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Recently, there have been several significant improvements in the area of the radiation detec-
tion system and its instruments, especially those using scintillation or semiconductor gamma
ray detectors. Scientists and technicians are interested in studying this progress, which can be
useful for the detector's operation and its basic properties, such as energy, shape, and effi-
ciency calibration. In this work, an extended study of various mathematical formulas was con-
ducted to obtain the efficiency best-fitting function, that covers the measured values from low
to high energy regions. They can be used to represent the efficiency of a high-purity germa-
nium detector in the regions where accuracy and maximum speed in optimizing the calibra-
tion process are very important for gamma spectroscopy. Determination of the activity of en-
vironmental samples mainly depends on the efficiency calibration curve of the detection
system. The gamma ray energy in the range from 59.54 up to 1408.01 keV used in this work
was obtained by using a set of standard radioactive gamma ray sources of certified intensity.
The current data analysis shows that most of the mathematical formulas, which represent the
fitting curve for the detector full-energy peak efficiency, were quite agreeable with the experi-
mental results.
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INTRODUCTION

For setups with different “‘gamma ray source-to-de-
tector” geometry, the experimental calibration method
used depends mainly on the obtained calibration values,
which can be either listed in data tables or plotted as (¢, £.)
2-D-graphs, where¢ is the detector efficiency and £, is the
photon energy. In this method, monoenergetic or
multi-energetic standard radioactive sources of known ac-
tivity are placed sequentially at a constant distance from
the detector in question. Besides, sources with a well-de-
fined energy spectrum must be used for the calibration
process.

The experimental method is considered to be the
simplest and most direct, although it is time-consuming
[1, 2]. Although experimental methods can offer good
results with very low uncertainties, some limitations
can lead to errors in the final choice of the gamma ray
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detector full-energy peak efficiency [3, 7]. The sources
of errors can be from: variation of the gamma emission
probability used by different scientists and technicians,
the coincidence summing problems, the use of several
standard radioactive sources to cover discrete energy
regions, which may lead to the appearance of energy
gaps, generating huge uncertainties after finishing the
interpolations during the curve fitting and considering
the intrinsic rather than total efficiency [8, 9].
Modeling the history of a large number of indi-
vidual photons passing through the detector, from the
moment of emission from the source to the point of ab-
sorption inside the detector, is considered to be the
principle of Monte Carlo methods. The photon can es-
cape the detector or deposit its energy, in whole or in
part, in the detector material, taking into account all
secondary photons and particles [10-12]. Monte Carlo
methods are used to calculate the gamma ray detector
full-energy peak efficiency, while obeying a statistical
distribution model, according to the given distribution
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function. The use of Monte Carlo simulations is be-
coming increasingly important for calculating detec-
tor efficiency when using unusual radioactive sources
[13, 14]. In the past, the Monte Carlo methods were
considered because the running time of a computer
program is quite long, since these methods follow each
photon history step-by-step, the statistical error must
be calculated and, to obtain good probabilities, the
number of histories must be large enough [15]. Over-
all, many scientific groups, as mentioned before, use
this method to determine the efficiencies and calibrate
detectors.

The quality and quantities in gamma ray spec-
trometry measurements, on the whole, depend mainly
on the awareness of knowing the gamma ray detection
efficiency for a source-to-detector geometry of the
set-up. Since the samples usually can be of various
types of materials and with different geometry, cali-
bration is not possible for most of the materials and
their containers used in the measurements. These pro-
cedures are of changeable dependability and need
set-up periods, which can be unsuited with the necessi-
ties of regular measurements. Moreover, the limited
measurement that, in particular, is necessary for mea-
suring environmental samples, deform the areas under
the peaks, which leads to incorrect quantitative re-
sults.To overcome these two difficulties, a special effi-
ciency transfer method was proposed [16-25]. It is a
computational technique designed to offer a useful
and appropriate explanation for problems encountered
in laboratory measurements. It allows estimating the
efficiency of the gamma ray detector without making
calibration by the experimentalists. This makes it pos-
sible to increase the precision of the results of the
quantitative research using gamma spectrometry and
keep away from time uncontrollable measurement
runs. This method has been built up based on the con-
cept of changing the gamma ray detector efficiency in
case of the absence of the radioactive calibration
sources-to-detectors set-up, which should be similar
to the samples under investigations and analysis. By
computation, it is possible to find out the gamma ray
detector efficiency, equivalent to samples of non-point
shape and/or in special locations as presented by
[26-30] where the efficiency transfer method can be
extended to (volumetric, bulk) sources, by calculating
the solid angle of the setup and the effect of various ab-
sorbing materials.

