per tur ba tion
for mula, eq. (35).

Dual num ber cal cu la tions for the dif fu sion so lu -
tion, as well as un cer tainty prop a ga tion based on dual
num ber au to matic dif fer en ti a tion, were im ple mented in
the high-level, high-per for mance, dy namic pro gram -
ming lan guage Julia [25]. For dual num ber al ge bra, we
used the DualNumbers Julia mod ule, and for dual ma trix
op er a tions, we em ployed the DualMatrixTools Julia
mod ule [26]. The an a lyt i cal so lu tion with dual num ber
arith me tic and the dual al ge bra power it er a tion so lu tion
both pro duce the same val ues for k4, F and  F†, to within 
work ing pre ci sion (»2×10–16), as com pared to the ref er -
ence.

All three ap proaches yield the same re sult for the
un cer tainty up to the 6th sig nif i cant fig ure, and the re -
sults are sum ma rized in the first three rows of the tab. 1.
The un cer tainty is re ported in two ways. Firstly, for the
sake of com par i son with re sults from the lit er a ture, in
terms of the stan dard de vi a tion of the mul ti pli ca tion
fac tor, s k k= var[ ]. The sec ond way is in terms of
per cent age rel a tive stan dard de vi a tion, 100 % × dk/k
(where dk stands for sk), as is cus tom ary in the field.

The cal cu lated un cer tainty val ues are com pared
with val ues from [16, 17], where the test prob lem un der
con sid er ation was ini tially in tro duced. Re sults in these
ref er ences were ob tained by var i ous global sen si tiv ity
anal y sis meth ods, in clud ing Monte Carlo sam pling,

quasi Monte Carlo and sparse grid quadratures, as well
as the as ymp totic ap prox i ma tion. In ad di tion, two of the 
global sen si tiv ity anal y sis meth ods, namely Monte
Carlo sam pling and sparse grid quad ra ture, were
reimplemented in this study to more ac cu rately de ter -
mine the num ber of sam ples (i. e. dif fu sion so lu tions)
that are re quired to ob tain a given pre ci sion of re sults.
The un cer tainty cal cu lated with the var i ous global sen -
si tiv ity anal y sis meth ods is also re ported in tab. 1.

In spec tion of re sults in the ta ble re veals that all
the meth ods yield un cer tainty val ues that are close to
each other. It is par tic u larly in ter est ing to ob serve the
sim i lar ity be tween re sults from lo cal and global ap -
proaches, which in di rectly sup ports the ra tio nale of
the as ymp totic ap prox i ma tion in [17]. This ap proach
as sumes that for small in put un cer tain ties, the un cer -
tainty of the re sponse is given by the linearised part of
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the model. As far as our test prob lem is con cerned,
these re sults in di cate that the lo cal sen si tiv ity anal y sis
pro ce dure based on the au to matic dif fer en ti a tion and
sand wich rule pro vides an ac cu rate es ti ma tion of the
out put un cer tainty.

The com pu ta tional cost is, how ever, dif fer ent for 
dif fer ent meth ods. One may ob serve in tab. 1 that, for
the prob lem un der con sid er ation, the au to matic dif fer -
en ti a tion tech nique re quires the small est num ber of
sam ples, fol lowed by the sparse grid quad ra ture, while 
the Monte Carlo meth ods re quire sev eral or ders of
mag ni tude more sam ples. When per form ing this com -
par i son, sev eral fac tors have to be taken into ac count.

Firstly, dual-func tion eval u a tions re quire a small 
fac tor with more arith me tic op er a tions than the orig i -
nal real num ber eval u a tion (the fac tor var ies from two
for ad di tion and sub trac tion to six for di vi sion). Ta bles
with the fac tors for dif fer ent op er a tions can be found,
e. g. in [9, 10].

Sec ondly, the meth ods un der con sid er ation scale 
dif fer ently for big ger prob lems. In this prob lem, there
are seven un cer tain in put pa ram e ters. We show, as an
ex am ple, an ap proach in which eight dual func tion
eval u a tions are used, though the num ber of func tion
eval u a tions can be re duced to seven by cal cu lat ing the
gra di ent di rectly, at the ad di tional cost of the sand wich
for mula eval u a tion. More gen er ally, the first two ap -
proaches re quire n or n + 1 dual func tion eval u a tions,
where n is the num ber of un cer tain in put pa ram e ters.
The per tur ba tion for mula re quires n dual eval u a tions
of op er a tors in volved in the dif fu sion equa tion, while,
the dif fu sion prob lem has to be solved only twice: the
for ward prob lem to ob tain F and the adjoint prob lem
to ob tain F†.

Fur ther more, based on the re sults of this study,
and the prop er ties of sparse grids, we ex pect that the
num ber of re quired sam ples is, at least, (2n + 1) for
sparse grid-based meth ods. One may also ob serve that
Gauss-Hermite sparse grid quad ra ture, em ployed in
our study, re quired a smaller num ber of sam ples than
its Gauss-Patterson coun ter part. This dif fer ence may
be at trib uted to the quad ra ture weight used. The Gauss
-Hermite quad ra ture in cludes e- x2

 as weight, which
may be the rea son for its im proved ef fi ciency.

Our next com ment is about the as ymp totic ap -
prox i ma tion method, which in prac tice re duces to the
sand wich for mula. This means the com po nents of the
sen si tiv ity vec tor must be cal cu lated in some way. In
[17], sen si tiv i ties were cal cu lated an a lyt i cally for the
as ymp totic ap prox i ma tion. If au to matic dif fer en ti a -
tion is em ployed to do so, the same num ber of dual-
func tion eval u a tions would be re quired as for the an a -
lyt i cal or power it er a tion ap proaches, i. e., n or n + 1.

