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This study deals with the unfolded quantities based on the time intervals between successive
neutron events from the aspect of the power law. Neutrons from spontaneous fission in spe-
cial nuclear material induce fission in most cases. In this study, it was demonstrated that the
inverse value of the number of induced neutrons decreases following a power function with
the increasing radius of a plutonium metal sphere. In addition, it was considered an increase
in the neutron background level with increasing altitudes. The inverse value of the mean neu-
tron counting rate depending on altitudes can be described with a power function merely for
higher elevations. A linear relationship was obtained by plotting the quantities on logarithmic
axes against each other indicating generally a power law relationship for both investigated
phenomena. The results of this study showed a connection between two seemingly unrelated
neutron phenomena through power laws based on the distributions of time intervals between
successive neutron counts. The empirical evidence implies that a connection between the ob-

served quantities in a log-log plot is unchanged except for a multiplicative constant.
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INTRODUCTION

The existence of power law was empirically
proved for numerous natural and man-made phenom-
ena but there is a lack of studies regarding power laws
in nuclear science and engineering [ 1-3]. According to
[4] every phenomenon can be represented mathemati-
cally and based on the typology of analogous phenom-
ena every phenomenon can be reliably represented.
The power law can imply a relationship between two
quantities so that small changes in one quantity can
cause a large change in the other, independently of
their initial size. They can reveal regularity in the
properties of highly complex systems so the changes
between phenomena at different scales are independ-
ent of particular scales. It implies the self-similar prop-
erty characteristic for power-law relationships so that
seemingly unrelated systems can be connected if some
data follow a power law relation. In the current study,
we have analysed the altitude effect as the main source
of spatial variation of the neutron background level as
well as the mean time between induced neutrons de-
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pending on the Pu sphere mass and their connection to
a power law.

Special nuclear materials (SNM) such as 2*°Pu,
235U, and 233U could be used as a basic component of
nuclear explosives and therefore, their detection and
identification are of high importance in the field of nu-
clear safeguards and homeland security. The SNM
emits multiple neutrons and gamma rays correlated in
time via spontaneous fission (SF) and neutron-in-
duced fission (IF). By expectations, fission chain
length increases with increasing mass of SNM [5, 6].
Several fast neutrons are promptly emitted in each fis-
sion event and due to their intensity and penetrability,
such prompt neutrons are the most useful for passive
assay of fissile materials. The fission event time is of
interest in various applications [7, 8].

A bare Pu metal sphere consisting of 20 % of
249y and 80 % of 2*°Pu was used as a benchmark for
the number (multiplicity) distribution of neutrons and
gamma rays emitted from a fissile source [6, 9]. This
composition of a Pu sphere was used more from a con-
ceptual point of view. In the present study, we simpli-
fied the Pu sample description for clarity by consider-
ing only #*°Pu and 2*°Pu mixtures in pure metallic
form, for which the (¢, n) contribution is negligible. In
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future work, we will take into account the presence of a
small amount of other radionuclides in plutonium
samples. The IF neutrons can be produced in such a
sample due to neutrons with energies sampled from
the Watt energy spectrum. We have performed the
Monte Carlo (MC) calculations of the number of in-
duced neutrons escaped from a bare plutonium metal
sphere with varying mass by using the
MCNPX-PoliMi code [10]. The number of neutrons
emitted due to fission events as well as their energies
are sampled from the multiplicity distribution and the
Watt energy spectrum, respectively [11]. The depend-
ence of the energy distribution on the number of neu-
trons emitted in the individual fission event was in-
cluded in recent models [12].

The other phenomenon that we have investi-
gated regarding power law is related to the neutron
background level as a function of altitudes above sea
level. We have measured the mean time between neu-
tron counts depending on elevations in a range be-
tween 251 and 2067 m in Bosnia and Herzegovina.
The preliminary results obtained have shown large
fluctuations in the investigated altitude range. The re-
sults of mapping of neutron dose rate at 36 sites in
Croatia in an altitude range from 2 to 988 m above sea
level have shown similar behaviour [13]. The avail-
able results [14] on neutron counting rate depending
on altitudes obtained with the mini neutron monitor
(MNM) in Mexico in a wider range of higher altitudes
above 2000 m up to about 4500 m as well as the avail-
able data measured with large neutron monitors (NM)
at several global monitoring stations and at a few Ant-
arctic stations [15] at heights above 2000 m were ana-
lysed from the aspect of power law behaviour.