Several scientists have used a simplified direct
approach to determine the gamma ray detector effi-
ciency for a radioactive point-like source at any ran-
dom location from a cylindrical or well-type detector,
in addition to extending this approach to estimate the
efficiency for disk and volumetric sources such as co-
axial or symmetrically perpendicular cylinder and
Marinelli beaker. This approach depends on the math-
ematical expression for the distance traveled by the
photon before being recorded inside the detector as a

function of the polar and azimuthal angles and the dis-
tance from the source to the detector. Besides,
carrying out the integration of the approach over limits
of the polar and azimuth angles via simple programs
using the trapezoidal rule, [29-30]. Within the frame-
work of this approach, the coefficient of photon atten-
uation by the source container, the materials of the de-
tector end cap, and the interaction with the source
material itself were taken into account.

Newly, extensions to gamma-ray spectrometry
have been expanded and become functional in various
fields, such as astrophysics and medical therapy, in
which extremely precise measurements of gamma ray
and calibration processes for the detectors are re-
quired. This was achieved using the mode of tracking
the interaction of gamma quanta inside the semicon-
ductor and scintillation detectors and the energy re-
leased in them. Since the measurements are carried
out at separate arbitrary energies, the detector full-en-
ergy peak efficiency values at the required gamma ray
energies must be obtained from a smooth curve drawn
throughout the obtained experimental points. In turn,
to take full advantage of the precision of the experi-
mental values, several interpolation methods are re-
quired that do not violate the accuracy of the basic re-
cords. This is achieved by fitting the basic or main data
points with different mathematical formulas. Several
mathematical formulas, which depend on the interpo-
lation method and the number of parameters, are used
in this work to intensively study the detector efficiency
curve in gamma ray spectroscopy in the energy range
from 59.54 to 1408.01 keV. All results of the mathe-
matical formulas agree satisfactorily with the results
obtained from the measured values.

MEASUREMENT CONFIGURATIONS

In gamma-spectroscopy, the use of a germanium
detector makes it possible to identify radionuclides
present in an environmental sample with high resolu-
tion and determine their massic or volumetric activity
(for example, Bgkg™' or BqL™"). The scientists and
technicians usually need to know the detector's
full-energy peak efficiency with good accuracy for
any specific source-to-detector configuration of con-
cern. This section describes the requirements to do the
calibration process in the gamma-ray spectroscopy
field. The Canberra Germanium Detector Company
has been working for many years to improve detectors
to have better resolution, better peak-to-Compton ra-
tio, and higher efficiency. In this work, we used Can-
berra's GC1520 coaxial high-purity germanium detec-
tor. A typical sectional view of the detector chamber
and characterization are shown in fig. 1(a). Multiple
width Nuclear Instrument Modules (NIM) were ac-
commodated in a CANBERRA Model 2000 Min
Bin/Power Supply Crate, which provides mounting
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space and power sources for up to 12 standard sin-
gle-width NIM electronic units. The Model 3106D
power supply provided a constant voltage of +4500,
which was required as an operating voltage. The
Model 2002CSL preamplifier was integrated into the
detector itself, and the Model 2026 amplifier was one
of the NIM modules providing a 4 ps time constant.
The radioactive point sources include four differ-
ent radionuclides: ®Co, '3°Ba, '"2Eu, and *' Am. The
sources covered energy range from 59.54 up to 1408.01
keV. The activity of the radioactive sources on June 1,
2009, was (212.1 £ 1.5, 275.3 + 2.8, 290.0 £ 4.0 and
259.0 +2.6) kBq, respectively. The sources are made of
two fused disk-shaped polyethylene films with a surface
density of (21.3 + 1.8) mgem™2, holding in their center a
weak radioactive material in the form of a small spot with
a diameter of no more than 5 mm. For easy, flexible, and
safe handling, the polyethylene-coated radioactive
source is secured to a circular aluminum ring, the dimen-
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sions of which are shown in fig. 1(b). To measure the
spectra, we used a special homemade Plexiglass source
holder providing a sufficiently wide solid angle, as
shown in fig. 1(c). The sample holder is in two pieces; the
firstis the base of the holder, which is also used to support
the second one, shield the top of the detector and protect
it from X-rays and beta particles; the second piece,
2.38 mm thick, is used as a holder for radioactive
sources, each of which was located at a distance of
507.49 mm from the front end of the detector and was
measured separately. This distance ensures obtaining the
amplitude spectra of signals without the influence of the
coincidence summation effect, pulse pile-up, and dead
time of the detector. The detector efficiency values, ob-
tained under these conditions, will be more suitable for
testing various fitting functions. The measurements and
recording of the signals from the interaction of the
gamma rays with the active material of the detector were
carried out via the PC USB port using the Canberra Ge-
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Figure 1. (a) Cross-sectional of the detector, (b) radioactive source dimensions, (¢) homemade plexiglass source holder,