Fi nally, un like pre vi ously dis cussed ap proaches, 
Monte Carlo meth ods are known to con verge as the
square root of the num ber of sam ples, re gard less of the
num ber of in put vari ables. It may, there fore, be come
com par a tively more computationally ef fi cient for par -
tic u larly large prob lems.

CONCLUSIONS

In this study, we con sider the prob lem of prop a -
gat ing un cer tainty from group-wise neu tron cross-
sec tions to the re sults of neutronics dif fu sion cal cu la -
tions. We em ployed au to matic dif fer en ti a tion in con -
junc tion with the sand wich for mula for un cer tainty
prop a ga tion in three dif fer ent ways. Firstly, by eval u -
at ing the an a lyt i cal ex pres sion for the mul ti pli ca tion
fac tor us ing dual num ber arith me tic. Then, by solv ing
the dif fu sion prob lem with the power it er a tion al go -
rithm and the al ge bra of dual ma tri ces. Fi nally, au to -
matic dif fer en ti a tion is used to fa cil i tate the cal cu la -
tion of par tial de riv a tives of the pro duc tion and loss
op er a tors in the per tur ba tion for mula in the con text of
the adjoint-weighted tech nique.

The so lu tion to the two-group dif fu sion equa tion 
as cal cu lated us ing dual num ber arith me tic re cov ered
the ref er ence so lu tion ob tained with con ven tional real
num bers ex actly. This holds for both the an a lytic for -
mula and the power it er a tion method. All three un cer -
tainty prop a ga tion meth ods ap plied in this work
yielded the same re sult for the un cer tainty of the mul ti -
pli ca tion fac tor. Fur ther more, they showed ex cel lent
agree ment with the global meth ods used for com par i -
son, with dif fer ences be low 1×10–5 in all cases.

Un cer tainty prop a ga tion and sen si tiv ity anal y sis 
based on au to matic dif fer en ti a tion can be seen as a
use ful ad di tion to the tra di tion ally used sam pling or
per tur ba tion meth ods, es pe cially due to the pos si ble
sav ings in com pu ta tional cost as so ci ated with it. 
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Table 1. Uncertainty and the required number of diffusion 
calculations for different methods as applied to
the two-group test problem

Method Number
of samples

Uncertainty

sk×10–3 dk/k [%]

Automatic differentiation (local sensitivity analysis method)

Analytical formula 7* 5.9796 0.5423

Power iteration 7* 5.9796 0.5423

Perturbation formula 2 5.9796 0.5423

Global sensitivity analysis methods (this work)

Gauss-Hermite sparse grid
quadrature 15 5.9796 0.5423

Monte Carlo
sampling/quadrature 107 5.9806 0.5423

Global sensitivity analysis methods (from literature)

Monte Carlo
sampling/quadrature [16] 105-106 5.979 0.5423

Randomized quasi
Monte Carlo quadrature [16] 104-105 5.980 0.5424

Gauss-Patterson sparse grid
quadrature [16] 29 5.972 0.5417

Asymptotic approximation [17] 7 5.979 0.5423

*Re quires eval u a tion of dual num ber-val ued func tions  
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Pavel M. BOKOV, Daniel BOTES, Suzan A. HRUNEVALD

PRIMENA  AUTOMATSKOG  DIFERENCIRAWA  ZASNOVANOG  NA
ARITMETICI  DUALNIH  BROJEVA  NA  PROPAGACIJU  NEODRE\ENOSTI

DVOGRUPNIH  NEUTRONSKIH  PRESEKA

Tema ovog rada je prob lem propagacije neodre|enosti grupnih neutronskih preseka u
globalnim difuzionim prora~unima nuklearnih reaktora. Automatsko diferencirawe zasnovano 
na aritmetici dualnih brojeva je primeweno na propagaciju neodre|enosti u okviru analize
lokalne osetqivosti. Kao ilustracija, razmotren je dvogrupni kriti~ni difuzioni prob lem u
beskona~noj sredini, koji ima analiti~ko re{ewe. Automatsko diferencirawe u  kombinaciji sa
sendvi~ formulom za propagaciju neodre|enosti primeweno je na tri razli~ita na~ina. Prvo je
faktor multiplikacije izra~unat analiti~ki primenom aritmetike dualnih brojeva. Zatim je
kriti~ni difuzioni prob lem re{en metodom iteracije fisionog izvora i primenom algebre
dualnih matrica. Kona~no, parcijalni izvodi operatora proizvo|ewa i gubitaka u perturbacionoj 
formuli sa adjungovanom te`inskom funkcijom izra~unati su pomo}u automatskog diferen-
cirawa. Numeri~ko re{ewe difuzionog problema je verifikovano uporede|ivawem sa anali-
ti~kim re{ewem. Rezultati prora~una neodre|enosti upore|eni su sa rezultatima dobijenim
primenom metode globalne analize osetqivosti. Vrednosti neodre|enosti izra~unate u ovom radu
sla`u se unutar 1·10–5 sa vrednostima datim u literaturi.

Kqu~ne re~i: automatsko diferencirawe, dualni brojevi, sendvi~ for mula, analiza
......................... osetqivosti, propagacija neodre|enosti, iteracija fisionog izvora