There is a deficiency of studies on the neutron
background measurements at altitudes up to about
2000 m. Following the ICRP 60 recommendations,
there is a need for investigation of the neutron contri-
bution to public dose [16]. Natural sources of ionizing
radiation include two basic components such as cos-
mic and terrestrial radiation [17]. The main sources of
gamma terrestrial radiation (TR) are the “°K, 238U, and
232Th long-lived radionuclides. The neutron contribu-
tion due to spontaneous nuclear fission of the three
naturally occurring terrestrial radionuclides in the soil
such as 238U, 233U, and 232Th can be neglected consid-
ering their low rates and natural abundances [18]. The
total neutron flux variations occur in space and time,
depending on the atmosphere conditions, the Earth's
crust itself, and different geodynamical processes in
the Earth's crust [19].

Cosmic radiation from the Earth's atmosphere
[20] can be widely divided into primary and secondary
components. The primary cosmic radiation consisting
mostly of protons (87 %) includes other charged parti-
cles of high energies (11 % o particles, about 1 % nu-
clei between beryllium and iron, and about 1 % elec-
trons). Secondary cosmic radiation (SCR) is produced

when primary particles interact with atmospheric gas
nuclei [21]. The cascading effect, happening in the up-
permost 10 % of the atmosphere, continues until the
particles lose the energy required to create further sec-
ondary particles. The neutron component of cosmic
radiation depends strongly on altitude [22] via attenu-
ation of the neutrons as they propagate through the at-
mosphere towards Earth. Longer trajectories of neu-
trons through the atmosphere cause lower background
radiation levels at lower altitudes [23]. Due to the
strong penetrability of muons, photons, and neutrons
through air, they can reach the ground level directly.
The level of variation of the neutron background de-
pends on a specific location and local environmental
conditions.

To achieve a deeper understanding of the observed
phenomena we have investigated the possibility of estab-
lishing a connection between them by using a mathemat-
ical relationship between two quantities, where a relative
change in one quantity results in a proportional relative
change in the other quantity, independent of the initial
size of those quantities. The main goal of this study was
to investigate interrelation through power law between
two different neutron phenomena such as the altitude ef-
fect on variation of the neutron background level and the
mean time between induced neutrons depending on the
plutonium sphere mass, i. e., between two seemingly un-
related phenomena.

MATERIALS AND METHODS

The MCNPX-PoliMi code [10] based on the MC
method was used for the numerical simulation of all pos-
sible neutron-nucleus interactions within a plutonium
metal sphere, in particular of the simulation of spontane-
ous and neutron-induced nuclear fission. The MC code
used in the numerical simulations includes new models
of neutron and gamma-ray emissions from spontaneous
and induced fission for several isotopes of interest such
as 2*Pu and #*°Pu. The most defining characteristic of
SNM, that are of interest in nuclear safeguards and
non-proliferation applications, is neutron-induced fis-
sion. The MC model includes the number, spectral, di-
rectional, and temporal distributions of neutrons and
gamma rays of the various radionuclides as well as the
full description of the multiplicity distributions of neu-
trons or gamma rays from nuclear fission.

Measurements of the neutron dose rates in
Croatia [13] at 36 sites from the sea level up to about
1000 m were performed with the CR-39 track etch de-
tector calibrated by the CERN-EUhigh-energy Refer-
ence Field (CERF) facility. The data on altitudes and
neutron dose rates (given in tab. 1 of ref. [13]) were
used in the current study for their further analysis re-
garding power law.