and (d) experimental set-up
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nie 2000-ISO 9001 spectrum acquisition and analysis
software. The block scheme of the experimental setup is
shown in fig. 1(d). To obtain enough high-count number
of events under the interesting peak with 1 % as statistical
uncertainty, the measured time was long enough.

Calibration process

To ensure high-quality measurements and cali-
bration, before starting actual measurements with ra-
dioactive sources, the detector electronics must be
tuned to reduce the effect of any interference that
might affect the collected signals. This was done ex-
perimentally using a good quality pulse stabilizer, and
the setup was located away from the floors and walls
of the measurement site. The calibration procedure
converts the collected by the Il MCA module 8k-chan-
nel amplitude spectra of the signals into 8k-channel
energy spectra of the gamma rays. Before starting a
real measurement process, three radioactive sources,
%0Co (1173.23 and 1332.50 keV), 137Cs (661.66 ke V),
and *' Am (59.54 keV) were used for energy calibra-
tion of the gamma ray detector and they roughly cov-
ered the entire energy range in recent measurements.

The measured efficiency of the HPGe gamma ray
detector varies with the energy of gamma quanta and
geometries of the investigated source and detector,
therefore, in the quantitative analysis of radioactive en-
vironmental samples, standard radioactive sources of
the same geometry and gamma-ray energies must be
used. The efficiencies for registration of gamma quanta
with a certain energy, calculated by eq. 1, can be pre-
sented in tables or the form of £(E,) = f(E,)-graphs

8(Ey )_ Nnet (Ey)

S AGI(E, ) O

where N is the net full-energy (£,) absorption peak area
(counts), A,, — the activity present in the calibration
source at the beginning of the measurement, in disinte-
grations per second (or Bq), /(E,) — the intensity per de-
cay of gamma ray emission with energy £, (the absolute
gamma ray emission probability at given energy E,,
gamma-ray yield, branching ration), # — the measure-
ment live-time (s). The current activity at the time of ex-
periment 4,, has to be decay corrected using eq. (2)

A, =Ay e " 2)

where Ag is the original activity, 4 —the decay constant
and T4 — the decay time. The uncertainty of the mea-
sured full-energy peak efficiency of gamma ray detec-
tor o, ) (variance) is given by

GS(EV) =\/§
oe(E, )\ os(E ?
527( r) 'crj 7( r) -GIZ(E)+
04 aI(Ey) v

2

ce(E,)

+ e 'Gi]nu(Ey) (3)
a]vnet (Ey )

where 04,0, ) andoy (&,) are the uncertainties
associated with the quantities 4, /(£,), and Ny(E,) re-
spectively.

From the efficiency values £(E,) at certain ener-
gies (£,) obtained by eq. (1), a 2-D plot {&(£,), E, }is
drawn. Scientists and technicians use various mathe-
matical formulas to plot a curve through the calibrated
full-energy peak efficiency values, which can later be
used to calculate the gamma ray detector efficiency
€(£,) atany other energy in the calibrated energy range
when they analyze an unknown gamma spectrum.