Anetwork of ground-based neutron monitors (NM)
has been used for monitoring the near-Earth cosmic ray
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flux since the middle of the last century. To inter-calibrate
the global network of NM, it was initiated in 2001 the de-
velopment of a smaller and cost-effective version of the
traditional NM, so-called the mini-NM [24, 25], that can
be easily shipped and installed. The mini-NM's design has
been continually optimized since then. The available data
on the neutron counting rates in Mexico (mostly in the
state of Veracruz) depending on elevation above sea level
were obtained with the mini neutron monitor [14]. The
dimensions of the mini-NM with all components are
approximately 900 m (height) x 700 mm (width) x 800
mm (length). The gas pressure in a mini-NM detector is
larger than in a standard NM64 detector partly to compen-
sate for the reduced efficiency of the mini-NM compared
to the standard NM64 of larger size.

Theavailable data[15] obtained ata few existing
monitors of the global monitor network with the Inter-
national Geophysical Year (IGY) and Neutron Moni-
tor (ND) were analyzed from the aspect of power law
forms. The first neutron monitor was designed in 1951
and optimized with a new version consisting of 12
10BF; counters for use during the International Geo-
physical Year (IGY) by 1957/8 [26]. The NM64 !°BF,
super neutron monitor was designed in 1964 [27].
Since then, neutron monitor design has been con-
stantly improved.

The current study deals with identifying the
power law behaviour of the observed data based on the
mean time between neutron events. When the proba-
bility of measuring a particular value of the quantity
varies inversely as a power of that value, it can be said
that the quantity follows a power law [2]. The exis-
tence of power-law forms has been proved in a wide
variety of natural and manmade phenomena, from
physics to finance. A power law can be described by
the following eq.

p(x)=Cx" (1

where C'is a normalization constant, & > 0 is the expo-
nent of the power law, and p(x)dx is a probability of a
taking value in the interval between x and x + dx. The
a parameter gives the rate of decrease of probability
when x increases. After taking logarithms of both
sides, a straight line is obtained in a log-log plot.

RESULTS AND DISCUSSION

Mean time between neutron events
depending on plutonium sphere mass

We have investigated a connection between the
mean-time intervals between successive neutron
events and plutonium spheres of different sizes.
Events of nuclear fission, particle transport, multipli-
cation, and absorption in the bare plutonium metal
spheres with radii from 0.3 cm up to 1.7 cm with the
step of 0.1 cm (systems are far away from criticality),

composed of 20 % of 2*°Pu and 80 % of 23°Pu, and
mass density of 15.9 gem™ were simulated by the
MCNP-PoliMi code [10]. Since neutrons from (¢, 1)
reaction are negligible for the metal plutonium sphere,
neutrons from spontaneous fission induce fission in
fissile materials [5]. Fissile materials sustain fission
chain reactions in dependence on the composition,
mass, and multiplication of the fissile material [7]. The
average SF neutron multiplicity in >*’Pu is about 2.16
[28] whereas the average IF neutron multiplicity in
239Puis about 3.16 induced by neutrons with an energy
of 2 MeV [29]. A location of a 2*°Pu nucleus undergo-
ing the SF reaction is sampled uniformly within a plu-
tonium sphere in the MC simulation. It is assumed uni-
formly distributed the direction of fission neutrons in
space. The simulated data for the number of induced
neutrons as a function of a plutonium sphere mass is
shown in fig. 1(a) whereas fig. 1(b) shows the inverse
value of this quantity relating to the mean-time inter-
vals between neutron events. It can be seen that there is
a straight line in a log-log plot, fig. 2, for these quanti-
ties with a slope of -0.47 with 95 % confidence bounds
0f (—0.48,-0.46) and adjusted R?=0.99 indicating that
almost all the variability was included in the linear re-
gression model.

It is obvious from fig. 2 that a connection be-
tween the quantities in a log-log plot is unchanged ex-
cept for a multiplicative constant. A power law distri-
bution is the only distribution that is the same
independently of the particular scale at which we ob-
serve the data. The power law is often called a scaling
law since it describes the functional relationship be-
tween two physical quantities scaling with each other
over a considerable interval. If different scales are
multiplied by a common factor, scaling laws do not
change implying universality [30].

Mean time between neutron
counts as a function of altitudes

Mapping of the neutron dose rate
in Croatia depending on elevation
above sea level

Mapping of the neutron dose rate in Croatia at dif-
ferent altitudes from sea level up to approximately 1000
m was performed with the CR-39 track etch detector
calibrated by the CERN-EUhigh-energy Reference
Field (CERF) facility [13]. It demonstrated a significant
positive correlation coefficient between the neutron
dose rates and altitudes at 36 measurement sites. A
log-log plot of the altitudes and the inverse values of
neutron dose rates given in tab. 1 of ref. [13] are pre-
sented in fig. 3. It can be noticed large fluctuations of
the experimental data around the straight line for alti-
tudes up to 1000 m above sea level. The slope of the line
of—0.06 with 95 % confidence bounds of (—0.09,-0.02)
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Figure 2. Mean time intervals between induced neutrons
as a function of plutonium sphere mass in a log-log scale

indicates a weak dependence of neutron dose rates on
altitudes, in particular at an altitude of about 200 m
where most measurements were carried out. However,
it can be seen that there is a decreasing trend of the mean
time between detected counts with increasing altitudes
which is in line with the expectations.
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Figure 3. Mean time between neutron counts depending
on altitudes at 36 measurement sites in Croatia [13]

Altitude survey by the MNM in Mexico

We have analysed the data (altitudes and the
mean counting rate corrected by atmospheric pres-
sure) obtained with the MNM during the altitude sur-
vey, which are given in tab. 1 of ref. [14]. The altitude
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Figure 4. The mean time between neutron counts
depending on altitudes measured with the MNM mostly
in the state of Veracruz (Mexico) between about 1000 and
4600 m above sea level

survey was performed mainly in the state of Veracruz
at an altitude range from the sea level up to about 4600
m and the survey latitude range was less than one de-
gree. Figure 4 shows the inverse values of the mean
neutron counting per minute depending on altitudes
above 1000 m to 4600 m in a log-log scale. The
straight line is obtained by using the least squares fit-
ting model. The evaluated value of the exponent alpha
is —1.93 with 95 % confidence bounds of (-2.04,
—1.82) indicating that the mean time between neutron
counts decreases with increasing altitudes in the given
altituderange. However, it is known that just a few dis-
tributions from the real world follow a power law rela-
tion in their entire range, especially for smaller values
of the variable. Figure 5 shows the mean time as a
function of altitudes but in a narrower range, from
1000 up to about 4600 m. It can be seen that the mea-
sured data do not deviate significantly from a straight
line in a log-log plot.

Neutron counting rates at global
stations measured with the NM

The data available on the neutron counting rate
and altitudes at global neutron monitoring stations
were divided into a world map of existing monitors
and the Antarctic bases above 2000 m.

We have analyzed the available data obtained at
a few existing monitors (Haleakala, Climax, Mexico,
Huancayo, Jungfraujoch 1, Lomnicky Stit, Alma Ata,
Mt-Norikura) of the global monitoring network mea-
sured with the IGY and NM containing gas-filled de-
tectors with length up about 2 m and the available data
measured at a few monitoring stations in Antarctic
(Amundsen-Scott, Concordia Dome C, D85 ski way,
Dome Fuji, Kohnen, Mid-Point, Vostok) above 2000
m above sealevel [15]. Figure 5 shows the inverse val-
ues of the neutron counting rate as a function of alti-
tudes. It can be noticed that the mean time between

Figure 5. The inverse values of the counting rate for a few
global and Antarctic monitoring bases measured with
the NM depending on elevations above sea level

neutron counts decreases with increasing altitudes for
both groups of the neutron monitoring data. Figure 6
shows the same quantities in a log-log plot. It can be
seen approximately the same slope of the straight lines
(for global monitoring bases it is about —1.77 and for
Antarctic monitoring bases is about —1.86).

The causal relationships between the variables
related to the power law, considered in this paper,
could be the subject of further investigation.