MATHEMATICAL TREATMENT

Anyone working in the field of gamma spectros-
copy should be aware that the experimental method is
limited, this is due to many different reasons. One of the
most important reasons may be the lack of calibrated ra-
dioactive sources due to their high cost and the decrease
in their intensity due to their short half-life. Therefore,
the detector efficiency for each peak in the measure-
ment spectra, which is determined using calibrated ra-
dioactive sources, must be measured in the same geom-
etry as soon as the detector reaches the laboratory to
ensure that it covers the energy range of interest. After
determining the efficiency &(E,),for each calibration
peak, various mathematical functions depending on the
gamma ray energy E, can be proposed to fit the effi-
ciency of the HPGe gamma detector. Many of these
mathematical functions depend on the type of detector,
the energy range covered by the source, and the distance
from the source to the detector.

The fitting functions can be used only if their de-
viation from the experimentally obtained efficiency
values for most energies and source-to-detector dis-
tances are very small. This can be done if the uncer-
tainty of the measured full-energy peak efficiency,
which is used in the weighted least squares (WLS)
method, is very small. In this way, the fit parameters of
the mathematical functions for all source-to-detector
distances can be obtained with excellent precision.
The weighting parameter is inversely proportional to
the square of the efficiency uncertainty, 1/628( £y The
energy range to be fitted must have closely spaced data
points to obtain a continuous smooth fitting curve
spanning the entire range, from which one can get the
desired full-energy peak efficiency for any energies of
interest.

Polynomial mathematical functions were regularly
used on a logarithmic or In scale, where their parameters
were determined using the least-squares method after
weighing the measured points. The degree of the polyno-
mial, n, must be less than the number of measured data
points, p. In some cases, two different fitting functions
with a joint point can be used. In this case, a separate fit
function is used for each energy range, and the result is
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two separate curves. Therefore, for a two-curve model, at
least five calibration energy data points are required, two
before the curves cross over point, one at the cross over
point, and two after it. If one function is used, at least
three measurement points are required to plot the curve
and more points should be provided. In this study, to get
the best results from plotting a smooth curve through ex-
perimental data in the recommended different range of
gamma ray energies, several tested different mathemati-
cal functions such as

e Mathematical functions cover the energy range

from 59.54 up to 1408.01 keV (one region).

n=4 .
Ing(E, )= Ya,(In(E,))" and
i=0 ,
2 R 2
OnekE,) = E Oek,) 4
Y

n=4 b i
loge(E, )= Ya;| — and
ge(E,) [zll[E ]

2
2 log(e)| »
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loge(E, )= Ya;[log(E, )] and
i=0

2
2 log (e) 2
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i-
and the variance is given as in eq. (3)
1
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and the variance is given as in eq. (3)
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o =s|l——=| o
log &(E,) &( Ey ) &(E,)

e Mathematical functions cover the energy range
from 59.54 up to 1408.01 keV (two regions).

—  First two regions:
n=2 i
g(Ey): .zoai(Ey) (11)
i=
range from 59.54 to 121.78 keV

&(E, ):(?;ai[ln (E, )]fjb/ (E,) (12

range from 121.78 to 1408.01 keV where the variance
is given as in eq. (3)
— Second two regions:

n=4 .
Ine(E,)=Xa,(E,) and
i=0

2 (13)

2 1 2

O &(E,) _(S(E )J Ug(Ey)
Y

range from 59.54 to 223.24 keV

2
Ine(E, )=aln (;)+b[ln (EC)] and
Y 4

2 (14)
o2 |1 o2
IngE,) ~ (E,) &(E,)
7

range from 223.24 to 1408.01 keV
— Third two regions:

(£, )='S a,(E, ) (15)

range from 59.54 t0 276.4 keV

b
— L -k,
e(E, )_((Ey )] +e (16)

range from 276.4 up to 1408.01 keV where the vari-
ance is given as in eq. (3).