CONCLUSIONS

The mean time between successive neutron
events due to two different neutron phenomena was ex-
amined in the context of power laws. The results of the
MC calculations of the complex processes in a bare Pu
metal sphere with a mixture of 20 % of 2*°Pu and 80 %
of 3%Pu have shown that the inverse value of the num-
ber of induced neutrons relating to the mean time be-
tween neutron events decreases with increasing radius
of Pu metal sphere. We found that the inverse value of
the number of induced neutrons and the mass of the Pu
mixture were connected through power law almost per-
fectly. It implies some additional characteristics which
will be considered in future work. An increase in the
neutron background level and consequently a decrease
in the mean-time interval between neutron counts with
increasing altitudes was additionally analysed. The
large fluctuations of the experimental data around the
straight line were observed in the altitude range up to
1000 m above sea level whereas the measured data for
altitudes above 2000 m do not deviate significantly
from a straight line in a log-log plot. This finding is in
agreement with the fact that just a few distributions
from the real world follow a power law in their entire
range, especially for smaller values of the variable.

The current study shows that two seemingly unre-
lated phenomena can be connected through power laws
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based on the mean-time intervals between successive
neutron events. Power laws can reveal regularity in the
properties of complex systems so the changes between
phenomena at different scales are independent of par-
ticular scales. It was demonstrated that a connection be-
tween the quantities as the measurable physical prop-
erty associated with the phenomenon, in a log-log plot
is unchanged except for a multiplicative constant. It is
planned in the next stage of research to investigate the
mechanism driving the investigated quantities to follow
a power law.
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Cenaga ABJIN'R, Cyan KYHOCHUR, Jamup JEMUPOBUHR,
3epuna CAKU'h, Equn XAIINMY CTA®U'h

BEINMYUHE CTEIIEHE ®YHKIMJE 3ACHOBAHE HA PACIIOJEJIM BPEMEHCKHUX
MHTEPBAJA U3MEDLY CYKHECUBHUX HEYTPOHCKHMX MMIIYJICA

Oga pajy 6aBH ce MpoydaBameM Pa3BUjeHUX BETMINHA Ha 6231 BpEMEHCKUX NHTEepBana n3mMeby
CYKIIECBHUX HEYTPOHCKMX florabaja ca acmekTta cremneHe (yHKuuje. Y BehwHu cinydajeBa, HEYyTPOHHU
€MUTOBaHM IIPU CIOHTAHO] (PUCHUjH CIELIUjaIHUX HyKJIeapHUX MaTepHjajia MHAYKYjy pucuje. Y 0BOj CTyRuju
je mIeMOHCTpHpaHO Ia MHBEP3HA BPENHOCT Opoja MHAYKOBAHMX HEYTPOHA omaja ca moBehameM paamjyca
myToHNjyM cepe cnenaehu creneny ¢yHknujy. JogaTHO je pa3MOTpeH MOpacT HUBOA HEYTPOHCKOT
¢onckor 3padera ca moBehameM HagMOpcKe BucuHe. MIHBep3Ha BPETHOCT Cpeiber Opoja HeyTPOHCKUX
UMITyJIca Y Je[MHWIM BpeMEHa MOKe Ce ONUCAaTH MOMOhy cTemeHe (PYHKIMje jeAMHO NPHU BHUIIUM
eneBanujama. [loOujeHa je mmHeapHa 3aBUCHOCT n3Meby BemunHa Ha JIOrapuTaMcKoOj CKalim WHAYKYjyhu
3aKOH cTeneHe (PyHKIMje 3a 00a ncrpakeHa ¢peHoMeHa. Pe3ynraTu oBe cTyauje mokas3ainm cy Be3y usmeby
IBa HAM3IJIe]] HEMOBE3aHa HEYTPOHCKA (peHOMEHa Ha OCHOBY Paclofiesia BDEMEHCKUX HHTepBaia u3meby
CYKIIECHBHUX HEYTPOHCKUX UMITyJICa IPEKO cTenene pyHkiuje. EMoupujcka eBuieHIMja UMILTUIAPA A je
Be3a m3Meby mcrpakeHnx BenmumHa y log-log amjarpamMy HenmpoMeHmeHa M3y3eB 3a MYJITHIUINKATABHY
KOHCTAHTY.
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