In the above mathematical functions a,, a, b, c,
and d are the parameters of the fitted function, which
are determined by the least-squares method, while the
value o) s the variance of Ing(E,) and 0,4,z 18
the variance of loge(£, ). Based on the above equations,
the weighting coefficient ¥, for each measured point i
is determined as

1

- (Variance) :

a7

i

RESULTS AND DISCUSSIONS

The present study shows that all the mathemati-
cal functions used to describe the full-energy absorp-
tion peak efficiency curve of the HPGe gamma detec-
tor are consistent with each other to acceptable
degrees. The full-energy absorption peak efficiency of
the HPGe gamma ray detector was tested with thirteen
mathematical functions, some with a cross-over point.
Some problems are associated with the process of de-
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tecting gamma quanta with energies below 100 keV,
where attenuation is one of them. The efficiency curve
peaks at around 100 keV and then decreases exponen-
tially towards higher energies. The full-energy absorp-
tion peak efficiency curves depend on the effective
solid angle subtended by the detector with the point ra-
dioactive source, and on the intrinsic efficiency of the
detector. At energies below 1.022 MeV, the intrinsic
efficiency depends on the photoelectric and Compton
cross-sections. Above energy of 1.022 MeV, the pair
production cross-section also contributes to it.

When performing a nonlinear curve fit using the
Origin laboratory program, an iterative procedure is
employed to reduce the chi-square and obtain the opti-
mal parameters values. The evaluation goodness of the
fit of mathematical functions is based on the
chi-square value y?, which provides a universal mea-
sure of the reliability of the measured efficiencies and
their values from the fitted curve. In total 24 gamma
rays energies from four radioactive point sources
60Cyp, 133Ba, 152Ey, and 2*! Am were used to determine
the full-energy absorption peak efficiency of the
HPGe gamma ray detector. Several different mathe-
matical functions (formulas 4-16) were fitted to the ex-
perimentally obtained efficiency data points using the
least-squares fit method. Seven different mathemati-
cal functions represented by eqgs. (4)-(10) were fitted
to the efficiency data points measured in the gamma
ray energy range from 59.54 to 1408.01 keV. The mea-
sured efficiency data points along with their error bars
are shown in fig. 2(a) up to fig. 2(g). Two methods
were used to fit these measured points, the first using
seven different mathematical functions to represent
the full-energy peak efficiency of the HPGe
gamma-ray detector over the entire energy range from
59.54 to 1408.01 keV, the least-squares fit parameters
of these seven functions are shown in fig. 2.

The second method is to divide the entire energy
region into two different regions using the cross-over
(transition, intersection) point at energies of 121.78 keV,
223.24keV, and 276.4 keV, respectively, as shown in fig.
3(a)upto fig. 3(c). The energy region before and after the
cross-over point was fitted approximated by two differ-
ent mathematical functions. The parameters related to
these functions are shown in fig. 3. The residuals (dis-
crepancies) between the measured points and the fitted
curves are shown in figs. 2 and 3 based on the following
equation

Eexp ~EFi
Residual =< "M 100 [%] (18)

exp

where £.,, and &g, are the full-energy peak efficiency
obtained experimentally and using the fitted functions,
respectively.

The fluctuation of residuals is relatively small,
their percentage is about 5 % in figs. 2 and 3, except
for fig. 2(g) where it is less than 9 % when using
eq. (10). The residual percentage is less than 6 %

when using fit functions (11) and (12) as shown in fig.
3(a). The parameters related to these functions, ob-
tained by the least-square method, are also indicated in
the figures. In addition, tab. 1. Included the number of
the equations that were used fitting, covered energy
range, adjusted R?, and reduced 2. When two inter-
sected fit functions were used, the quality of the fit did
not change significantly, these deviations were found
to be acceptable for gamma-ray spectroscopy applica-
tions. In this study, it was shown that dividing the en-
ergy range and the piecewise approximation of the ef-
ficiency data leads to the same results. The results
obtained are in good agreement with each other and
show the applicability of the mathematical functions
used to represent the full-energy absorption peak effi-
ciency of the HPGe gamma-ray detector.

CONCLUSIONS

Thirteen mathematical functions were used to ap-
proximate the experimentally obtained full-energy ab-
sorption peak efficiency of the HPGe detector in the
gamma ray energy range from 59.54 up to 1408.01 keV.
The quality assessment of the mathematical fitting pro-
cess was based on y2. The discrepancy between the
measured points and the fitted curves was usually about
+5 %. Based on the current investigation, one can say
that these functions could be recommended for fitting
the measured efficiency of the HPGe gamma ray spec-
trometer. They can also be used for testing different
source-to-detector geometries and as permanent mathe-
matical functions to approximate the efficiency of any
gamma-ray detection system. This article summarizes
the results of last year's work on improving useful meth-
ods for calibrating gamma-ray detectors in a wide en-
ergy range. The main goal of this study was to use a sim-
ple, economical, and correct procedure using the
highest quality information collected.
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Figure 3. The measured efficiency data points in (a) up to (c) with their error bars and its fitting values that represent one
energy region by using eqs. (11)-(16), beside the residual percentage

Table 1. The number of the equations that were used fitting, covered energy range, adjusted R*, and reduced Chi-square

Equation number Reduced 7 Adjust R® Covered energy range [keV]
From To
4 1.64855 0.99947
5 1.61472 0.99948
6 1.64855 0.99947
7 0.32055 0.99945 59.54 1408.01
8 2.12257 0.99902
9 1.49009 0.99931
10 1.64686 0.99718
11 3.71E-39 1 59.54 121.78
12 2.90E+00 0.99849 121.78 1408.01
13 0.40326 0.99714 59.54 223.24
14 1.45571 0.99941 223.24 1408.01
15 0.08095 0.99953 59.54 276.40
16 1.40996 0.99915 276.40 1408.01
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Ady3zenn A. TABET, boxajca A. CAJIEM, Moxamen C. BATABU

INPOYYABAIBE MATEMATNYKUX ®YHKIINJA 3A ®UTOBAIBE
KPNBUX E®OUKACHOCTU JETEKTOPA Y OBJIACTU EHEPTUJA
FAMA 3PAYEIbA O 59.54 keV JO 1408.01 eV

Y HoBHje BpeMe OWIIO je HEKOJMKO 3HauyajHUX MoOoJblllamka CHCTEMa U MHCTPYMEHTaluje
fleTeKIHje 3paueHha, HOceOHO OHUX KOje KOPUCTE CIIMHTIIIAIMOHE UK NOJTYIPOBOHIUKE IETEKTOPE raMa
3pauema. VcTpaskuBaunm W TeXHHYApU 3aWHTEPECOBAHM CYy 3a MpOydaBame OBOT pa3Boja, IITO je Off
KOPHCTH 3a yIpaBibajbe AETEKTOPUMA U BbUXOBAM OCHOBHHM CBOjCTBHMA, KAO IITO Cy €Hepruja, OOINK 1
kanuOpanuja e(QuKacHoCTH. Y OBOM pajy CIPOBEEHO je OOyXBaTHO MHPOyuYaBaWke pa3UIUTHX
MaTteMaTHYKuX Qopmysia pagu gobujama HajOOJBNX ampoKcuMmaiuja (yHKIHUja e(pUKACHOCTH, KOje
IIOKPUBAjy MEPEHE BPEIHOCTH Y O0JIacTUMa Off HUCKUX 10 BUCOKUX eHepruja. OHe Mory 0uTH KopultheHe
7la oIy e(hKacHOCT TeépMaHNjyMCKOT IeTEKTOPa BIHCOKe yncTohe y 06J1acTiMa y KojuMa Cy Ta9HOCT 1
MaKcHMajHa Op3MHa ONTUMHM3alMje KaTnOparoHOT Mpoljeca BeoMa 3HadajHe 3a TaMa CIeKTPOCKOIIH]y.
OnpebuBame aKTUBHOCTH y30paKa M3 OKOJHMHE YIJIaBHOM 3aBUCU Off €(PUKACHOCTH KaluOpaluoOHUX
KpUBUX IeTEKTOPCKOT cuctreMa. EHepruja rama 3pauema opt 59.54 keV go 1408.01 keV xopunthena y oBom
pagy nobmjeHa je CeTOM CTaHAapAHUX pPaAUOaKTHBHUX M3BOpa TraMa 3padema CepTH(PHKOBAHOT
MHTEH3UTeTa. AHalIK3a IoflaTaka Iokasana je ja je BehuHa MaTeMaTuukux (popMyJia, Koje alpoOKCUMUpajy
KpuBe e(pUKACHOCTH JeTeKTOpa y NHKY YKYyIHEe €HEpruje, CacBUM carjlacHa ca eKCIepPHMEHTATHUM
pesyaTaTuma.

Kmwyune peuu: maitiemaiiutka popmyaa, ecpukacHocili y iuky ykyiine eHepzuje, iipoyec puitiosarsa,
OellieKinop 2ama 3pa4erbd, paouoaKkiiuéHU HAYKACUU U3BOD




